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Abstract In thispaper, we define four generalized exact sequences for the categoriesw ith temi inal
objects For any category w ith a null object, the above four exact sequences coincidew ith the ordinary exact
sequences in HAA (homological algebra in abelian categories).
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The category C - ¢, which isdefined in [1] for describing a changing processof a sys
tam, possesses a teminal object and has finite products Some of its subcategories have
some interesting properties, for example, one of them satisfiesA xiom (P) (see [1]). It is
the task of C T. S discussing the category C - c¢'. Oneproblem is canw e establish its ho-
mological theory or homological algebraof some of its subcategories as a tool for the classifi-
cation of itsmorphisns?

Since amorphisn f inC- c'isaprocessfrom one state of affairsof a system to another:
f g f
¢~ C2, we hope that our exact sequences are of the form ci— 2= cs.

There aremany categoriesw ith temrm inal objectsw hich are related to abelian category in
varying degrees, and that the additive operation in an abelian category creates a null object,
can w e then find, within the scope of HAA , anything substantially independent of null ob-
jects and extend it to some categoriesw ith term inal objects?W here HAA means homological
algebra in abelian categories

Thus, the abovementioned origins give rise to the follow ing problem:

To w hat degree and to w hich categoriesw ith term inal objects can HAA be naturally ex-
tended?By" naturally” we mean that the generalized theory degenerates into some facts of
HAA w hen the teminal objects are null

Thisproblen is called the natural homological algebra problen or NHA for short To
ansver NHA , we defined the quasikernels for the categoriesw ith term inal objects asfollow s
(see [3]):

L et F be a tem inal object, if the diagram ".L
1
a(teninal) quasikernel off andh iscalled a lateral of u. W ew riteQK " (f ) for the classof all

quasikernelsof f .

I

F
La isapullback, then themorphisn u is called

" Received Jun 11, 1995
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A teminal object F is called to be quasinull, if for any objectA themorphisn tA—F is
e|i
In thispaper, the symbols are the same as those in [11].

Axiom (P) If there is a commutative diagram «i 1s, With g amonic, then there isa
*o— @

pullback e _ is 7
F)
In Set (the category of sets) and many categories based upon sets, the follow ing axiom

is a basic fact:

Axiom (U) I1ff:A—>B isaregular epi and ai is a subobjectof B, i T, such that
. ai = (1) y
then
1 _
Tf (a) = (2).

The senseof  has been shown in detail in [11]

A category iscalled a (P)- category, if for it Axiom (P) holds (see [11] in detail).

A regular epi iscalled to be (U)- epi, if for itAxiom (U) holds A category iscalled a
(U)- category, if every regular epi in it is (U)- epi; For a quasiregular (see [11], § 1])
category, amorphisn f iscalled a (U)- morphisn, if the regular epie, which isin the reg-
ular factorizationf = me, is U)- epi

In this paper, we will define four generalized exact sequences corrgponding to the
quasikernels by mitating the ideaof HAA. They are natural Themain theorem is Theoram
2, for one thing, asfar as (P) (U)- quasiregular categories it makes the structure of the
generalized exact sequences clear, an exact sequence atA is a family of exact sequences by
components atA and a normal exact sequence in HAA isa fanily w hich consistsof only one
exact sequence by a component For another, since an exact sequence by a component ap-
proximates to a nomal exact sequence in HAA , and at thismoment the term inal object F ap-
proximates to a null object, we can mitate HAA to establish some homologous theoris,
therefore the theorem providesa newv pramise for our further discussion Thus, in thispaper
w e can have a general viev of crux of NHA of the (P) (U)- quasiregular categories

Now w e define the generalized exactness and show the equivalence and the natruality of

them. For now onw e appoint that the categories alw ays have tem inal objects
g f
Definition 1 A sequenceA -B —C iscalled to be |- exact atB, if g has an image and

there isa family {a}i tdf subobjects a’sdf A such that Ta= < 1> and {g(a)}r= QK"
(f) (see[11]).

Definition 2 A sequenceAiB;C iscalled to be I’- exactatB, if g hasan imageand for
each < ui> QK" (f) exists the inverse image g~ *(ui)= < a> such that jai= < ..> and
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{g(ai)}i:QKF(f).
g f
Definition 3 A sequenceA »B —C iscalled tobe|1- exactatB, if u okF()uiexistsand

u kPO UI= m (g) (ﬁe [11])-

Definition 4 Let<u> QKT (f), asequenceA iB;C is called to be exact by the canpo-
nent < u> atB, if m(g)=<u>.

