
i. e. ,

u ∈H ⊥
2 ø {0}, v ∈

m ax
H ⊥

1 ø{0} ‖u‖‖v‖
û (u , v ) û

Φ Τ,

i. e. ,

u ∈H ⊥
0 ø{0}

m ax ‖P H ⊥
1 u‖

‖u‖ Φ Τ.
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Schwarz 交替方向法的代数处理
黄　建　国

(上海交大应用数学系, 上海 200240)

摘　要

本文利用代数方法获得二子区域情形带松驰因子的加法型 Schw arz 交替方向法的最优松驰因
子, 结果表明代数平均是最优的. 接着通过反例说明该结果不可推广至多子区域情形. 最后, 本文将
该代数技巧用于证明一些现有的重要结果[ 1 ], [ 2 ], [ 3 ] , 和原有证明相比, 现证简单、直观.
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An A lgebra ic Approach to the Schwarz A lternating
M ethods

Ξ

H uang J iang uo
(D ep t. of A pp l. M ath. , Shanghai J iao Tong U n iversity, 200240)

Abstract　 In th is paper, the cho ice of the op tim al param eters fo r a relaxat ion addit ive Schw arz

alternat ing m ethod in tw o sub regions case is ob tained by an algeb raic m ethod, w h ich show s that

the arithm etic average is the best. A coun terexamp le illu stra tes that the sam e resu lt is no t true fo r

m any sub regions case. In the last, th is techn ique is app lied to demonstrate som e w ell2know n re2
su lts[1 ], [2 ], [3 ] simp ly and in tu it ively.

Keywords　 Schw arz alternat ing m ethod, space decompo sit ion, convergence rate.

C lassificat ion AM S (1991) 65F10, 65F30öCCL O 241. 6

W e con sider the fo llow ing fin ite2dim en siona l p rob lem :

u ∈V

a (u , v ) = (f , v ) , u ∈V ,
(1)

w h ich arises from the discret iza t ion of regu lar ellip t ic equat ion s (system s) by fin ite elem en t o r fi2
n ite d ifference m ethods. H ere a (·, ·) deno tes the inner2p roduct of a fin ite2dim en siona l H ilbert

space V w ith induced no rm ‖·‖, (·, ·) m ean s the dual fo rm on V ’×V , and V ’ rep resen ts

the dual space of V , f ∈V ’. A ssum e tha t V is sp lit in to tw o sub spaces V 1 and V 2, i. e. ,

V = V 1 + V 2. (2)

T hen it casts som e addit ive Schw arz a lterna t ing m ethods so lving (1) as fo llow s:

AL G 1　A ssum e u
0∈V is the in it ia l guess. T hen u

n deno tes the app rox im at ion a t the n th step de2
f ined by

u 2n+ i2u 2n+ 1+ i ∈V i+ 1,

a (u 2n+ i+ 1, v ) = (f , v ) , v ∈V i+ 1, i = 0, 1,

w h ich goes to the accu ra te so lu t ion u as n tends to infin ity.

AL G 2　A ssum e tha t Ξ1, Ξ2∈ (0, 1) are tw o relaxa t ion param eters, Ξ1+ Ξ2= 1, u
0∈V is the in it ia l

guess. T hen u
n is fo rm ed by

—951—

Ξ Received Jun. 6, 1994. T h is wo rk w as suppo rted by the N ational Science Foundation of Ch ina.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



un2u n, i ∈V i,

a (un, i, v ) = (f , v ) , v ∈V , i = 1, 2,

u n+ 1 = Ξ1 u n, 1 + Ξ2 u n, 2.

In the case of Ξ1= Ξ2=
1
2

, AL G 2 is ca lled AL G 2’ w h ich is part icu la rly im po rtan t. T he benefit

of the above a lgo rithm s is the para lleliza t ion and the sca le reduct ion of the o rig ina l p rob lem. A s

u sua l, let �n= u
n2u , thu s the itera t ive opera to rs fo r AL G 1, 2, 2’ are

�2n+ 1+ i = P V ⊥
i+ 1�

2n+ i, i = 0, 1,

�n+ 1 = (Ξ1P V ⊥
1 + Ξ2P V ⊥

2
) �n ,

�n+ 1 =
1
2

(P V ⊥
1 + P V ⊥

2
) �n ,

respect ively, here V
⊥
i deno tes the o rthogonal com p lem en tary sub space of V i in V w ith respect to

the inner2p roduct a (·, ·) and the rela t ive o rthogonal p ro ject ion opera to r is deno ted by P V ⊥
i

, i=

1, 2. L et Θ(A ) deno te the spectra l rad iu s of a linear opera to r A w h ich decides the convergence
ra te of its rela t ive itera t ion. T he in terest ing and u sefu l quest ion s are find ing the rela t ion sh ip be2
tw een the convergence ra tes of AL G1 and AL G2’, and the cho ices of the op t im al relaxa t ion pa2
ram eters Ξ1, Ξ2 to en su re the deepest convergence of AL G2.

