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样 条 的 机 械 化 求 解
施锡泉　 刘秀平

(大连理工大学数学科学研究所, 大连116024)

于 志 玲
(南开大学数学系, 天津300071)

摘　要

本文在逐次分解法的基础上, 给出一种样条机械化求解方法. 该方法对多项式样条, 有理样条

乃至更一般样条的研究都是十分有效的. 它适用于三角剖分, 矩形剖分乃至更一般的代数曲线剖

分.
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Abstract　 In th is paper, a k ind of m echn ica l so lu t ion of sp lines is p resen ted. T h is

m ethod bases on thedecom po sit ion m ethod p ropo sed in [9 ] and is eff icien t fo r po ly2
nom ia l sp lines, ra t iona l sp lines, and even m o re genera l sp lines. T h is m ethod can be

a lso u sed fo r t riangu la t ion s, rect ilinear part it ion s, and even m o re genera l a lgeb ra ic

cu rve part it ion s.

Keywords　sp lines, d im en sion s, decom po sit ion, m echan ica l so lu t ion.

Cla ssif ica tion　AM S (1991) 41A 05, 65D 07öCCL O 174. 41

1. 　In troduction

In recen t years, there w ere con siderab le w o rk on po lynom ia l sp lines (cf. the references).

M o st of them are concern ing on the d im en sion s. In [ 9 ] a so - ca lled decom po sit ion m ethod fo r

studying m u lt ivaria te sp lines is p resen ted, th is m ethod is su itab le fo r po lynom ia l sp lines, ra t iona l

sp lines, and even m o re genera l sp lines. In th is paper, w e w ill u se th is m ethod to study m echan i2
ca l so lu t ion of sp lines. T he concern ing resu lts in [9 ] u sed in th is paper w ill be rep roved b rieflyin

the fo llow ing fo r the sake of self- com p ledness. L et △= {8 i; 1Φ iΦ Ξ} be a rect ilinear part it ion

of a sim p ly connected dom ain 8 , i. e. , fo r each i, 58 i is hom eom o rph ic to a circle and58 i∩8 is a

p iecew ise linear cu rve. T he sp line space of sm oo thness r and degree k on △, concern ing a 1- Be2
zou t funct ion set F , is defined as

S r (△) = {f ∈C r (8 ) ; 　f û 8 i
∈ F, Π 8 i ∈△},

w here i- Bezou t funct ion set m ean s a funct ion set F tha t i) fo r a funct ion f ∈F and an irreducib le

po lynom ia l p , if f van ishes on the cu rve of p = 0, then there ex ists an f ∈F such tha t f = f ′p

and, ii) Α f + Β g ∈ F fo r a ll sca la rs Αand Β if f , g ∈ F. U sua lly, F is taken as po lynom ia l
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space, ra t iona l funct ion space, and analyt ic funct ion space. E specia lly, S
r (△) is deno ted by

S
r
k (△) if F is po lynom ia l space of to ta l degree k. In recen t years there has been con siderab le w o rk

on determ in ing the d im en sion of S
r
k (△). Fo r △, let v i= (x i, y i) , 1Φ iΦ Ηbe its vert ices and v i, 1

Φ iΦ Η0 be the inner vert ices. W e deno te by I i= { j; v j is ad jacen t to v i} and

l i, j =
(x j - x i) (y - y i) - (y j - y i) (x - x i)

(x j - x i) 2 + (y j - y i) 2 .

It is w ell- know ( [10 ]) tha t to study m u lt ivaria te sp lines in S
r- 1 (△)one needs on ly to study con2

fo rm ality condit ion s

2
j∈ Ii

q i, j li, j
r = 0, 　1 Φ i Φ Η0, (1)

w here q i, j = (- 1) r+ 1
q j , i are ca lled sm oo thness cofacto rs. Fo r (1) , it ho lds[ 9 ]

L emma 1 L et F be a 1- B ez ou t f unction set, T hen (1) is equ iva len t to

Cm
r 2

j∈ I i

Αr- m
i, j Βm

i, jq i, j = - p i,m + 1 (y - y i) + p i,m (x - x i) , (2)

0 Φ m Φ r, 1 Φ i Φ Η0,

w here p i,m , 1Φm Φ r a re som e f unctions in F (p i, 0= p i, r+ 1≡0) , and Αi, j = y i- y j and Βi, j = x j - x i,

andC
n
m =

m !
n!　 (m - n) ! if m Ε nΕ 0; otherw ise it equa ls z ero. (2) is ca lled the f irst d ecom p osition

of (1).

