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半非紧测度与集值AM 映象
孙　大　清

(贵州大学数学系, 贵阳 550025)

摘 要

本文以半非紧测度为工具研究一类非线性集值映象的性质,然后把所得结果用于证明微分包
含的解的存在性.
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Abstract　 In th is paper w e define m easu res of sem i2noncom pactness in a loca lly convex

topo log ica l linear space w ith respect to a g iven sem ino rm. T hen w e get a fixed po in t the2
o rem fo r a class of conden sing set2valued m app ings and app ly it to d ifferen t ia l inclu2
sion s.

Keywords　o rdered topo log ica l linear space, a lm o st o rder2bounded set d ifferen t ia l inclu2
sion.

Cla ssif ica tion　AM S (1991) 46A , 47H öCCL O 177. 1

R ecen t ly, m any papers are concerned w ith ex istences of fixed po in ts fo r set2valued con trac2
t ion m app ings, see, e. g. , [ 9 ] and reference therein. In th is paper, m o tiva t ied by the ideas of
[ 7 ]. w e in troduce a no t ion of m easu re of sem i2noncom pactness fo r sub sets of a topo log ica l vecto r

la t t ice w h ich no t on ly reduces to tha t g iven in [7 ] fo r the no rm topo logy on a Banach la t t ice, bu t

w h ich app lies equally to the w eak topo logy in a w ide class of Banach la t t ices. T hese ideas lead

natu ra lly to con sidering a class of set2valued m app ings w h ich w e call set2valued AM 2m app ings

and fo r w h ich w e p rove a fixed po in t theo rem (T heo rem 3).

L et (E , Σ) be a rea l and loca lly convex topo log ica l linear space. W e assum e tha t there is an
o rder rela t ion Φ in E , w h ich m akes E a vecto r la t t iec. Fo r x∈E. L et

x + = x ∨ 0, x - = (- x ) ∨ 0, ûx û = x + + x - , E + = {x ∈ E ûx Ε 0}.

W e assum e tha t the topo logy Σ and the part ia l o rderΦ sa t isfy the fo llow ing condit ion (H ) :
(H )L et x∈ E. If {x n}< E is a sequence w h ich is Σ2convergen t to x , then there ex ists a sub2

sequence {x n j
}< {x n} and there ex ist elem en ts y , z∈E w ith 0Φ x

+
n j

Φ y , 0Φ x
-
n j

Φ z such tha t the

sub sequence {x
+
n j

} (respect ively {x
-
n j

}) is Σ2convergen t to y ( respect ively z ).

It is clear tha t condit ion (H ) im p lies tha t the po sit ive cone E + is Σ2clo sed in E. W e rem ark
tha t if E is a Banach la t t ice and if Σ is the no rm topo logy on E , then condit ion (H ) is clearly sa t is2
f ied since the la t t ice opera t ion s are con t inuou s fo r the no rm topo logy. If Σ is the w eak topo logy on

a Banach la t t ice then the situa t ion is som ew hat d ifferen t, since tha t la t t ice opera t ion s are, in gen2
era l, no t w eak ly con t inuou s. How ever, condit ion (H ) w ill be sa t isf ied fo r the w eak topo logy of a
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Banach la t t ice E if the so lid hu ll of any w eak ly com pact sub set of E is aga in rela t ively w eak ly

com pact, in part icu la r, if E is reflex ive o r if E is an ab stract L 2space.

L et Υbe a sem ino rm in E , w h ich is low er sem icon t inuou s w ith respect to Σ, tha t is, if B Υ=
{x∈E ûΥ(x ) Φ 1}, thenB Υ is Σ2clo sed. In addit ion, w e suppo se tha t Υ ism ono tone w ith respect to
the g iven part ia l o rder, tha t is, 0Φ x Φ y im p liesΥ(x ) Φ Υ(y ). If D < E , and if there ex ists r> 0

such tha tD < rB Υ, then D is ca lled Υ2bounded, D is ca lled a lm o st o rder2bounded rela t ive to Υ, if
fo r g iven Ε> 0, there ex ists u∈ E + such tha t D < [ - u , u ]+ �B Υ. T h is is equ iva len t to the sta te2
m en t; fo r g iven �> 0: there ex ists u∈E + such tha t

Υ( (ûx û - u ) + ) Φ �, Π x ∈D .

