’F4(q) isal® 7'-group by lenma 1, therefore, “F4(q) can not be inner 7-closed group, and (2
8) holds

(2 9) G isnot of type ‘G2(g),q= 3™ " m=1,Dn(q),n> 3

LetX="G2(q),S Syl2(X), by [12,p. 292], one has

Cx(8) =S, Nx(S)|= 168,

it follow s that N x (S) is not 7-closed group and °Gz(qg) can not be inner 7-closed group. For D«
(g), with the same argument before, we need to consider only D 4(q). It is known that A 2(q)
andA1(q) * Ds(q) areL evi subgroupsof D4(qg). For a sameq, bothAz(q) and Ds(q) are not
7'-group at the same time by lenma 1, hence D 4(q) can not be 7-closed group, and (2 9) holds

The proof of the Theorem is complete by the classification theorem of finite groups
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Abstract The structure of inner p-closed groups for p= 2, 3, 5 are known (see [1, 2,
3]). In thispaper, we shall dem ine the structure of the inner 7-closed sinple groups

Keywords p-closed group, smple group.
Classif ication AM S(1991) 20F99/CCL 0152 1

1 Introduction

Throughout thispaper, G denotes a finite group and p isaprime G is said to be p-closed if
the p-subgroup of G isnomal in G. G iscalled an inner p-closed group if every proper subgroup
of G isSp-closed and G itself isnot p-closed For the structure of inner p-closed groups, Chen
Zhongmu! show ed that an inner p-closed group G must be one of the wo types (1) G/®(G) is
non-abelian smple group, where ®(G) denotes the Frattini subgroup of G; (2) G is a g-basic
group of order p°g’ for omeprimeq [1] alo detem ined that the inner 2-closed groups are dihe-
dral For the inner p-closed simple groups G, L i Shirong'® has shown that G is ismomhic to
PS (2,2), risoddprime, for p= 3; You Taijie" hasproved that G is issmorphic to either P
(2,5) orsz(2),r isodd prine, for p= 5, Recently, XiaoW enjun'” obtained an mportant result
that inner p-closed simple group has cyclic Sp-subgroup for odd p, and he pointed out that it is
difficult to detem ine the structure of inner p-closed simple groupsfor p=5 The aim of thispa-
per is to prove the follow ing

Theoran An inner 7-closed simple group is issmorphic to one o the follow ing groups A 1(7),A1

(p),
p= - 1 (mod7),A1(p>) p= 3 or 5(mod7).

2 The Proof of the Theoranm
Lenma 1 L et G be a non-abelian simple 7'-group, then G is issmorphic to one o the follav ing

groups
(1) The sporadic groupsM 11,M 12,J3, and the alternating groupsAs,A e

* Received Sep. 8, 1993 Project supported by the Scince Fundation of Sci and Tech Com. of Guizhou Province
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(2) A1(9),B2(q),g=p', (3,f)= 1,g%0,1and - 1 (mod 7);

(3) An(g),n=2,3,4,0= 3,5 (mod7), g=p', (6,f)= 1

(4) An(g),n=2,3,4,g= p',q= 2,4mod7), (6,f)= 1,

(5) *Fa(2™1),B2(2"""),m=1 (mod3), where °F.(2)' instead o *F«(2). Proof W ewill
use the classification theoram of finite smple groups By directly checking the order of the smple
groups, it is seen that there are only five groupsM 11,M 12,J3,A 5,A 6 being 7'-group in the listsof
alternating and gooradic smple groups In the listsof L ie groupsG (q), if (¢* 1) [G(q) |, thenG
(g) can not be 7'-group sincem®= 1(mod7) for any positive integer number m. Therefore, we
need only to consider thel ie groups An(q),n=1,2,3,4, B2(q),An(q),n= 2, 3,4, °Fa(2™7),
B.(2™1), and 'G2(3™ ) ,m=1

fA1(q) isa7-group, i e, (7, pi(g) D= (7,4°(q> Dd )= 1, hered= (2,g- 1), which
is equivalent to ¢Z 0, 1 and - 1(mod 7). IfB2(q) isa 7'-group, then (7, B2(q) )= (7, q*(q'-
1) (- 1))= 1, thisisequivalent to g2 0,1and - 1(mod 7) for g*= 1mod7) if and only if g’= 1
(mod7). These are the list of (2). By the sane argument, we get the listsof (3), (4) and (5).
But for ’G2(3"") since |'G2(q) |= ¢°(q> 1) (- 1), q= 3 "and ¢*+ 1= 3 "+ 1= 0(mod7)
for all nonnegative integer numberm, °G2(q) can not be a 7/-group. The proof is completed °

Lenma2 LetF(q) beafield d qelanents, then (- 7)“’isan elenent & F (g) if and only if ¢
= 1(mod?7).
Proof See the proof of lenma 6 5of [5,p 173]

The follow ing lenma is clear.