T he first quest ion w as an sw ered by B jo rsta rd [ 1 ] w ho gave a beau t ifu l iden t ity betw een Θ(P V ⊥
2

P V ⊥
1

) and Θ( 1
2

(P V ⊥
1 + P V ⊥

2
) ) , bu t h is p roof is ted iou s. A fterw ards, D r. Zhang Sheng [ 4 ] in t roduced

an elegan t p roof. In th is paper, w e sha ll p resen t an a lgeb ra ic p roof fo r th is resu lt, w h ich is m o re

in tu it ive and essen t ia l. T h is idea can a lso be u t ilized to dea l w ith the second quest ion and dem on2
st ra te the fundam en ta l lemm a of the tw o level m u lt i2grid m ethod.

In o rder to derive these resu lts, w e first reca ll som e w ell2know n lemm as.

L emma 1[ 5 ]
A ssum e both of the m a trices X ∈R

n×r, Y ∈R
n×s

a re colum ns orthog ona l w ith rΦ s. T hen

there ex ist Q ∈O (n) (set of n× n orthog ona l m a trices) , U ∈O (r) , V ∈O (s) such tha t

Q X U =

I

0

0

,Q YV =

# 　0

0　I

2　0

,

w here #= diag (б1, б2, ⋯, бr) , 0Φ б1Φ б2Φ ⋯Φ бrΦ 1, 2 2+ # 2= 1, 2 Ε 0, I deno tes the iden t ity m a2
t rix.

L emma 2[ 5 ]　A ssum e A ∈R
m × n. T hen the orthog ona l p rojection op era tor f rom R

m
on to the rang e

sp ace R (A ) w ith resp ect to the conven tiona l E uclid ean inner2p rod uct is P R (A ) = A A
+ , here A

+
d e2

notes the M oore2P en rose inverse.

Theorem 1　　A s Ξ1= Ξ2=
1
2

, the converg ence ra te of A L G I is op tim a l.
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Proof　W ithou t lo ss of genera lity, let d im V = n , d im V
⊥
1 = r, d im V

⊥
2 = s w ith rΦ s. L et {Ωi}n

1 de2
no te the o rthono rm al bases of V . In t roduce the fo llow ing isom etric t ran sfo rm at ion:

T : R n →V ,

x = (x 1, x 2, ⋯x n)′→ T x = 2
n

i= 1
x iΥi.

(3)

W e shall show tha t T is an o rthogonal t ran sfo rm at ion. T hat is, let T ′deno te the tran spo se of T.

T hen

T ′T = IR n , T T ′= IV , (4)

w here T ′is defined by

T ′: V →R n ,

a (T x , v ) = [x , T ′v ], x ∈R n , v ∈V ,
(5)

here [·, · ] is the inner2p roduct of the Euclidean space R
n , [x , y ]= 2 n

i= 1x iy i. W e on ly p rove the

second iden t ity in (4) , p roof of the first one is sim ila r. Fo r any u , v∈V ,

a (T T ′u , v ) = [T ′u , T ′v ]　 (from (5) )　 　　　　　　

=
1
4

{[T ′(u + v ) , T ′(u + v ) ] - [T ′(u - v ) , T ′(u - v ) ]}

=
1
4

{a (T T ′(u + v ) , T T ′(u + v ) ) - a (T T ′(u - v ) , T T ′(u - v ) ) }

= a (T T ′u , T T ′v )

w h ich show s T T ′is the iden t ity opera to r on V , since T T ′is su rject ive.

L et P 1= T ′P V ⊥
1 T , P 2= T ′P V ⊥

2 T. It fo llow s from (4) tha t P 1 and P 2 are bo th o rthogonal p ro2
ject ion opera to rs on R

n , and

Ξ1P V ⊥
1 + Ξ2P V ⊥

2 = T (Ξ1P 1 + Ξ2P 2) T ′.

Suppo se tha t {a i}r
1 and {bi}s

1 are the o rthono rm al bases of the range space of P k , respect ively,

k= 1, 2. D efine

X = [a1, a2, ⋯a r ] ∈R n× r, Y = [b1, b2, ⋯bs ] ∈R n×s.

T hen from L emm a 2, it is easy to know tha t

P 1 = X X ′, P 2 = Y Y ′.

F rom L emm a 1, there ex ist Q ∈O (n) , U ∈O (r) , and W ∈O (s) such tha t

X = Q ′
I

0
0

U ′, 　Y = Q ′
# 　0

0　I

2　0
W ′,
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here # = d iag (Ρ1, Ρ2, ⋯Ρr) , 0Φ Ρ1Φ Ρ2Φ ⋯Φ Ρr< 1 ( the last inequality com es from (2) ) , 2 2+ # 2=

I , 2 Ε 0. H ence,

Ξ1P 1 + Ξ2P 2 = Q ′
Ξ1 I + Ξ2# 2

　　0

　Ξ2# 2
　
　0

Ξ2 I

　0

　
Ξ2# 2
　　0

Ξ22 2

Q ,

w ith the eigenvalues

Κ=
1
2

(1 ± (1 - 4 (1 - Ρ2
i ) Ξ2 (1 - Ξ2) ) ∀ã ) , or f or Ξ2, i = 1, 2, ⋯ r.