W e rem ark tha t if E is an ab stract L 2space and if Υ is the g iven no rm on E then a sub set D < E is
a lm o st o rder2bounded rela t ive to Υ if and on ly if D is rela t ively w eak ly com pact.

Fo r any Υ2bounded sub set D in E , define

ΘΥ(D ) = inf{∆ > 0û 2]u ∈ E + such tha t D < [ - u , u ] + ∆B Υ}.

It is easily seen tha t [5 ]

ΘΥ(D ) = inf{∆ > 0û 2]u ∈ E + such tha t Υ( (ûx û - u ) + ) Φ ∆, Π x ∈D }.

W e say tha t ΘΥ(D ) is the m easu re of sem i2noncom pactness of D w ith respect to Υ. W e w ill om it Υ
if there is no danger of confu sion. O u r defin it ion is m o tiva ted by the m easu re of sem i2noncom 2
pactness in troduced by de Pagter and Schep [ 7 ] and reduces to theirs fo r the case tha t E is a Banach
la t t ice w ith Υ the g iven no rm on E and Σ the no rm topo logy.

W e now gather som e sim p le p ropert ies.

L emma 1　If D ,D 1,D 2 a re Υ2bound ed sets in E , then
( i) Θ(D ) = 0 α] D is a lm ost ord er2bound ed (rela tive to Υ) ;
( ii) Θ(D 1+ D 2) Φ Θ(D 1) + Θ(D 2) , Θ(ΚD ) = ûΚûΘ(D ) , Κrea l;
( iii)D 1< D 2] Θ(D 1) Φ Θ(D 2) ;
( iv) Θ(D∪{x 0}) = Θ(D ) , x 0∈E ;

(v) Θ(D ) - Θ(D ) , w here D d enotes the closu re of D w ith resp ect to Σ;
(vi) Θ(co (D ) ) = Θ(D ) , w here co (D ) is Σ2convex closu re of D.

Proof ( i) , ( iii) and ( iv) are clear.
( ii)L et x k∈D k , k= 1, 2. Given �> 0, there ex ists ak Ε 0 such tha t

D k < D [ - u k , u k ] + (Θ(D k ) +
�
2

)B Υ, k = 1, 2.

If x k = y k + z k , w ith y k∈[ - u k , u k ] and z k∈ (Θ(D k ) +
�
2

)B Υ, k= 1, 2, then

x 1 + x 2 ∈ [ - (u1 ∨ u 2) , u 1 ∨ u 2 ] + (Θ(D 1) + Θ(D 2) + �)B �.

It fo llow s tha t

Θ(D 1 + D 2) Φ Θ(D 1) + Θ(D 2) + �,

fo r every �> 0 and ( ii) fo llow s.
(v) F rom (iii) , it fo llow s tha t Θ(D ) Φ Θ(D ). To p rove the reverse inequality if �> 0 is g iven,

then there ex ists u∈ E + such tha t
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Υ( (ûx û - u ) + ) Φ Θ(D ) + �, Π x ∈D .

　　 If x∈D , there ex ists a sequence {x n}< D , w ith x n→x in Σ. By (H ) , there ex ists a sub se2
quence {x n j

}< {x n} sa t isfying: x
+
n j
→ y , x

-
n j
→z , and x

+ Φ y , x
- Φ z. So û x n j

û - u→v - u in Σ,

w here v = y + z. By (H ) aga in, there eix sts a sub sequence {x n1
j
} of {x n j

} such tha t

(ûx û - u ) + Φ (v - u ) + Φ lim
j′

(ûx n j′û - u) + .

F rom low er sem icon t inu ity of Υ rela t ive to Σ and the fact tha tΥ is m ono tone, w e have

Υ( (ûx û - u ) + ) Φ Υ( (v - u ) + ) Φ Υ( lim
j′

(ûx n j′û - u ) + ) Φ lim inf
j′
Υ(ûx n j′û - u) + )

Φ Θ(D ) + �, Π x ∈D ,

and the conclu sion fo llow s.
(vi) By ( iii) and (v) , it is on ly necessary to p rove Θ(co (D ) ) Φ Θ(D ). Fo r any Α> Θ(D ) , there

ex ists u∈E + such tha t

D < [ - u , u ] + ΑB Υ.