Lenma 3 If H isaproper non-abelian smple section of an inner 7-closed smple group G, then
H must be 7'-group.

Proof of the Theoren Firstly, one can easily check that the listed groups in the theoren are re-
ally inner 7-closed groups by D iekson theorem [ 6, p. 213]. Conversely, let G be an inner 7-closed
simple group, w e shall show that G must be isomorphic to oneof the listed groupsof the theoran
w ith the help of the classification theorem of finite smple groups

(2 1) G isnot isomorphic to any oneof the list of alternating groups and sporadic groups
L ooking up theA TL S table [7] (epecially for the iteam sw hich themaximal subgroupsw ere list-
ed in), it can be seen that such a simple group is either 7'-group or having a proper section A 1
(7) orA+, andA - hasal® aproper section A1(7). Hence all of the alternating groupsA »(n=5)
and radic groups are not inner 7-closed group by lanma 3

(2 2) G isnot of type Es(q),E7(q),Es(q), D4(q), *Es(q).

Since the listed groupsof (2 2) haveL evi subgroup (see [8]) As(q),As(q),A7(q),Bs(q),A1
(¢°) and D4(q), repectively. These subgroups are not 7'-group by lenma 1 and are simple
groups It follow s that the listed groupsof (2 2) can not be inner 7-closed group by lemma 3,
and (2 2) holds

(2 3) If G isof typeAn(q),g= p', then G must be one of the listed groupsof the theorem.

Suppose G=A«(qg) for omegand n It isknown thatA »(q) hasaproper subgroup A » 1(q),
andAn 1(q) issmplewhen n=30or g=4 By lenma 1 and lenma 3, it follows that n- 1< 4
Thusw e need to consider the family An(q),n=1,2,3,4,5
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(2 3 1) Suppose that G=A 1(q), Since 7| A 1(q) |= o’ (> Dd ', d= (2,9- 1), g= 0, 1or
- 1(mod7). If g= 0(mod7),q= 7', then f= 1forA:(7) isa subgroup of A 1(7'). W hileA 1(7)
belongs to the listed groupsof the theoran. Since the B roel subgroup B of A1(q) is a Frobenius
group w ith kernel K of order g and complementH of order (g- 1)d % IfB is7-closed, then g=
1(mod 7). Therefore, if A1(qg) isinner 7-closed group, then g= 1(mod 7). Thusone can assume
that g= p'= - 1(mod7). If p= - 1(mod7), then p=13, 7| |A1(p) |= p(p> D2 " A1(p) is
simple and is a subgroup of A1(q), thisforcesthatf=1 Ai(p), p=- 1l(mod7), isan inner 7-
closed group and is contained in the listed groupsof the theorem. If p+ 1Z0(mod7) and g= p'=
- 1(mod7), thiscaseoccursif andonly if p= 3or 5(mod 7) and 3|f. It follow s thatA 1 (p°) isa
subgroup of A 1(q) by Dickson theorem [6,p. 213], and 7| |A:(p®) |= p* (> D2 % A1(p?) isa
simple group. Thisforces that f = 3 by lenma3 A1(p®),p= 3or 5(mod7), isan inner 7-closed
group and is also contained in the listed groupsof the theorem.

(2 3 2)G isnot of the typeAn(q),n= 2,3,4,5, exceptA2(2). |A2(q) |= ¢°(a® 1) (q°- 1)
d ' d= (3,g- 1). If g’= 1(mod7) and g> 2, thenA2(qg), qodd, hasaproper subgroup A :(7)
from [5] for odd g and from A 2(2) =A 1(7) for g= 2', henceA2(g) can not be an inner 7-closed
group except Az2(2) in case g°= 1(mod7). SinceA:(q) is a subgroup of Az(g) and is a smple
group if g> 3, but isnot 7'-group if g= Oor = 1(mod7) by lenma 1 It follow s that A 2(q) can
not be inner 7-closed group if g= Oor = 1(mod7) and g> 3 W hileA 2(3) is 7'-group. Hence (2
3 2) holdsfor n= 2

It isknown that A 2(q) isaproper subgroup of As(q) andA4(q), As(q) andA4(q) are 7'-
group if A2(q) is 7'-group by lenma 1 and, therefore, are not inner 7-closed group by lemma 3
Since 4. (3, q°) isa subgroup of I (6, q),A 2(q°) isaproper section of As(g) and not 7'-group by
lenma 1, henceAs(q) isnot inner 7-closed group. Therefore, (2 3 2) holds, and (2 3) holds

