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算术图一个猜想的证明
Ξ

喻　　平
(广西师范大学数学系, 桂林541004)

摘　要　A charya 和 H edge 提出猜想[1 ]: ( i) 若圈 C 4t+ 1 ( t≥1, t∈N ) 是 (k , d ) 2算术

图, 则 k= 2d t+ 2r ( r≥0, r∈N ) ; ( ii) 若圈C 4t+ 3是 (k , d ) 2算术图, 则 k= (2t+ 1) d + 2r ( r≥0, r

∈N ). 本文证明了上述猜想为真.
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1　引　言

本文讨论的图均为简单图, 所用的图论术语和符号同于[2 ].

一个 (p , q) 2图G 被称为 (k , d ) 2算术的, 如果它的不同顶点可以标号不同的非负整数, 使

所有边值组成算术级数 k , k + d , k + 2d , ⋯, k + (q - 1) d , 其中边值是该边两端点的标号和.

即对于一个给定图G = (V , E ) , 定义V (G ) 到非负整数集 Z
+ 的映射 f : V (G ) → Z

+
, 定义它的

导出边函数 f
3

: f
3 (uv ) = f (u ) + f (v ) , Π uv ∈ E (G ). 对一个 (p , q) 2图G = (V , E ) 和两个

正整数 k , d , 如果 ϖ f
3 , 使

f
3 (G ) = {f

3 (uv ) : uv ∈ E (G ) } = {k , k + d , k + 2d , ⋯, k + (q - 1) d },

则称G 是 (k , d ) 2算术的. 若存在两个正整数 k , d 使G 是 (k , d ) 2算术的, 则称G 为 (k , d ) 2算术

图.

A charya 和H edge 在文[1 ] 中证明了: 对任意的非负整数 r, 圈C 4t+ 1 ( t ≥ 1, t ∈N ) 是 (2d t

+ 2r, d ) 2算术图; 对任意的非负整数 r, C 4t+ 3 ( t ≥ 1, t ∈N ) 是 ( (2t + 1) d + 2r, d ) 2算术图. 并

提出猜想: 　 ( i) 若C 4t+ 1 是 (k , d ) 2算术图, 则 k = 2d t + 2r (r≥0, r∈N ) ; 　 ( ii) 若C 4t+ 3 是 (k ,

d ) 2算术图, 则 k = (2t + 1) d + 2r (r ≥ 0, r ∈N ). 本文证明该猜想是正确的.

2　 定理的证明

引理 1
[ 1 ]　设G = (V , E ) 是一个欧拉图, 若G 是 (k , d ) 2算术图, 则 q (2k + (q - 1) d ) ≡

0 (mod4) , 其中 q = ûE û.
引理 2

[ 1 ]　若一个欧拉图G 满足 q ≡ 3 (m od4) , 且G 是 (k , d ) 2算术图, 则 d ≡ 0 (m od2).
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引理 3　 若圈C 4t+ 1 ( t ≥ 1, t ∈N ) 是 (k , d ) 2算术图, 则 k ≡ 0 (m od2).

证明　因为C 4t+ 1 是 (k , d ) 2算术图, 且C 4t+ 1 又是欧拉图, 所以由引理 1 得

(4t + 1) (2k + 4td ) ≡ 0 (mod4) ,

而 (4t + 1, 4) = 1, 因此 (2k + 4td ) ≡ 0 (mod4) ] 2ûk , 即 k ≡ 0 (m od2).

引理 4　 若圈C 4t+ 3 ( t ≥ 1, t ∈N ) 是 (k , d ) 2算术图, 则 k - (2t + 1) d ≡ 0 (m od2).

证明　因圈C 4t+ 3 是 (k , d ) 2算术图, 且C 4t+ 3 是欧拉图, 所以由引理 1 得

(4t + 3) (2k + (4t + 2) d ) ≡ 0 (mod4) ,

而 (4t + 3, 4) = 1, 所以 (2k + (4t + 2) d ) ≡ 0 (m od4). 又因 4t + 3 ≡ 3 (m od4) , 由引理 2 可知

d ≡ 0 (m od2) , 故 4û2k ] 2ûk ] k - (2t + 1) d ≡ 0 (m od2).

定理 1　 如果圈C 4t+ 1 ( t ≥ 1, t ∈N ) 是 (k , d ) 2算术图, 则 k = 2d t + 2r (r ≥ 0, r ∈N ).

证明　C 4t+ 1 = (u 1, u 2, ⋯, u 4t+ 1, u 1) 的顶点标号依次为 a1, a2, ⋯, a4t+ 1, 即 f (u i) = a i ( i =

1, 2, ⋯, 4t + 1). 因为C 4t+ 1 是 (k , d ) 2算术图, 故必有一条边值为 k , 不妨设 f
3 (u 1u 4t+ 1) = k. 于

是有如下方程组

a1 + a2 = k + t1d ,

a2 + a3 = k + t2d ,

a3 + a4 = k + t3d ,

　　⋯ ⋯ ⋯

a4t + a4t+ 1 = k + t4td ,

a1 + a4t+ 1 = k ,

(1)

其中 1 ≤ ti ≤ 4t, ti ∈N ( i = 1, 2, ⋯, 4t) , 且∑
4t

i= 1

ti = 1 + 2 + 3 + ⋯ + 4t = 2t (1 + 4t).