(1) and (2) show tha t in essen t ia l sp lines are the kernel of a m odu le hom om o rph ism if F is a

ring; o therw ise it is the kernel of a tran sfo rm at ion. By u sing decom po sit ion m ethod, one can

study th is p rob lem by on ly ana lysing m atrices w ith sca la r en tries in stead of dea ling w ith m atrices

w ith po lynom ia l en tries as done in [2 ].

Proof

2
j∈ Ii

q i, j lr
i, j = 2

j∈ Ii

q i, j (Αi, j (x - x i) + Βi, j (y - y i) ) r

= 2
j∈ Ii

q i, j 2
r

m = 0
Cm

r Αr- m
i, j Βm

i, j (x - x i) r- m (y - y i)m

= 2
r

m = 0
Cm

r 2
j∈ Ii

q i, jΑr- m
i, j Βm

i, j (x - x i) r- m (y - y i)m.

From above and (1) we know tha t y- y i is a d iv isor of 2
j∈ Ii

q i, jΑr
i, j. S o there ex ists p i, 1∈ F such tha t

2
j∈ Ii

q i, jΑr
i, j = - p i, 1 (y - y i) ,

- p i, 1 (x - x i) r + 2
r

m = 1
Cm

r 2
j∈ Ii

q i, jΑr- m
i, j Βm

i, j (x - x i) r- m (y - y i)m - 1.

D ecom po sing con t inuou sly, w e m ay find tha t there a lso ex ist p i, 2, p i, 3, ⋯, p i, r such tha t
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C r
m∑

j∈ I i

q i, j Αr- m
i, j Βm

i, j = p i,m (x - x i) - p i,m + 1 (y - y i) , 　0 Φ m Φ r,

w here p i, 0= p i, r+ 1≡0. □

Com paring each o ther (1) and (2) , it is found tha t the so lu t ion space of (1) is the kernelof

m odu le hom om o rph ism ( o r t ran sfo rm at ion if F is no t a ring)

f : 　F ∆ → F Η0 ,

w here ∆ is the num ber of inner edges of △, and f = {f 1, f 2, ⋯, f Η0}, f i= 2 j∈ I iq i, j l
r
i, j , w h ile the

so lu t ion space of (2) is the kernel of m odu le hom om o rph ism

f : 　F ∆+ rΗ0 → F
(r+ 1) Η0 ,

w here

f = {f i,m ; 1 Φ i Φ Η0, 　1 Φ m Φ r}

and

f i,m = Cm
r 2

j∈ Ii

q i, jΑr- m
i, j Βm

i, j - p i,m (x - x i) + p i,m + 1 (y - y i) ,

w here p i, 0= p i, r+ 1≡0. 　□

2. 　M a in Results

In th is sect ion, w e w ill describe the app roach of m echan ica l so lu t ion of sp lines. To th is end,

w e w rite (2) in m atrix fo rm

A Q = C , (3)

w here Q is the funct ion vecto r fo rm ed by all q i, j , C is the funct ion vecto r fo rm ed by the righ t hand

side of (2) , and A is the co rresponding sca la r coefficien t m atrix. N oww e give ou t the p rocess of

m echan ica l so lu t ion of (3).

I) 　 If A is of fu ll rank and the num ber of its co lum n s is no less than tha t of its row s, sl such a

m atrix is ca lled a good m atrix and (2) is then ca lled a good system of linearequat ion s fo r Q , (3)

can be so lved direct ly by dea ling w ith sca la r m atrix A . In th is case, obviou sly, the free funct ion

varian ts of (3) are funct ion s p i, t in C and a num ber of ∆- rank (A ) q i, j in Q. O ther funct ion s q i, j in

Q are fixed con sequen t ly and it then stop s the p rocess of so lu t ion.

II ) 　 If A is no t a good m atrix, i. e. , A is no t of fu ll rank o r the num ber of its row s is grea t

than tha t of its co lum n s, it can be deduced from (3) tha t

A Q = C (4)

and a num ber N 1= (1+ r) Η0- rank (A ) of equat ion s abou t p i, j

∑
Η0

i= 1
∑

r

j = 0

(1)
a t, i, j (p i, j (x - x i) - p i, j + 1 (y - y i) ) , 　1 Φ t Φ N 1, (5)
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w here A is the m atrix fo rm ed by som e row s of A such tha t rank (A ) = rank (A ) and A is a good

m atrix and
(1)
a t, i, jare som e know n sca lars, ob ta ined by dea ling w ith m atrix A . N o t ing p i, 0= p i, r+ 1≡

0, (5) becom es

(∑
Η0

i= 1
∑

r

j= 1
a

(1)
t, i, jp i, j ) x - (∑

Η0

i= 1
∑

r

j= 1
a

(1)
t, i, j - 1p i, j ) y - ∑

Η0

i= 1
∑

r

j= 1

(x i a
(1)
t, i, j - y ia

(1)
t, i, j - 1) p i, j = 0, (6)

1 Φ t Φ N 1.