Becau se [ - u , u ]+ ΑB Υ is a convex set, it fo llow s tha t

co (D ) < [ - u , u ] + ΑB Υ.

So Θ( co (D ) ) Φ Α. L et ΑûΘ(D ) and w e get the conclu sion.

W e now give the fo llow ing:

D ef in it ion 2　L et (E , r) be a loca lly convex rea l linea r top olog ica l sp ace, w h ich is in ad d ition

a vector la ttice such tha t cond ition (H ) is sa tisf ied , and let Υbe a m onotone sem inorm in E. W e say

tha t a set2va lued m app ing F is upp er sem i2con tinuous a t x 0∈ E , if f or any neig hbou rhood N (F

(x 0) ) of F (x 0) , there ex ists a neig hbou rhoodN (x 0) of x 0 such tha t

Π x ∈N (x 0) , F (x ) < N (F (x 0) ).

F is ca lled upp er sem i2con tinuous if F is upp er sem i2con tinuous a t every p oin t x∈E. L et D be a sub2
set of E and F : D→E be a Σ2upp er2con tinuous set2va lued m app ing , w h ich m ap s Υ2bound ed sets to Υ2
bound ed set. If F m ap s each Υ2a lm ost ord er bound ed subset of D to a Σ2rela tively com p act set, then

F is ca lled a set2va lued A M 2m app ing on D . If f or any Υ2bound ed set S < D , the cond ition Θ(S ) > 0

im p lies Θ(F (S ) ) < Θ(S ) , then F is ca lled a cond ensing set2va lued A M 2m app ing.

L emma 3[ 4 ]　L et S be a com p act H ausd orf f sp ace and F : S→S a closed set2va lued m app ing ( tha t

is, its g rap h is a closed subset of S×S ) , then F is upp er2sem icon tinuous.

Theorem 4　S upp ose D is a non2em p ty , Υ2bound ed and Σ2closed convex subset in E , if F : D→D is a

cond ensing set2va lued A M 2m app ing , then F has a f ix ed p oin t in D.

Proof　L et x 0∈D . L et Z be the collection of a ll Σ2closed convex subsets of D con ta in ing x 0 and be2
ing inva rian t und er F. B ecause D ∈Z , Z is non2em p ty. If S 0 = ∩S∈ZS then x 0∈S 0 < D , S 0 is Σ2
closed and convex , F (S 0) < S 0, and co{F (S 0) , x 0}< S 0 and consequen tly

F (co{F (S 0) , x 0}) < F (S 0) < co{F (S 0) , x 0}. (1)

　　B y (1) , co{F (S 0) , x 0}∈Z , and from the defin it ion of S 0, w e have

co{F (S 0) , x 0} = S 0. (2)
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It fo llow s from L emm a 1 tha t

Θ(S 0) = Θ(co{F (S 0) , x 0}) = Θ({F (S 0) , x 0}) = Θ(F (S 0) ).

　　A s F is conden sing, Θ(S 0) = 0, so tha t S 0 is an a lm o st o rder2bounded set, and con sequen t ly

F (S 0) is Σ2rela t ively com pact since F is a set2valued AM 2m app ing. F rom (2) , S 0 it self is Σ2com 2
pact. By the Kaku tan i2Fan fixed2po in t theo rem [4 ], F has a t least one fixed po in t in S 0< D and

the p roof is com p lete.

W e now give an exam p le fo r app lica t ion of T heo rem 4.

L et CC (X ) deno te the class of clo sed convex sub sets of Banach space X . Con sider the d iffer2
en t ia l inclu sion in Y = L

1 (0, 1) :

x ( t) ∈ f ( t, x ( t) ) , t∈ (0, 1). (3)

x (0) = x 0. (4)

Suppo se
(a1) f ( t, z )∈CC (R ) fo r every t∈ (0, 1) and z∈R ;
(a2) t→f ( t, z ) is a m easu rab le set2valued funct ion fo r z∈R ;
(a3) T here ex ist a nonegat ive funct ion a ( t)∈Y and a con stan t bΕ 0 such tha t

ûy ( t) û Φ a ( t) + bûx ( t) û , fo r every y ∈M u (f x ) ,

w here M u (f x ) is the set of a ll m easu rab le select ion s of f ( t, x ( t) ) , t∈ (0, 1) , x∈L
1 (0, 1) ;

(a4) Fo r any clo sed convex sub set S of Y. { (x , f (·, x ) ) ûx∈S∈CC (Y×Y ).