解方程组 (1) , 得

a i =
k
2

+
d
2

[2t (1 + 4t) - 2ri ] ( i = 1, 2, 3, ⋯, 4t + 1) ,

其中

r i =

∑
i- 1

2

j= 1
t2j - 1 + ∑

2t

j= i+ 1
2

t2j , i 是奇数,

∑
i- 2

2

j= 1

t2j + ∑
2t- 1

j= i
2

t2j+ 1, i 是偶数,

(2)

( i = 1, 2, 3, ⋯, 4t + 1).

现证明C 4t+ 1 的标号 a1, a2, ⋯, a4t+ 1 中, 其最小标号不大于 k
2

- d t, 即

m in{a1, a2, ⋯, a4t+ 1} ≤ k
2

- d t.

为此, 考察 bi = 2t (1 + 4t) - 2r i ( i = 1, 2, ⋯, 4t + 1) , 显然 bi ≡ 0 (m od2).

当 t = 1 时, 注意到
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a1 =
k
2

+
d
2

b1, 　a5 =
k
2

+
d
2

b5,

而 a1 + a5 = k , 故必有 b1 + b5 = 0, 因此必有 b1 ≤- 2 或 b5 ≤- 2] a1 ≤
k
2

- d 或 a5 ≤
k
2

- d ] m in{a1, a2, a3, a4, a5} ≤ k
2

- d.

当 t ≥ 2 时, 若有 b1 ≤- 2t 或 b4t+ 1 ≤- 2t, 则

m in{a1, a2, ⋯, a4t+ 1} ≤m in{a1, a4t+ 1} ≤ k
2

- td.

如果 b1 > - 2t (或 b4t+ 1 > - 2t) , 那么 2t (1 + 4t) - 2r1 > - 2t] r1 < 4t
2

+ 2t.

考察{r1, r2, ⋯, r4t+ 1}, 有 r1 < 4t
2 + 2t, 假设 Π rn ∈ {r1, r2, ⋯, r4t+ 1}, 均有 rn < 4t

2 + 2t (n

= 1, 2, ⋯, 4t + 1) , 因为 r1, r2, ⋯, r4t+ 1 两两不等 (否则, 若 r i = r j ( i ≠ j ) , 则 a i = a j 与C 4t+ 1 是

(k , d ) 2算术图, 矛盾) , 故可将其由小到大排序

rp 1 < rp 2 < rp 3 < ⋯ < rp (4t+ 1) < 4t
2

+ 2t,

而 r1, r2, ⋯, r4t+ 1 均为正整数, 故可得

rp (4t+ 1) < 4t
2 + 2t,

rp (4t) < 4t
2

+ 2t - 1,

rp (4t- 1) < 4t
2

+ 2t - 2,

　⋯ ⋯

rp 1 < 4t
2

+ 2t - 4t,

] ∑
4t+ 1

i= 1
rp i < (4t + 1) (4t

2
+ 2t) - 2t (1 + 4t) = 16t

3
+ 4t

2
.

　　注意到∑
4t+ 1

i= 1
rp i = ∑

4t+ 1

i= 1
r i, 所以得

∑
4t+ 1

i= 1
r i < 16t

3
+ 4t

2
. (3)

由 (2) 可得

∑
4t+ 1

i= 1
r i = ∑

2t

j = 1
t2j + ∑

2t- 1

j= 1
t2j+ 1 + (∑

1

j= 1
t2j - 1 + ∑

2t

j= 2
t2j ) + (∑

1

j= 1
t2j + ∑

2t- 1

j = 2
t2j + 1) + (∑

2

j= 1
t2j - 1 + ∑

2t

j = 3
t2j )

　 + (∑
2

j = 1
t2j + ∑

2t- 1

j= 3
t2j+ 1) + ⋯ + (∑

2t- 1

j= 1
t2j - 1 + ∑

2t

j= 2t

t2j ) + ∑
2t- 1

j= 1
t2j + ∑

2t

j = 1
t2j - 1

= 2tt1 + 2tt2 + ⋯ + 2tt4t = 2t∑
4t

i= 1
ti = 16t

3
+ 4t

2
,

此与 (3) 矛盾, 所以必 ϖ rn ∈ {r1, r2, ⋯, r4t+ 1}, 使 rn ≥ 4t
2

+ 2t. 因此

an =
k
2

+
d
2

[2t (1 + 4t) - 2rn ] ≤ k
2

+
d
2

(2t + 8t
2 - 8t

2 - 4t) =
k
2

- d t.