T hu s, to so lve (3) , it needs on ly to so lve (6). Fo r a 1- Bezou t funct ion set F , w e have

L emma 2　 If g∈ F , there ex ist un iquely a funct ion g 3∈ F in tw o varian ts and tw o funct ion sg 1,

g 2∈ F in one varian t such tha t

g = g (0, 0) + g 1 (x ) x + g 2 (y ) y + 2g 3 x y.

T he p roof of th is lemm a is obviou s. In th is no te, the varian t of a funct ion are om it ted if it is in

tw o varian ts, and it w ill be w rit ten ou t if the funct ion is in one varian t. Such decom po sit ion of a

funct ion in F as L emm a 2 is ca lled symm etric. To ob ta in the m in im al set of genera to rs of the so2

lu t ion space of a system of equat ion s such as (3) , w e have to decom po size funct ion s in to its sym 2

m etric fo rm s. Fo r exam p le, fo r po lynom ia ls g 1, g 2 and g 3 of degree k , w e so lve

g 1 x + g 2 y + g 3 = 0. (7)

It is easy to get tha t the d im en sion of the so lu t ion spaceof th is equat ion is k (k + 2). Fo r a genera l

decom po sit ion of g 3 tha t g 3= g 3, 1 x + g 3, 2 y , (7) is equ iva len t to

g 1 = g 4 y - g 3, 1,

g 2 = - g 4 x - g 3, 2,

g 3 = g 3, 1 x + g 3, 2y ,

w here g 3, 1, g 3, 2 and g 4 are po lynom ia ls of degree k - 1. It is easy to check tha t 3{x
i
y

j; i, j Ε 0, i

+ j Φ k - 1} is no ta m in im al set of genera to rs of the so lu t ion space of (7) ,w here n {M , ⋯,M }
n

is a

M u lti- set, i. e. , a group of na tu ra lly connected th ings in w h ich it is a llow ed tha t tw o th ings are

the sam e. Bu t fo r the symm etric decom po sit iong 3= g 3, 1 (x ) x + g 3, 2 (y ) y + 2g 3, 3 xy , (7) is equ iv2
a len t to

g 1 = g 4 y - g 3, 1 (x ) - g 3, 3 y ,

g 2 = - g 4 x - g 3, 2 (y ) - g 3, 3x ,

g 3 = g 3, 1 (x ) x + g 3, 2 (y ) y + 2g 3, 3 x y ,

(8)

w here g 3, 1, g 3, 2, g 4 are po lynom ia ls of degree k - 1, w h ile g 3, 3 is a po lynom ia l of degree k - 2. It is

easy to check tha t m u lt i- set

{x i; 0 Φ i Φ k - 1} ∪ {y j; 0 Φ j Φ k - 1} ∪ {x i y j; i, j Ε 0, i + j Φ k - 2}

∪ {x i y j; i, j Ε 0, i + j Φ k - 1}
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is a m in im al set of genera to rs of the so lu t ion space of (7).

Sim ila r to (8) , there ex ist p
(1)
t, 2 , p

(2)
t, 1 , q

(1)
t, 1 (x ) , q

(1)
t, 2 (y ) ∈ F , such tha t (6) is equ iva len t to

∑
Η0

i= 1
∑

r

j = 1
a

(1)
t, i, jp i, j = p

(1)
t, 2 y + p

(2)
t, 1 y + q

(1)
t, 1 (x ) ,

∑
Η0

i= 1
∑

r

j = 1
a

(1)
t, i, j - 1p i, j = p

(1)
t, 2 x - p

(2)
t, 1 x - q

(1)
t, 2 (y ) , 1 Φ t Φ N 1. 　　 (9)

∑
Η0

i= 1
∑

r

j = 1

(x i a
(1)
t, i, j - y ia

(1)
t, i, j - 1) p i, j = q

(1)
t, 1 (x ) x + q

(1)
t, 2 (y ) y + 2p

(2)
t, 1 x y ,

L emm a 2 show s tha t (9) w ill g ive ou t the m in im al set of genera to rsof the so lu t ion space of (6).