It is t rivia l tha t

Ξ2 Φ 1
2

(1 + (1 - 4 (1 - Ρ2
r ) Ξ2 (1 - Ξ2) ) 1ö2) , 0 < Ξ2 < 1.

T herefo re,

Θ(Ξ1P 1 + Ξ2P 2) =
1
2

(1 + (1 - 4 (1 - Ρ2
r ) Ξ2 (1 - Ξ2) ) ∀ã ).

O b serving tha t Ξ2 (1- Ξ2) Φ 1ö4, w e see

Θ(Ξ1P 1 + Ξ2P 2) Ε (1 + Ρr) ö2,

and the equality is arrived on ly if Ξ1 = Ξ2 = 1ö2. Becau se of the spectred in invariance of the o r2
thogonal t ran sfo rm at ion. T heo rem 1 then fo llow s in the last. □

Remark　　 If the space V is sp lit in to th ree o r m o re sub space, w e can design sim ila rly an

addit ive Schw arz a lterna t ing itera t ive a lgo rithm w ith itera t ive opera to r

A = 2
m

i= 1
ΞiP V ⊥

i
, 2

m

i= 1
Ξi = 1, and Ξi > 0.

It can be show n tha t the op t im al relaxa t ion param eters fo r m Ε 3 are no t Ξ1= Ξ2= ⋯= Ξm = 1öm.

Exam ple　m = 3, let V = V 1+ V 2,V 3= V 2. T hu s, V = V 1+ V 2+ V 3, the itera t ive m atrix

A = 2
3

i= 1
Ξ1P V ⊥

i
= Ξ1P V ⊥

1 + (Ξ2 + Ξ3) P V ⊥
2 .

So the op t im al param eters shou ld be

Ξ1 = Ξ2 + Ξ3 = 1ö2, and not Ξ1 = Ξ2 = Ξ3 = 1ö3.

　N ow w e give a lgeb ra ic p roof fo r the fo llow ing resu lts:

Theorem 2[ 1 ]　L et Θ, Ρ d enote the sp ectra l rad ii of
1
2

(P V ⊥
1 + P V ⊥

2
) and P V ⊥

2 P V ⊥
1 resp ectively. T hen

the f ollow ing id en tity hold s:

Ρ = (2Θ- 1) 2.

—261—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



Proof　 In term s of the above argum en t, w e need to con sider on ly the opera to rs

1
2

(P 2 + P 1) =
1
2

Q ′
I + # 2　0　# 2
　0　　　I　0

　2 #　　0　2 2

Q ,

P 2P 1 = Q ′
# 2　0　0

　0　0　0

2 # 　0　0

Q ,

w ith # = diag (Ρ1, Ρ2, ⋯Ρr) , 0Φ Ρ1Φ Ρ2Φ ⋯Φ Ρr< 1. T hu s Ρ= Ρ2
r , and the eigenvalues of

# 2 + I　0　# 2
　　0　I　　0

　2 # 　　0　2 2

sa t isfy tha t

Κ2 - 2Κ+ 1 - Ρ2
i = 0, Κ= 1 ± Ρi, i = 1, 2, ⋯r.

T herefo re,

Θ=
1
2

(1 + Ρr) ,

i. e. ,

Ρ = (2Θ- 1) 2. □
Theorem 3[ 2 ]　 If H = H 1+ H 2, then

co s (H ⊥
1 , H ⊥

2 ) = co s (H 1, H 2).

Proof　O bviou sly,

co s (H 1, H 2) = Θ(P H 2P H 1
) , co s (H ⊥

1 , H ⊥
2 ) = Θ(P H ⊥

2 P H ⊥
1

).

L et d im H = n , d im H 1 = r, d im H 2 = s w ith rΦ s. By the sam e argum en t above, define P i = T ′
P H i

, T , i= 1, 2. T hen

Θ(P H 2P H 1
) = Θ(P 2P 1) = Ρ2

r ,

and

Θ(P H ⊥
2 P H ⊥

1
) = Θ( ( I - P 2) ( I - P 1) ) = Θ

0　0　　 - # 2
0　0　　　0

0　0　I - 2 2

= Ρ2
r.

T he resu lt then fo llow s. □

T heo rem 3 leads to the fo llow ing resu lt w h ich is w idely u sed in m u lt ig rid m ethod:

Theorem 4[ 4 ]　L et H = H 1+ H 2. If there ex ists v∈n (0, 1) sa tisf y ing

û (v ,w ) û Φ Τ‖v‖‖w ‖, v ∈H 1,w ∈H 2, (6)

and u is op tim a l on H 1+ H 2, i. e. , P H 2u= 0. T hen

‖u - P H 1u‖ Φ Τ‖u}.

Proof　I t f ollow s f rom T heorem 3 and the cond iton (6) tha t

co s (H ⊥
2 , H ⊥

1 ) Φ Τ,
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