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在具有终对象的范畴内的正合列
王　少　武　　　　　于　永　溪

(锦州师范学院管理学院, 121003) (苏州大学数学科学院, 215006)

摘　要

　　本文对于具有终对象的范畴定义了四个一般正合列. 在A bel 范畴同调代数里,对于具有

零对象的任何范畴四个一般正合列与通常的正合列相同.
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Exact Sequences in Ca tegor ies w ith Term ina l Objects3

W ang S haow u 　　　　Y u Y ong x i

(J inzhou T eachers’ Co llege, 121003)　 (Suzhou U n iversity, 215006)

　　 Abstract　 In th is paper, w e define fou r generalized exact sequences fo r the catego ries w ith term inal

ob jects. Fo r any catego ry w ith a nu ll ob ject, the above fou r exact sequences co incide w ith the o rdinary exact

sequences in HAA (homo logical algeb ra in abelian catego ries).

　　 Keywords　im age, pu llback, exact sequence, equ ivalency.

　　 Cla ssif ica tion　AM S (1991) 18B 99öCCL O 154

　　T he ca tego ry C - cr , w h ich is defined in [1 ] fo r describ ing a changing p rocess of a sys2
tem , po ssesses a term ina l ob ject and has fin ite p roducts. Som e of its subca tego ries have

som e in terest ing p ropert ies, fo r exam p le, one of them sat isf ies A x iom (P) ( see [ 1 ]). It is

the task of C. T. S discu ssing the ca tego ry C - cr . O ne p rob lem is: can w e estab lish its ho2
m o logica l theo ry o r hom o logica l a lgeb ra of som e of its subca tego ries as a too l fo r the classif i2
ca t ion of its m o rph ism s?

Since a m o rph ism f in C - cr is a p rocess from one sta te of affa irs of a system to ano ther:

c1
f

c2 , w e hope tha t ou r exact sequences are of the fo rm c1
g

2
f

c3 .

T here are m any catego ries w ith term ina l ob jects w h ich are rela ted to abelian ca tego ry in

varying degrees, and tha t the addit ive opera t ion in an abelian ca tego ry crea tes a nu ll ob ject,

can w e then find, w ith in the scope of HAA , anyth ing sub stan t ia lly independen t of nu ll ob2
jects and ex tend it to som e catego ries w ith term ina l ob jects? W here HAA m ean s hom o logica l

a lgeb ra in abelian ca tego ries.

T hu s, the above m en t ioned o rig in s g ive rise to the fo llow ing p rob lem :

To w hat degree and to w h ich ca tego ries w ith term ina l ob jects can HAA be natu ra lly ex2
tended? By“natu ra lly”w e m ean tha t the genera lized theo ry degenera tes in to som e facts of

HAA w hen the term ina l ob jects are nu ll.

　
3 Received Jun. 11, 1995

T h is p rob lem is ca lled the na tu ra l hom o logica l a lgeb ra p rob lem o r N HA fo r sho rt. To

an sw er N HA , w e defined the quasikernels fo r the ca tego ries w ith term ina l ob jects as fo llow s

(see [3 ]) :

L et F be a term ina l ob ject, if the d iagram　　　 is a pu llback, then the m o rph ism u is ca lled

a ( tem ina l) quasikernel off and h is ca lled a la tera l of u . W e w riteQ K F (f ) fo r the class of a ll

quasikernels of f .
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　　A term ina l ob ject F is ca lled to be quasinu ll, if fo r any ob ject A the m o rph ism t: A  F is

ep i.

　　 In th is paper, the sym bo ls are the sam e as tho se in [11 ].

　Ax iom (P)　 If there is a comm utat ive diagram　　　 , w ith g a mon ic, then there is a
　pu llback

　　 In Set ( the ca tego ry of sets) and m any catego ries based upon sets, the fo llow ing ax iom

is a basic fact:

Ax iom (U)　 If f : A  B is a regu lar ep i and a i is a subob ject of＄B , i∈ T , such tha t

∪
～

T
a i = (1) ,

then

∪
～

T
f - 1 (a i) = (1).

T he sen se of∪
～

has been show n in deta il in [11 ].

A catego ry is ca lled a (P) - ca tego ry, if fo r it A x iom (P) ho lds (see [11 ] in deta il).

A regu lar ep i is ca lled to be (U ) - ep i, if fo r it A x iom (U ) ho lds; A catego ry is ca lled a

(U ) - ca tego ry, if every regu lar ep i in it is (U ) - ep i; Fo r a quasiregu lar ( see [ 11 ], §1 ])

ca tego ry, a m o rph ism f is ca lled a (U ) - m o rph ism , if the regu lar ep i e , w h ich is in the reg2
u lar facto riza t ion f = m e , is (U ) - ep i.