It is no t d iff icu t to see tha t the symm etric decom po sit ion w ill resu lt in a m in im al set of genera to rs

of the so lu t ion space of (6). If (9) is a good system of equat ion s fo rp i, j , (6) can be so lved by

con sidering on ly the sca la r coefficien t m atrix A 1 of (9).

III) 　 If (9) is no t a good system of equat ion s fo r p i, j , then, excep t a good system of equa2

t ion s fo r p i, j , a num ber of N 2= 3N 1- rnak (A 1) equa t ion s

∑
N 1

i= 1

( a
(2)
t, i, 1 (p

(1)
i, 2 y + p

(2)
i, 1 y + q

(1)
i, 1 (x ) ) + a

(2)
t, i, 2 (p

(1)
i, 2 x - p

(2)
i, 1 x - q

(1)
i, 2 (y ) )

+ a
(2)
t, i, 3 (q

(1)
i, 1 (x ) x + q

(1)
i, 2 (y ) y + 2p

(2)
i, 1 x y ) )

= y ∑
N 1

i= 1

( a
(2)
t, i, 1 (p

(1)
i, 2 y + p

(2)
i, 1 ) + a

(2)
t, i, 3 (q

(1)
i, 2 (y ) + p

(2)
i, 1 x ) )

+ x ∑
N 1

i= 1

( a
(2)
t, i, 2 (p

(1)
i, 2 - p

(2)
i, 1 ) + a

(2)
t, i, 3 (q

(1)
i, 1 (x ) + p

(2)
i, 1 y ) ) + ∑

N 1

i= 1

( a
(2)
t, i, 1q

(1)
i, 1 (x ) - a

(2)
t, i, 2 q

(1)
i, 2 (y ) )

= 0, 1 Φ t Φ N 2, (10)

w ill be ob ta ined, w here, sim ila r to a
(1)
t, i, j , a

(2)
t, i, j are know n sca lars. To so lve (10) con t inuou sly,

there ex ist p
(2)
t, 2 ∈ F in tw o varian ts, q

(2)
t, 1 (x ) , q

(2)
t, 2 (y )∈ F in one varian t, and sca la r varian ts ct

(2) ,

such tha t (10) is equ iva len t to

∑
N 1

i= 1
a

(2)
t, i, 2p

(1)
i, 2 = (p

(2)
t, 2 - ∑

N 1

i= 1
a

(2)
t, i, 3p

(2)
i, 1 ) y + ∑

N 1

i= 1
a

(2)
t, i, 2p

(2)
i, 1

　　　　　　

+ q
(2)
t, 1 (x ) - ∑

N 1

i= 1
a

(2)
t, i, 3q

(1)
i, 1 (x ) ,

∑
N 1

i= 1

a
(2)
t, i, 1p

(1)
i, 2 = - (p

(2)
t, 2 + ∑

N 1

i= 1

a
(2)
t, i, 3p

(2)
i, 1 ) y - ∑

N 1

i= 1

a
(2)
t, i, 1p

(2)
i, 1

1 Φ t Φ N 2, 　　 (11)

　　　　　　 + q
(2)
t, 2 (y ) - ∑

N 1

i= 1
a

(2)
t, i, 3q

(1)
i, 2 (y ) ,
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and

∑
N 1

i= 1
a

(2)
t, i, 1q (1)

i, 1 (x ) = - x q
(2)
t, 1 (x ) + c

(2)
t ,

∑
N 1

i= 1
a

(2)
t, i, 1q

(1)
i, 2 (y ) = y q

(2)
t, 2 (y ) + c

(2)
t ,

1 Φ t Φ N 2. (12)

　　 IV )　 If (11) is a good system of equat io s fo r p
(1)
i, 2 , 1Φ iΦN 1, and then (12) is obviou sly a l2

so a good system of equat ion s fo r q
(1)
i, 1 (x ) , q

(1)
i, 2 (y ) , 1Φ iΦ N 1, the p rocess can be fin ished. If

(11) andöo r (12) are no t good system s of equat ion s, w e repea t the above p rocesses con t inuou sly.

N o t ing tha t p
( i)
t, j and q

( i)
t, j ( iΕ 1) are po lynom ia ls of degree Φ k - r- i if F is the po lynom ia l space of

to ta l degree Φ k , it ho lds the fo llow ing

Theorem 1　 If F is the p oly nom ia l sp ace of tota l d eg ree Φ k, then the above p rocesses of m echan i2

ca l solu tion w ill be term ina ted w ith in f in ite step s and , accord ing to L em m a 2, w ill resu lt to the

m in im a l set of g enera tors of the solu tion sp ace of (6).