由此即得m in{a1, a2, ⋯, a4t+ 1}≤an ≤
k
2

- d t, 而因C 4t+ 1 是 (k , d ) 2算术图, 所以m in{a1, a2, ⋯,

a4t+ 1} ≥ 0. 故 k
2

- d t ≥ 0] k ≥ 2d t.

令 k = 2d t + R (R ≥ 0, R ∈N ) , 由引理 3 知 k ≡ 0 (mod2) ] k - 2d t ≡ 0 (mod2) ] k ≡
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0 (mod2) , 故可取 R = 2r (r ≥ 0, r ∈N ) , 由此即得

k = 2d t + 2r (r ≥ 0, r ∈N ).

定理 1 得证.

定理 2　如果圈C 4t+ 3 ( t ≥ 1, t ∈N ) 是 (k , d ) 2算术图, 则 k = (2t + 1) d + 2r (r ≥ 0, r ∈

N ).

证明　设C 4t+ 3 = (u 1, u 2, ⋯, u 4t+ 3, u 1) 的顶点标号依次为 f (u i) = a i ( i = 1, 2, ⋯, 4k + 3) ,

再设 (不失一般性) f
3 (u 1u 4t+ 3) = k , 则

a1 + a2 = k + t1d ,

a2 + a3 = k + t2d ,

a3 + a4 = k + t3d ,

⋯ ⋯ ⋯ ⋯

a4t+ 2 + a4t+ 3 = k + t4t+ 2d ,

a1 + a4t+ 3 = k ,

(4)

其中 1 ≤ ti ≤ 4t + 2, ti ∈N ( i = 1, 2, ⋯, 4t + 2) , 且∑
4t+ 2

i= 1

ti = 1 + 2 + 3 + ⋯ + (4t + 2) =

(2t + 1) (4t + 3).

解 (4) 得 a i =
k
2

+
d
2

[ (2t + 1) (4t + 3) - 2r i ], 其中

r i =

∑
i- 1

2

j= 1
t2j - 1 + ∑

2t+ 1

j= i+ 1
2

t2j , i 为奇数,

∑
i- 2

2

j= 1

t2j + ∑
2t

j= i
2

t2j+ 1, i 为偶数,

( i = 1, 2, 3, ⋯, 4t + 3).

注意到

∑
4t+ 3

i= 1

r i = (2t + 1)∑
4t+ 2

i= 1

ti = (2t + 1) 2 (4t + 3).

若 r i < 4t
2

+ 6t + 2 ( i = 1, 2, 3, ⋯, 4t + 3) , 则将 r1, r2, ⋯, r4t+ 3 由小到大排序后得

rp 1 < rp 2 < rp 3 < ⋯ < rp (4t+ 3) < 4t
2

+ 6t + 2,

又因 ri ∈N ( i = 1, 2, ⋯, 4t + 3) , 所以得

rp (4t+ 3) < 4t
2

+ 6t + 2,

rp (4t+ 2) < 4t
2

+ 6t + 2 - 1,

rp (4t+ 1) < 4t
2 + 6t + 2 - 2,

　⋯ ⋯

rp 1 < 4t
2 + 6t + 2 - (4t + 2) ,

] ∑
4t+ 3

i= 1
ri = ∑

4t

i= 1
rp i < (4t + 3) (4t

2
+ 6t + 2) - (4t + 3) (2t + 1)
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= (2t + 1) 2 (4t + 3) = ∑
4t+ 3

i= 1

r i.

此矛盾说明必 ϖ rn ∈ {r1, r2, ⋯, r4t+ 3}, 使 rn ≥ 4t
2

+ 6t + 2. 因此

an =
k
2

+
d
2

[ (2t + 1) (4t + 3) - 2rn ] ≤ k
2

+
d
2

[ (2t + 1) (4t + 3) - 2 (4t
2

+ 6t + 2) ]

=
k
2

-
d
2

(2t + 1)

] 0 ≤m in{a1, a2, ⋯, a4t+ 3} ≤ an ≤
k
2

-
d
2

(2t + 1) ] k ≥ (2t + 1) d.

由引理 4 知 k - (2t + 1) d ≡ 0 (mod2) , 故 k = (2t + 1) d + 2r (r ≥ 0, r ∈N ).

定理 2 得证.
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A Proof of a Con jecture about Ar ithm etic Graph

Y u P ing
(D ep t. of M ath. , Guangxi N o rm al U niversity, Guilin 541004)

Abstract

A charya and H edge p ropo sed the con jectu re: ( i) If a cycle C 4t+ 1 is (k , d ) 2arithm et ic then

k = 2d t + 2r fo r som e in teger r ≥ 0. ( ii) If a cycle C 4t+ 3 is (k , d ) 2arithm et ic then k = (2t +

1) d + 2r fo r som e in teger r ≥ 0. T h is con jectu re is p roved in th is paper.

Keywords　arithm et ic graph, cycle, con jectu re.
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