Each of the four exact sequences is called to be generalized exact

From now on, the alphabets in the above four definitionsw ill get the sane senses as
above, regectively.
Proposition 1  For any category w ith a null object, the above f our exact sequences coincide
w ith the ordinary exact sequences in HAA.
Proof  Given a sequencew hich is |- exact atB , we hope to prove that it isordinary ex-
act Since{g(a)} = QK°(f) = {< u>1},wehaveg(a) =< u> . By the definition of I-
exactness, m (g) exists, and hence m (g) = g(1) = g( a). Thus, Proposition 2 2 (see

[11]) saysthat m (g) = g( a) = g(a)= u= < u>, thatis the sequence is
ordinary exact
Given an ordinary exact sequence, w e are going to prove that it is I' - exact In fact,

we have m(g) = ker(f) = < u>, and because m(g) = < u>, there isamorphisn s
such that g = us, since uismonic, we have apullback (g,u; 1,s) and o thatg ‘(u) = < 1
>, Leta= g *(u), then{g(a)}= {Im(g)} = {< u>}= QK’(f), and hence the sequence

isl' - exact Sincean I' - exact sequencemust be |- exact, we haveproved that the I -
exactness and the |- exactness coincidew ith the ordinary exactness in HAA.
It is clear that the Il - exactness and the exactness by a component coincide w ith the

ordinary exactness [J
[4, Theoran 2] showed that for a category with a quasinull teminal object an 11 -

exact sequence is not exact by a componentw henQ K" (f) consists of more than one elenent
g f

Proposition 2 For a category w ith a quasinull terminal object, if the sequenceA —>B—C
isl’ - exactatB, then thef ollowv ing are equivalent:

1 n aexists 2 n uiexists 3QKF(f) consists of only one elanent

The proof can easily be completed by [4, Theoran 1], but it needs to be noticed that
the condition* has image” in [4, Theoran 1] may be omitted

This proposition show s that though there is no requiranent on the existence of n ai in
the above def initions of generalized exactnesses, the intuitive f act, w hether n ai exists or not
inA Grand /M n (see [11]), isimplied in the def initions
Proposition 3 Fora (P) - category, thel- exactnessisequivalent to thel’ - exactness
Proof  Suppose the sequence is |- exact, then, for each ai, sinceg(a)= < u> i, Axian
(P) shovsg *(u) exists Letg "(u)= < b> , thenbi> a. Thus, if biiscarried intoh by
1, then aiis carried intoh by 1also, and since a= < 1> ,Lenmal 4 (see [11]) shavsh is

an isanorphisn, so that to useL enma 1 4 againw e have bi= < 1> | further, by Lenma
13 (see[11]) wehave b=<1>
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W e are going to prove that g (b) existsandg (b) = < ui> . Sinceg(a) =< ui>, b
> a, and< bi>= g ‘(u),wecan sayga = us, ai= bt, andghi= um:, repectively.
If there are wo morphisn saand amonicb such thatgbi= ba, thenwe havegai= g. (bit) =
(ba)ti= b (at) , = sinceg(a) = < ui > , the definition of images show s there isamor-
phisn ni such thatbni= ui, s thatg(b) = < ui> , and hencew e have proved the sequence
is I'- exact O
Proposition 4 For any category, an |- exact sequencemust be I1- exact
Proof  Infact, thisisa corollary of proposition 2 2 (see [11]).
Theoran 1  For any (P)- category, if g ismonic, then |- exactness, |'- exactness, and
- exactness are equivalent
Proof Since an I'- exact sequencemust be I- exact and w e have Proposition 4, it is e
nough for the proof to demonstrate an |l- exact sequence is I'- exact

Since g ismonic and the sequence is 1I- exact, wehave< g> = Im (g)= ui, hence for
each ui QK' (f) thereisaunique ai such that gai= ui, and @ that g (ai))= u. Easy to check
the diagram (g, u;; ai, 1) isapullback, we know < a> = g “(u)). Lenmal 5 (see [11])
shows a=< 1> andLanmal 3 (see [11]) shows ai= < 1>. Therefore, the sequence
is I'- exact and the proof is complete O
Theorem 2 For any (P)- quasiregular category, if g isa (U)- morphisn, then I’- ,
-, and |Il- exactness are equivalent

Proof  Given an 1I- exact sequence, w e discuss the diagran

L et g= ts be a regular factorization of g, thenwe have (t)= m (g). Since m(g)= u,
for each i there isamorphisn t such that tti= ui, s that the diagram (t, u;; ti, 1) isapull-
back By Axiom (QR) (see [11]), there isapullback (s, ti; ai, di)w ith di a regular epi,
that a= s 1(t). Now we have apullback (g, u; ai, 1di) and < a> = g ‘(u). Lenmal 5

(see [11]) tellsus t= < 1>, andAxiom (U) shows s '(t)= < 1>, thatis, a=<1
>. ByLenmal 3 (see [11]) we know a= < 1>. Moreover, gai= ui(1d:) isa regular
factorization of gai, 0 that g(ai)= < ui>. Therefore, the sequence is I'- exact O
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