
2
F 4 (q) is a lso 7′2group by lemm a 1, therefo re, 2

F 4 (q) can no t be inner 72clo sed group , and (2.

8) ho lds.

(2. 9) G is no t of type 2
G 2 (q) , q= 32m + 1,m Ε 1, 2

D n (q) , n> 3.

L et X = 2
G 2 (q) , S ∈S y l2 (X ) , by [12, p. 292 ], one has

CX (S ) = S , ûN X (S ) û = 168,

it fo llow s tha t N X (S ) is no t 72clo sed group and 2
G 2 (q) can no t be inner 72clo sed group. Fo r 2

D n

( q) , w ith the sam e argum en t befo re, w e need to con sider on ly 2
D 4 (q). It is know n tha t A 2 (q)

and A 1 (q) 3 2
D 3 (q) a re L evi subgroup s of 2

D 4 (q). Fo r a sam e q, bo th A 2 (q) and 2
D 3 (q) a re no t

7′2group at the sam e tim e by lemm a 1, hence 2
D 4 (q) can no t be 72clo sed group , and (2. 9) ho lds.

T he p roof of the T heo rem is com p lete by the classif ica t ion theo rem of fin ite group s.
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关于内 72闭单群的结构
李先崇　　　游太杰

(贵州师范大学数学系, 贵阳 550001)

摘 要

研究内 p 2闭群的结构是一个很活跃的课题. 对于 p = 2, 3, 5 的内 p 2闭群的结构已经被确定 (见
[1, 2, 3 ]). 本文确定内 72闭单群的结构.
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On the Structure of Inner 7-Closed Sim ple Groups
Ξ

L i X ianchong　Y ou T a ij ie
(D ep t. of M ath. , Gu izhou N o rm al U n iversity, Gu iyang 550001)

Abstract　T he structu re of inner p 2clo sed group s fo r p = 2, 3, 5 are know n (see [ 1, 2,

3 ]). In th is paper, w e sha ll derm ine the structu re of the inner 72clo sed sim p le group s.

Keywords　 p 2clo sed group , sim p le group.

Cla ssif ica tion　AM S (1991) 20F99öCCL O 152. 1

1. In troduction

T h roughou t th is paper, G deno tes a fin ite group and p is a p rim e. G is sa id to be p 2clo sed if

the p 2subgroup of G is no rm al in G. G is ca lled an inner p 2clo sed group if every p roper subgroup

of G is S p 2clo sed and G it self is no t p 2clo sed. Fo r the structu re of inner p 2clo sed group s, Chen

Zhongm u [ 1 ] show ed tha t an inner p 2clo sed group G m u st be one of the tw o types: (1) Gö5 (G ) is

non2abelian sim p le group , w here 5 (G ) deno tes the F ra t t in i subgroup of G; (2) G is a q2basic

group of o rder p
Α
q

Β fo r som e p rim e q. [ 1 ] a lso determ ined tha t the inner 22clo sed group s are d ihe2
dra l. Fo r the inner p 2clo sed sim p le group s G , L i Sh irong [ 2 ] has show n tha t G is isom o rph ic to

PSL (2, 2r) , r is odd p rim e, fo r p = 3; You T aijie [ 3 ] has p roved tha t G is isom o rph ic to either PSL
(2, 5) o r S z (2r) , r is odd p rim e, fo r p = 5; R ecen t ly, X iao W en jun [ 4 ] ob ta ined an im po rtan t resu lt

tha t inner p 2clo sed sim p le group has cyclic S p 2subgroup fo r odd p , and he po in ted ou t tha t it is

d iff icu lt to determ ine the structu re of inner p 2clo sed sim p le group s fo r p Ε 5. T he a im of th is pa2
per is to p rove the fo llow ing.

Theorem　A n inner 72closed sim p le g roup is isom orp h ic to one of the f ollow ing g roup s: A 1 (7) , A 1

(p ) ,

p≡- 1 (m od7) ,A 1 (p
3) p≡3 or 5 (m od7).

