
is an a lterna t ing series w ith

( j - 1)
2j ( j + 1) >

j
2 ( j + 1) ( j + 2) , j = 3, 4, 5, ⋯.

T hu s it is clear tha t Ν- Νn> 0, and the L H S of (2) fo llow s from (6). M o reover, w e ob serve

tha t

Ν- Νn　 = 　∑
∞

k= n

1
12k 2 (1 -

1
k

+
1
k 2 -

1
k 3 + ⋯) + ∑

∞

j= 4

( j - 1
2j ( j + 1) -

1
12

) (- 1
k

) j

< ∑
∞

k= n

1
12k (k + 1) -

1
120

( 1
k

) 4 +
1

12
( 1

k
) 5 (1 -

1
k

) - 1

=
1

12∑
∞

k= n

( 1
k

-
1

k + 1
) - ( 1

10
-

1
k - 1

) ( 1
k

) 4

Φ 1
12n

< log (1 +
1

12n - 1
) , (fo r n > 10) ,

w here the last inequality m ay be checked at once by the logarithm ic expan sion in pow ers of

1ö(12n- 1). H ence the RH S of (2) is p roved via (1) and (6). □

3. A few remarks ( i) It shou ld be po ssib le to tran sfo rm the doub le summ ation invo lved in

RH S of (1) in to the classica l fo rm con ta in ing Bernou lli num bers. ( ii) P roof of (1) im p lies the

eva lua t ion of ∑ak and∑ck , viz.

∑
∞

v= 2

(- 1) v Φ(v )
v + 1

= 1 +
Χ
2

- log 2Π,

∑
∞

v= 2

(- 1) v Φ(v )
v

= Χ.

T hey are w ell- know n series invo lving R iem ann’s Zeta- funct ion.

Stirl ing 渐进公式的一个新的构造证明

徐 利 治
(大连理工大学数学科学研究所, 116024)

摘　 要

本文用简易的分析工具, 对 n ! 给出了一个精确等式, 从而导出 Stirl ing 渐近公式 (2)的一

个新的简短证明.
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A New Con structive Proof of the Stirl ing Form ula3

L . C. H su
( In st. of M ath. Scis. , D alian U n iv. of T ech. , D alian 116024)

0. In troduction　T he ob ject of th is no te is to p rove the iden t ity

n! = ( n
e

) n 2Πnexp ∑
∞

k= n
∑
∞

j= 2

j - 1
2j ( j + 1)

(- 1
k

) j (1)

tha t im p lies the u sefu l asym p to t ic rela t ion

( n
e

) n 2Πn < n! < ( n
e

) n 2Πn (1 +
1

12n - 1
) (2)

fo r a lln> 10. T he p roof Iw ill p resen t is a by- p roduct of m y teach ing in ana lysis a t the N an2
jing U n iversity of A eronau t ics and A stronau t ics in 1995.

2. Proof of (1) 　O u r p roof is elem en tary and sim p le in na tu re, and con sists of there m ain

step s of con struct ion. T h roughou t w e sha ll em p loy tw o convergen t series ∑ak and ∑bk ,

w here

ak =
1

3k 2 -
1

4k 3 +
1

5k 4 - ⋯,

ck =
1

2k 2 -
1

3k 3 +
1

4k 4 - ⋯,

so tha t 0< ak < 1ö3k
2 and 0< ck < 1ö2k

2, (k = 1, 2, 3, ⋯). W e deno te

∑
∞

k= 1

ak = a , ∑
∞

k= 1

ck = Χ　 (Eu ler’s con stan t).

Sta rt ing w ith the exp ression

nn

n!
= ( 2

1
) 1 ( 3

2
) 2 ( 4

3
) 3⋯ ( n

n - 1
) n- 1

　3 Received D ecem ber 20, 1995, and suppo rted by the N ational N atural Science Foundation of Ch ina.
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and tak ing logarithm , w e find

n logn - logn! =
∑n= 1

k= 1
k log (1 +

1
k

)　　　　　　　　　　　

= ∑
n= 1

k - 1

(1 -
1
2k

) + ∑
n= 1

k- 1
ak

= (n - 1) -
1
2

logn -
1
2 ∑

n= 1

k - 1

( 1
k

- log
k + 1

k
) + ∑

n= 1

k- 1
ak

= n -
1
2

logn - 1 -
1
2 ∑

n- !

k= 1
ck + ∑

n- 1

k= 1
ak

=
def

n -
1
2

log n + Νn.

H ere w e have lim nΝn= - 1-
1
2 Χ+ a= Ν.

In o rder to determ ine Ν, let u s take an t i- logarithm of the above. W e have

nnön! = enn - 1ö2eΝn ,

n! = (nöe) n ne
- Νn. (3)

Sim ila rly w e have

(2n) ! = (2nöe) 2n 2ne
- Ν2n. (4)

　　Since lim nΝ2n = lim n Νn = Ν, w e m ay sub st itu te (3) and (4) in to W allis’ p roduct fo rm u la

lim n→∞ (n! ) 222n ö (2n) ! n = Π to get

li m
n→∞

e- Νn = e- Ν = 2Π (5)

T hu s (3) m ay be rew rit ten in the fo rm

n! = (nöe) n 2Πnexp (Ν- Νn). (6)

F ina lly, no t ice tha t

Νn = - 1 -
1
2 ∑

∞

k= 1
ck - ∑

∞

k= n

ck + ∑
∞

k= 1
ak - ∑

∞

k= n

ak

= - 1 -
1
2

Χ+ a - ∑
∞

k= n

(ak -
1
2

ck )

= Ν- ∑
∞

k= n
∑
∞

j= 2

( j - 1)
2j ( j + 1)

(- 1
k

) j

so tha t (1) is ob ta ined via (6) and the above rela t ion. □

2. Proof of (2). N o tice tha t

∑
∞

j = 2

( j - 1)
2j ( j + 1)

(- 1
k

) j =
1

12k 2 -
1

12k 3 +
3

40k 4 - ⋯
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