In th is paper, w e w ill define fou r genera lized exact sequences co rrsponding to the

quasikernels by im ita t ing the idea of HAA. T hey are na tu ra l. T he m ain theo rem is T heo rem

2, fo r one th ing, as far as (P ) (U ) - quasiregu lar ca tego ries it m akes the structu re of the

genera lized exact sequences clear, an exact sequence a t A is a fam ily of exact sequences by

com ponen ts a t A and a no rm al exact sequence in HAA is a fam ily w h ich con sists of on ly one

exact sequence by a com ponen t. Fo r ano ther, since an exact sequence by a com ponen t ap2
p rox im ates to a no rm al exact sequence in HAA , and at th is m om en t the term ina l ob ject F ap2
p rox im ates to a nu ll ob ject, w e can im ita te HAA to estab lish som e hom o logou s theo ris,

therefo re the theo rem p rovides a new p rem ise fo r ou r fu rther d iscu ssion. T hu s, in th is paper

w e can have a genera l view of crux of N HA of the (P) (U ) - quasiregu lar ca tego ries.

N ow w e define the genera lized exactness and show the equ iva lence and the na trua lity of

them. Fo r now on w e appo in t tha t the ca tego ries a lw ays have term ina l ob jects.

D ef in it ion 1　A sequence A 
g

B 
f

C is ca lled to be I - ex act a t B , if g has an im ag e and

there is a f am ily {a i} i∈T of subobjects a i’s of A such tha t ∪T a i = < 1> and {g (a i) }T = Q K
F

(f ) (see [11 ]).

D ef in it ion 2　A sequence A 
g

B 
f

C is ca lled to be I’- ex act a t B , if g has an im ag e and f or

each < u i> ∈Q K
F (f ) ex ists the inverse im ag e g

- 1 (u i) = < a i> such tha t ∪ja i= < 1A > and
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{g (a i) } i= Q K F (f ).

D ef in it ion 3　A sequence A 
g

B 
f

C is ca lled to be I I - ex act a t B , if ∪
～

u i∈Q K F (f ) u i ex ists and

∪
～

u i∈Q K F (f ) u i= Im (g ) (see [11 ]).

D ef in it ion 4　 L et < u> ∈Q K
F (f ) , a sequence A 

g

B 
f

C is ca lled to be ex act by the com p o2
nen t < u> a t B , if Im (g ) = < u> .

Each of the fou r exact sequences is ca lled to be genera lized exact.

F rom now on, the a lphabets in the above fou r defin it ion s w ill get the sam e sen ses as

above, respect ively.

Proposit ion 1　 F or any ca teg ory w ith a nu ll object, the above f ou r ex act sequences coincid e

w ith the ord ina ry ex act sequences in H A A .

Proof　 Given a sequence w h ich is I- exact a t B , w e hope to p rove tha t it is o rd inary ex2
act. Since {g (a i) } = Q K 0 (f ) = {< u > } , w e have g (a i) = < u > . By the defin it ion of I-

exactness, Im (g ) ex ists, and hence Im (g ) = g (1) = g (∪ a i) . T hu s, P ropo sit ion 2. 2 (see

[11 ]) says tha t Im (g ) = g (∪ a i) = ∪
～

g (a i) = ∪
～

u = < u > , that is, the sequence is

o rd inary exact.

Given an o rdinary exact sequence, w e are go ing to p rove that it is I’ - exact. In fact,

w e have Im (g ) = ker (f ) = < u > , and becau se Im (g ) = < u > , there is a mo rp h ism s

such that g = us, since u is m on ic, w e have a pu llback (g , u; 1, s) and so that g - 1 (u ) = < 1

> . L et a = g - 1 (u ) , then {g (a) } = {Im (g ) } = {< u > } = Q K 0 (f ) , and hence the sequence

is I’ - exact. Since an I’ - exact sequence m u st be I - exact, w e have p roved that the I’ -
exactness and the I - exactness co incide w ith the o rd inary exactness in HAA.

　　 It is clear tha t the II - exactness and the exactness by a componen t co incide w ith the

o rd inary exactness. □
[4, T heo rem 2 ] show ed that fo r a catego ry w ith a quasinu ll term ina l ob ject an II -

exact sequence is no t exact by a componen t w hen Q KF (f) consists of m ore than one elem en t.