2. The Proof of the Theorem

L emma 1　L et G be a non2abelian sim p le 7′2g roup , then G is isom orp h ic to one of the f ollow ing

g roup s:

(1) T he sp orad ic g roup s M 11,M 12, J 3, and the a lterna ting g roup s A 5,A 6.
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(2) A 1 (q) ,B 2 (q) , q= p f, (3, f) = 1, q¢ 0, 1 and - 1 (m od 7) ;

(3) A n (q) , n= 2, 3, 4, q≡3, 5 (m od7) , q= p
f , (6, f ) = 1;

(4) 2
A n (q) , n= 2, 3, 4, q= p

f , q≡2, 4 (m od7) , (6, f ) = 1;

( 5) 2F 4 (22m + 1) , 2B 2 (22m + 1) , m ¢ 1 (m od 3) , w here 2F 4 (2)′instead of
2
F 4 (2). Proof　W e w ill

u se the classif ica t ion theo rem of fin ite sim p le group s. By direct ly check ing the o rder of the sim p le

group s, it is seen tha t there are on ly five group sM 11,M 12, J 3,A 5,A 6 being 7′2group in the lists of

a lterna t ing and spo rad ic sim p le group s. In the lists of L ie group s G (q) , if (q
6- 1) ûG (q) û , then G

( q) can no t be 7′2group since m
6≡1 (m od7) fo r any po sit ive in teger num ber m . T herefo re, w e

need on ly to con sider the L ie group s: A n (q) , n= 1, 2, 3, 4, B 2 (q) , 2
A n (q) , n= 2, 3, 4, 2

F 4 (22m + 1) ,
2
B 2 (22m + 1) , and 2

G 2 (32m + 1) ,m Ε 1.

If A 1 (q) is a 7′2group , i. e. , (7, ûA 1 (q) û ) = (7, q
2 (q

2- 1) d
- 1) = 1, here d = (2, q- 1) , w h ich

is equ iva len t to q¢ 0, 1 and - 1 (m od 7). If B 2 (q) is a 7′2group , then (7, ûB 2 (q) û ) = (7, q
4 (q

4-

1) (q
2- 1) ) = 1, th is is equ iva len t to q¢ 0, 1 and - 1 (m od 7) fo r q

4≡1 m od7) if and on ly if q
2≡1

(m od7). T hese are the list of (2). By the sam e argum en t, w e get the lists of (3) , (4) and (5).

Bu t fo r 2
G 2 (32m + 1) since û 2

G 2 (q) û = q
3 (q

3- 1) (q- 1) , q= 32m + 1 and q
3+ 1= 33 (2m + 1) + 1≡0 (m od7)

fo r a ll nonnegat ive in teger num ber m , 2
G 2 (q) can no t be a 7′2group. T he p roof is com p leted. □

L emma 2　L et F (q) be a f ield of q elem en ts, then (- 7) 1ö2
is an elem en t of F (q) if and on ly if q

3

≡1 (m od7).

Proof　See the p roof of lemm a 6. 5 of [5, p. 173 ].

T he fo llow ing lemm a is clear.

L emma 3　 If H is a p roper non2abelian sim p le sect ion of an inner 72clo sed sim p le group G , then

H m u st be 7′2group.

Proof of the Theorem　F irst ly, one can easily check tha t the listed group s in the theo rem are re2
a lly inner 72clo sed group s by D iek son theo rem [6, p. 213 ]. Conversely, let G be an inner 72clo sed

sim p le group , w e sha ll show tha t G m u st be isom o rph ic to one of the listed group s of the theo rem

w ith the help of the classif ica t ion theo rem of fin ite sim p le group s.

(2. 1)　G is no t isom o rph ic to any one of the list of a lterna t ing group s and spo rad ic group s.

L ook ing up the A TL S tab le [7 ] (especia lly fo r the item s w h ich the m ax im al subgroup s w ere list2
ed in) , it can be seen tha t such a sim p le group is either 7′2group o r having a p roper sect ion A 1

(7) o r A 7, and A 7 has a lso a p roper sect ion A 1 (7). H ence a ll of the a lterna t ing group s A n (nΕ 5)

and sp rad ic group s are no t inner 72clo sed group by lemm a 3.
(2. 2) G is no t of type: E 6 (q) , E 7 (q) , E 8 (q) , 3

D 4 (q) , 2
E 6 (q).