L emma 5　Suppo se (a1) , (a2) ho ld, then

H (g ) = h ∈ Y ûh ( t) ∈ F g ( t) ≡ f ( t, x 0 +∫
i

o
g (s) d s) , a. e. t∈ (0, 1) ∈CC (Y )

fo r every g∈Y.

Proof　T he convex ity of H (g ) is easy to p rove.

N ex t w e show tha t H (g ) is clo sed. W hat w e do here is som ew hat m o re than w e need. In

fact, w e p rove H (g ) is w eak ly sequencia lly clo sed.

L et hn∈H (g ) , n= 1, 2,⋯, h n→h 0 w eak ly in Y. Since h n∈H (x ) , hn ( t)∈F g ( t) , a. e. , coon se2
quen t ly, by the defin it ion of in tegra l fo r set2valued funct ion s and F g ( t)∈CC (R ) , t∈ (0, 1) , w e

have

1
m (J )∫J F g ( t) d t

is a convex set, and
1

m (J ) �J h n ( t) d t∈
1

m (J ) �J F g ( t) d t fo r a ll n , w here m (·) is L ebesque m easu re

and J < (0, 1) is any m easu rab le sub set w ith m (J ) > 0.

By M azu r theo rem ,

lim
1

m (J )∫J hn ( t) d t =
1

m (J )∫J h 0 ( t) d t∈ 1
m (J ) cl (∫J F g ( t) d t)

ho ld fo r every m easu rab le J < (0, 1) , w here by cl (·) w e m ean the clo su re in no rm topo logy.

T herefo re h 0 ( t)∈cof ( t, x ( t) ) = F g ( t) , a. e. , It fo llow s tha t h 0∈H (g ). So H (g )∈CC (Y ) , g∈
Y.
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Theorem 6　bxSuppo se (a1) 2(a4) ho ld and 0Φ b< 1, then p rob lem (3) 2(4) has a so lu t ion.

Proof　Fo r every g∈Y , H (g )∈CC (Y ). L et

B r = {y ∈ Y û ‖y‖ Φ r},

w here r= ‖a‖ (1- b) - 1. T hen H : B r→B r. L et u s p rove tha t H : B r→B r is conden sing. Suppo se

Q < B r and Θ(Q ) > 0. Fo r any �> 0, there ex ists a nonnegat ive u∈Y such tha t

Q < [ - u , u ] + [Θ(Q ) + �]B 1.

So fo r every x∈Q , it has a decom po sit ion:

x = y + z , y ∈ [ - u , u ], z ∈ [Θ(Q ) + �]B 1.

So
H (x ) < [ - a - bu - bûx 0û , a + bu + bûx 0û ] + b[Θ(Q ) + �]B 1,

W here u 1 ( t) =∫
t

0u (s) d s. It fo llow s tha t

Θ(H (Q ) ) Φ b (Θ(Q ) + �).

L et t ing �→0 w e get the conclu sion tha t H is conden sing. By the p roof of T heo rem 4 w e can get

S 0∈CC (Y ) such tha tH : S 0→S 0 and S 0 is an a lm o st o rder2bounded set. Since the rela t ively w eak ly

com pact sub set of L
1 (0, 1) are p recisely tho se w h ich are a lm o st o rder2bounded fo r no rm topo logy

( [5 ]) , S 0 is w eak ly com pact. By theassum p tion (a4) the graph of H ûS 0 is w eak ly clo sed in Y×

Y , therefo re H : S 0→S 0 is upper2sem icon t inuou s in the w eak topo logy in L
1 (0, 1) , here H ûS 0 is the

rest rict ion of H to S 0. By T heo rem 4, H has a fixed po in t y in S 0. O bviou sly, y ( t)∈f ( t, x 0+∫
t

0y

(s) d s) , t∈ (0, 1) , a. e. D efine

x ( t) = x 0 +∫
t

0
y (s) d s, t∈ (0, 1) ,

then x (0) = x 0, x ( t) = y ( t)∈f ( t, x ( t) ) , a. e. , t∈ (0, 1). T he p roof is com p lete.
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