T he fo llow ing con jectu re seem s righ t.

Con jecture 1　 T heorem 1 keep s rig h t f or a ll 1- B ez ou t f unction sets.

Note 1: 　 T he sca la r m atrices ob ta ined from above m echan ica l so lu t ion p rocesses are a ll indepen2

den t of F.

3. 　 Exam ple

U p to now , there are on ly few papers to con sider S
r (△). In th is sect ion w e w ill study som e

sp line spaces and sp line rings by u sing decom po sit ion m ethod. O u r resu lts a re rep resen ted in ex2

p licit fo rm w h ich is very u sfu lfo r studying bo th sp line spaces and sp line rings. Fu rther study m ay

be found in ou r o ther papers.

3. 1　 Con tinuous spl ines on tr iangula tion

L et △ be a triangu la t ion and S
0 (△) is con t inuou s sp line space on△, concern ing 1- Bezou t

funct ion set F. Fo r △ being a trigu la t ion, there ex ists a t least an inner vertex deno ted by v , and

tw o o ther boundary vert ices deno tedby v 1 and v 2 such tha t v , v 1, and v 2 are the vert ices of a trian2

gle in △. D eno te by v 3, ⋯, v Ε the vert ices in △ ofjo in ing w ith v , the confo rm ality condit ion fo r v

is

∑
Ε

j= 1
q j l j = 0. (13)

By set t ing l j = Αi l1+ Βj l2, 3Φ j Φ Ε, the above equat ion becom es
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q1 = - ∑
Ε

j= 1
q j Αj + p l1,

q2 = - ∑
Ε

j= 1

q j Βj - p l2,

(14)

w here p∈ F. If v is the on ly inner vetex of △, (14) is an exp lict so lu t ion of (13). By induct ion,

no t ing tha t q1 and q2 do no t appear in o ther confo rm ality condit ion s, (14) together w ith an exp lic2
it so lu t ion of the confo rm ality condit ion s of S

0 (△{∆}) w ill be an exp licit so lu t ion of (13) , the

confo rm ality condit ion s of S
0 (△). A t the sam e tim e, the m in im alset of genera to rs of sp line ring

S
0 (△) is a lso ob ta ined. In part icu la r, since there are ∆- 2Η0 free po lynom ia ls of degree of k - 1,

and Η0 free po lynom ia ls of degree of k - 2, the d im en sion of po lynom ia l sp line space S
0
k (△) is

d im S 0
k (△) =

1
2

(k + 1) (k + 2) +
1
2

k (k + 1) (∆ - 2Η0) +
1
2

k (k - 1) Η0

=
1
2

(k + 1) (k + 2) + k 2Η0 +
1
2

k (k + 1) (5Η- 3) ,

w here ∆, Η0 and 5Ηare the num bers of inner edges, inner vert icesand boundary vert ices, respec2
t ively.

3. 2　 Sm ooth Spl ines on Tr iangula tion s

L et △ and F be the sam e as above and S
1 (△) be sm oo th sp line spaceon △. T hen (2) has

the fo rm

Cm
r ∑

j∈ I i

Αr- m
i, j Βm

i, jq i, j = - p i,m + 1 (y - y i) + p i,m (x - x i) , 0 Φ m Φ 2, 1 Φ i Φ Η0, (15)

w here q i, j = - q j , i, p i,m , 1Φm Φ 2 are som e funct ion s in F , and p i, 0= p i, 3≡0. W rite (8) in m atrix

fo rm

A Q = B , (16)

w here Q is the funct ion vecto r fo rm ed by all q i, j , B is the funct ion vecto r fo rm ed by the left hand

side of (15) , and A is the co rresponding coefficien t m atrix. In part icu la r, if tak ing S
1 (△) as S

1
2

(△) , then B = 0, Q is a sca la r vecto r, and A rem ain s unchanged. T hu s, fo r a lm o st a ll t riangu la2
t ion s, A is no t singu lar and its co lum n num ber is la rger than o r equal to its row num ber ( [ 1 ]).

T h is show s tha t fo r a lm o st a ll t riangu la t ion s, w e can derive from (16) an exp licit so lu t ion of (2) ,

the confo rm ality condit ion s of S
1 (△) , by dea ling on ly w ith sca la r m atrix A .
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