Since the listed group s of (2. 2) have L evi subgroup (see [8 ]) A 5 (q) ,A 6 (q) , A 7 (q) ,B 3 (q) ,A 1

( q
3 ) and 2

D 4 (q) , respect ively. T hese subgroup s are no t 7′2group by lemm a 1 and are sim p le

group s. It fo llow s tha t the listed group s of (2. 2) can no t be inner 72clo sed group by lemm a 3,

and (2. 2) ho lds.
(2. 3) If G is of type A n (q) , q= p

f , then G m u st be one of the listed group s of the theo rem.

Suppo se Gµ A n (q) fo r som e q and n. It is know n tha t A n (q) has a p roper subgroup A n- 1 (q) ,

and A n- 1 (q) is sim p le w hen nΕ 3 o r qΕ 4. By lemm a 1 and lemm a 3, it fo llow s tha t n - 1Φ 4.

T hu s w e need to con sider the fam ily A n (q) , n= 1, 2, 3, 4, 5.
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(2. 3. 1) Suppo se tha t Gµ A 1 (q) , Since 7û ûA 1 (q) û= q
2 (q

2- 1) d
- 1, d = (2, q- 1) , q≡0, 1 o r

- 1 (m od7). If q≡0 (m od7) , q= 7f , then f = 1 fo r A 1 (7) is a subgroup of A 1 (7f ). W h ile A 1 (7)

belongs to the listed group s of the theo rem. Since the B roel subgroup B of A 1 (q) is a F roben iu s

group w ith kernel K of o rder q and com p lem en t H of o rder (q- 1) d
- 1. If B is 72clo sed, then q¢

1 (m od 7). T herefo re, if A 1 (q) is inner 72clo sed group , then q¢ 1 (m od 7). T hu s one can assum e

tha t q= p
f ≡- 1 (m od7). If p ≡- 1 (m od7) , then p Ε 13, 7û û A 1 (p ) û = p (p

2- 1) 2- 1, A 1 (p ) is

sim p le and is a subgroup of A 1 (q) , th is fo rces tha t f = 1. A 1 (p ) , p≡- 1 (m od7) , is an inner 72
clo sed group and is con ta ined in the listed group s of the theo rem. If p + 1¢ 0 (m od7) and q= p

f ≡
- 1 (m od7) , th is case occu rs if and on ly if p≡3 o r 5 (m od 7) and 3û f . It fo llow s tha t A 1 (p

3) is a

subgroup of A 1 (q) by D ick son theo rem [6, p. 213 ], and 7ûûA 1 (p
3) û= p

3 (p
6- 1) 2- 1, A 1 (p

3) is a

sim p le group. T h is fo rces tha t f = 3 by lemm a 3. A 1 (p
3) , p≡3 o r 5 (m od7) , is an inner 72clo sed

group and is a lso con ta ined in the listed group s of the theo rem.

( 2. 3. 2)G is no t of the type A n (q) , n= 2, 3, 4, 5, excep t A 2 (2). ûA 2 (q) û= q
3 (q

3- 1) (q
2- 1)

d
- 1, d = (3, q- 1). If q

3≡1 (m od7) and q> 2, then A 2 (q) , q odd, has a p roper subgroup A 1 (7)

from [5 ] fo r odd q and from A 2 (2) µ A 1 (7) fo r q= 2f , hence A 2 (q) can no t be an inner 72clo sed

group excep t A 2 (2) in case q
3≡1 (m od7). Since A 1 (q) is a subgroup of A 2 (q) and is a sim p le

group if q> 3, bu t is no t 7′2group if q≡0 o r ±1 (m od7) by lemm a 1. It fo llow s tha t A 2 (q) can

no t be inner 72clo sed group if q≡0 o r ±1 (m od7) and q> 3. W h ile A 2 (3) is 7′2group. H ence (2.

3. 2) ho lds fo r n= 2.

It is know n tha t A 2 (q) is a p roper subgroup of A 3 (q) and A 4 (q) , A 3 (q) and A 4 (q) a re 7′2
group if A 2 (q) is 7′2group by lemm a 1 and, therefo re, a re no t inner 72clo sed group by lemm a 3.