Proposit ion 2　 F or a ca teg ory w ith a quasinu ll term ina l obj ect, if the sequence A 
g

B 
f

C

is I ’ - ex act a t B , then the f ollow ing a re equ iva len t:

1. ∩ a i ex ists; 2. ∩ u i ex ists; 3. Q K F (f ) consists of on ly one elem en t.

T he p roof can easily be comp leted by [4, T heo rem 1 ], bu t it needs to be no t iced tha t
the condit ion“has im age”in [4, T heo rem 1 ] m ay be om itted.

T h is p ropo sit ion show s that though there is no requ irem en t on the ex istence of ∩a i in

the above d ef in itions of g enera liz ed ex actnesses, the in tu itive f act, w hether∩a i ex ists or not

in A G rnand RM l
n (see [11 ]) , is im p lied in the d ef in itions.

Proposit ion 3　 F or a (P ) - ca teg ory , the I - ex actness is equ iva len t to the I ’ - ex actness.

Proof　 Suppo se the sequence is I - exact, then, fo r each a i , since g (a i) = < u> i , A x iom

(P ) show s g- 1 (u i) ex ists. L et g - 1 (u i) = < b i> , then b i≥a i. T hus, if b i is ca rried in to h by

1, then a i is ca rried in to h by 1 a lso, and since∪a i= < 1> , L em m a 1. 4 (see [11 ]) show s h is

an isom orp h ism , so tha t to use L em m a 1. 4 ag a in w e have∪
～

b i= < 1> , f u rther, by L em m a

1. 3 (see [11 ]) w e have∪b i= < 1. >
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W e are go ing to p rove tha t g (bi) ex ists and g (bi) = < u i > . Since g (a i) = < u i > , bi

≥a i , and < bi > = g - 1 (u i) , w e can say g a i = u isi, a i = bi ti , and g bi = u im i , respect ively.

If there are tw o m o rph ism s a and a m on ic b such tha t g bi = ba , then w e have g a i = g. (bi ti) =

(ba) ti = b. (a t i) , so since g (a i) = < u i > , the defin it ion of im ages show s there is a m o r2
ph ism n i such tha t bn i = u i , so tha t g (bi) = < u i > , and hence w e have p roved the sequence

is I’- exact. □

Proposit ion 4　 F or any ca teg ory , an I - ex act sequence m ust be I I - ex act.

Proof　 In fact, th is is a co ro lla ry of p ropo sit ion 2. 2 (see [11 ]).

Theorem 1　 F or any (P ) - ca teg ory , if g is m on ic, then I - ex actness, I’- ex actness, and

I I - ex actness a re equ iva len t.

Proof　 Since an I’- exact sequence m u st be I- exact and w e have P ropo sit ion 4, it is e2
nough fo r the p roof to dem on stra te an II- exact sequence is I’- exact.

　　Since g is m on ic and the sequence is II- exact, w e have < g > = Im (g ) = ∪
～

u i, hence fo r

each u i∈Q K
F (f ) there is a un ique a i such tha t g a i= u i, and so tha t g (a i) = u i. Easy to check

the d iagram (g , u i; a i, 1) is a pu llback, w e know < a i > = g
- 1 (u i). L emm a 1. 5 ( see [ 11 ])

show s ∪a i= < 1> and L emm a 1. 3 (see [11 ]) show s ∪a i= < 1> . T herefo re, the sequence

is I’- exact and the p roof is com p lete. □

Theorem 2　 F or any (P ) - quasireg u la r ca teg ory , if g is a (U ) - m orp h ism , then I’- , I

- , and I I - ex actness a re equ iva len t.

Proof　 Given an II- exact sequence, w e discu ss the d iagram

　　　L et g = ts be a regu lar facto riza t ion of g , then w e have ( t) = Im (g ). Since im (g ) = ∪
～

u i,

fo r each i there is a m o rph ism ti such tha t tti= u i, so tha t the d iagram ( t, u i; ti, 1) is a pu ll2
back. By A x iom (Q R ) (see [ 11 ]) , there is a pu llback (s, ti; a i, d i)w ith d i a regu lar ep i, so

tha t a i= s- 1 ( ti). N ow w e have a pu llback (g , u i; a i, 1d i) and < a i> = g
- 1 (u i). L emm a 1. 5

( see [11 ]) tells u s ∪
～

ti= < 1> , and A x iom (U ) show s∪
～

s
- 1 ( ti) = < 1> , tha t is, ∪

～

a i= < 1

> . By L emm a 1. 3 (see [ 11 ]) w e know ∪a i= < 1> . M o reover, g a i= u i (1d i) is a regu lar

facto riza t ion of g a i, so tha t g (a i) = < u i> . T herefo re, the sequence is I’- exact. □
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