Since SL (3, q
2) is a subgroup of SL (6, q) ,A 2 (q

2) is a p roper sect ion of A 5 (q) and no t 7′2group by

lemm a 1, hence A 5 (q) is no t inner 72clo sed group. T herefo re, (2. 3. 2) ho lds, and (2. 3) ho lds.

(2. 4) G is no t of the type B n (q) , nΕ 2.

A ssum e tha t Gµ B n (q) fo r som e n and q= p
f. By lemm a 1 and 3, n= 2 o r 3 fo r B n- 1 (q) is a

subgroup of B n (q). B 2 (q) has a L evi subgroup L = A 1 (q)B 1 (q) , A 1 (q) (q> 3) is sim p le group. B 2

( q) (q> 3) is 7′2group if A 1 (q) is 7′2group by lemm a 1, hence B 2 (q) can no t be inner 72clo sed

group as it has the p roper sect ion A 1 (q) (q> 3). B 2 (2) and B 2 (3) are 7′2group s. N ow , one has G

µ B 3 (q) fo r som e q. Since G 2 (q) is a subgroup of B 3 (q) (see [9, §1. 4 ], w here B 3 (q) µ P 8 7 (q) )

and is no t 7′2group by lemm a 1, hence B 3 (q) can no t be inner 72clo sed group. A con trad ict ion,

and (2. 4) ho lds.

(2. 5) G is no t of type C n (q) , nΕ 3.

Since the subgroup C n- 1 (q) (n > 3) of C n (q) is no t 7′2group , C n (q) (n > 3) is no t inner 72
clo sed group by lemm a 3. S p (2, q

3) is subgroup of S p (6, q) by [6, p. 228 ], it fo llow s tha t C 1 (q
3)

is a subgroup of C 3 (q) , C 1 (q
3) = A 1 (q

3) is no t 7′2group by lemm a 1, hence C 3 (q) is no t inner 72
clo sed group , and (2. 5) ho lds.

(2. 6) G is no t of type D n (q) , n> 3, G 2 (q) , q= p
f.

Sim ila rly, w e need on ly to con sider the case n= 4. It is know n tha t D 4 (q) has a graph au to2
m o rph ism u of period, the fixed subgroup of u is the L ie group G 2 (q). It fo llow s tha t D 4 (q) can

no t be inner 72clo sed group fo r its subgroup G 2 (q) is no t 7′2group by lemm a 1. Since A 1 (q) is a
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p roper sect ion of G 2 (p ) (see[9, T heo rem A ] fo r odd p rim e p ) , hence G 2 (p ) is no t inner 72clo sed

group. O bviou sly, G 2 (p ) is a subgroup of G 2 (q) , q= p
f , and G 2 (q) can no t be inner 72clo sed

group fo r its subgroup G 2 (p ) is no t 7′2group , and (2. 6) ho lds.

(2. 7) G is no t of type 2
A n (q) , n> 1.

Sim ila ry, by L emm a 1 and 3, w e need to con sider the case n< 6. Since 2
A 2 (q) is a subgroup

of 2
A 3 (q) and 2

A 4 (q) , if 2
A 2 (q) is 7′2group , then 2

A 3 (q) and 2
A 4 (q) is a lso 7′2group , hence 2

A n

(q) (n= 3, 4) can no t be inner 72clo sed group. Since the L evi subgroup A 2 (q
2) of 2

A 5 (q) is no t 7′2
group , 2

A 5 (q) can no t be inner 72clo sed group. If n= 2, one can assum e tha t 7û û 2
A 2 (q) û= q

3 (q
3

+ 1) (q
2- 1) d

- 1, d = (3, q+ 1) , i. e. , q≡0 o r q
2≡1 o r q

3≡- 1 (m od7). If q≡0 (m od7) , i. e. , q=

7f. Since 2
A 2 (7) = U 3 (7) has a m ax im al subgroup A 1 (7). 2 (see [7, p. 66 ]) , 2

A 2 (7) is a subgroup

of 2
A 2 (q) , thu s 2

A 2 (q) can no t be inner 72clo sed group. If q
2≡1 (m od7) , the Bo rel subgroup B of

2
A 2 (q) is the sem id irect p roduct of P of o rder q

3 and H of o rder (q
2- 1) öd , C P (H ) = 1 im p lies

tha t B can no t be 72clo sed group , hence 2
A 2 (q) can no t be inner 72clo sed group. N ow , assum e

tha t q
3≡21 (m od7) , then q is odd. W e show tha t A 1 (7) is a sect ion of 2

A 2 (q). To do th is, let u s

reca ll the defin it ion of 2
A 2 (q). L et SL (3, q

2) be the th ree dem en t iona l specia l linear group in m a2
t rix fo rm w ith en tries in a fin ite field F (q

2). By classica l no ta t ion s, the specia l un ita ry group

SU (3, q) = {x ∈ SL (3, q2) ûX - 1 = (X u) t}

(see [10, p. 466 ]) , w here“t”deno tes t ran spo se and X
u is the m atrix ab ta ined from X by app lying

the field au tom o rph ism a
u = a

q of F (q
2) to each en tries. T hu s 2

A 2 (q) = PSU (3, q) is the facto r

group of SU (3, q) m odu lo its cen ter and ûSU (3, q) : 2
A 2 (q) û< 4. T h is im p lies tha t A 1 (7) is a sec2

t ion of 2
A 2 (q) in case A 1 (7) is a subgroup of SU (3, q) , so it suffices to show tha t A 1 (7) is a sub2

group of SU (3, q). L et

X =

1　　0　　0

0 　 - 1　　0

0　　0　 - 1

, Y =

r　　2- 1　　　2- 1

r 　　 - 2- 1　　2- 1

0 　r + 2- 1　r + 2- 1

,

w here r∈F (q
2) and 2r

2+ r+ 1= 0. N o te tha t such an elem en t r do ex ist in F (q
2) w ith odd q, i.

e. , the equat ion has a t least one so lu t ion in the field. T hat occu rs if and on ly if the elem en t
(- 7) 1ö2∈F (q

2) , and if and on ly if q
6≡1 (m od7) by L emm a 2. C learly, th is is a lw ays ho lds. A f2

ter ca lcu la t ion, it is seen tha t X
2= Y

7= (X Y ) 3= (X Y
3) 4= 1 and these rela t ion s genera te A 1 (7) by

[ 11, p. 303 ]. C learly, X ∈SU (3, q) , Y ∈SL (3, q
2). N ow w e need to show tha t Y ∈SU (3, q) , i. e,

Y (Y
u) t= 1. T h is equat ion ho lds if and on ly if r

q+ 1= 2- 1. L et x = (- 7) 1ö2 then x
2= - 7∈F (q

2) ,

(x
q- 1) 2= (- 7) q- 1= 1, hence x

q- 1= 1 o r - 1. If x
q- 1= 1 then x ∈F (q) and q

3≡1 (m od7) by L em 2
m a 2, th is is con tray to tha t q

3≡- 1 (m od7). H ence x
q- 1= - 1 and x

q= - x , let r= (x - 1) ö4,

then 2r
2+ r+ 1= 0 and r

q+ 1= 2- 1. T herefo re, Y ∈SU (3, q) and A 1 (7) is a subgroup of 2
A 2 (q).

Summ aring the above argum en t, (2. 7) ho lds.

(2. 8) G is no t of type 2
B 2 (q) , 2

F 4 (q) , q= 22m + 1.

û 2
B 2 (q) û= q

2 (q
2+ 1) (q- 1) , q= 22m + 1, (q

2 (q
2+ 1) , 7) = 1, it fo llow s tha t on ly the case“q≡1

(m od7)”need to be con sidered. In th is case, the Bo rel subgroup of 2
B 2 (q) is a F robenn iu s group

w ith kernel K of o rder q
2 and com p lem en t H of o rder q- 1. T hu s B is no t 72clo sed, and so 2

B 2

(q) is no t inner 72clo sed group. 2
B 2 (q) is a L evi subgroup of 2

F 4 (q) , if 2
B 2 (q) is 7′2group , then
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