(2 4) G isnot of the typeB.(g),n=2

A ssume that G=B «(q) for omen and g= p'. By lanmaland 3, n= 2or 3forB« :(q) isa
subgroup of B (qg). B2(qg) hasal evi subgroupL = A :1(q)B1(q), A1(q) (g> 3) issmplegroup. B:
(g) (g> 3) is 7'-group if A1(q) is 7'-group by lemma 1, henceB:(q) can not be inner 7-closed
group as it has the proper section A 1(g) (g> 3). B2(2) andB 2(3) are 7'-groups Now, one hasG
=B:s(q) for smeqg SinceG2(q) isa subgroup of Bs(q) (see [9,8 1 4], whereBs(g) =P/ (q))
and is not 7'-group by lemma 1, henceBs(g) can not be inner 7-closed group. A contradiction,
and (2 4) holds

(2 5) G isnot of typeCn(qg),n=3

Since the subgroup Cn 1(qg) (n> 3) of Cn(qg) isnot 7'-group, Cn(q) (n> 3) is not inner 7-
closed group by lenma 3 Sp (2, q°) is subgroup of Sp (6, q) by [6,p. 228], it follow s that C1(q®)
is a subgroup of Cs(q),C1(q°)= A1(q®) isnot 7'-group by lenma 1, hence C:(q) is not inner 7-
closed group, and (2 5) holds

(2 6) G isnot of typeD ~(g), n> 3,G2(g),g= p".

Similarly, we need only to consider the case n= 4 It isknown thatD 4(q) hasa graph auto-
morphisn u of period, the fixed subgroup of u is thelL ie group Gz(qg). It follow s thatD 4(g) can
not be inner 7-closed group for its subgroup G2(q) isnot 7'-group by lemma 1l SinceA1(q) isa
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proper section of Gz2(p) (see[9, Theoren A ] for odd prime p), hence Gz(p) isnot inner 7-closed
group. Obviously, Gz(p) is a subgroup of Gz(q), q= p', and G2(q) can not be inner 7-closed
group for its subgroup Gz(p) isnot 7'-group, and (2 6) holds

(2 7) G isnot of type An(q),n> 1

Smilary, by L enmaland 3, we need to consider the case n< & Since %A 2(q) isa subgroup
of As(q) and A 4(q), if A z2(q) is 7'-group, then A :(q) and ‘A 4(q) isal 7'-group, hence %A
(@) (n= 3, 4) can not be inner 7-closed group. Since thelL evi subgroup A 2(q°) of A s(q) isnot 7'-
group, As(g) can not be inner 7-closed group. If n= 2, one can assume that 7| |’A2(q) |= ¢°(q’
+ 1) (- 1)d ', d=(3,g+t 1), i e, g= Oorg’=1lorg’=- 1(mod7?). If g= 0(mod?), i e, g=
7'. Since A 2(7)= U 3(7) hasamaximal subgroup A :(7). 2(see [7,p. 66]),%A 2(7) is a subgroup
of A2(q), thusA 2(q) can not be inner 7-closed group. If ¢°= 1(mod7), theBorel subgroup B of
’A 2 (q) is the samidirect product of P of order q° and H of order (¢*- 1)/d, Ce(H )= 1 implies
that B can not be 7-closed group, hence A 2(q) can not be inner 7-closed group. Now, assume
that g°= -1(mod7), then q isodd W e show thatA :(7) isa section of A2(g). To do this, let us
recall the definition of A 2(g). Let S (3,q°) be the three dementional gecial linear group inma-
trix fom w ith entries in a finite field F (q°). By classical notations, the gpecial unitary group

SU(3,q) = {x SL@Bd) X = x9%

(see [10,p. 466]), where' t” denotes trangpose and X “ is thematrix abtained from X by applying
the field automorphisn a'= a’of F (q°) to each entries Thus Az(q) = PU (3, q) is the factor
group of QU (3, g) modulo itscenter and U (3,0): A2(q) |[< 4 ThisimpliesthatA1(7) isa sec-
tion of A 2(q) in caseA 1(7) isa subgroup of U (3,q), 2 it sufficesto show thatA :(7) isa sub-
group of U (3,q). Let

1 0 0 r 2t 2t
X=|0 -1 0,Yy=]|r -2 24,
o 0 -1 0 r+ 2% r+ 2°

wherer F(q’) and 2r’+ r+ 1= Q Note that such an element r do exist in F (q°) with odd q, i
e , the equation has at least one lution in the field That occurs if and only if the elenent
(- DY F(¢), and if and only if ¢°= 1(mod7) byLenma2 Clearly, thisisawaysholds A f-
ter calculation, it is seen that X = Y'= (X Y)°= (X Y®)*= 1 and these relations generateA 1(7) by
[11,p. 303] Clearly, X U (3,09),Y <L (3,9°). Now weneed to show thatY U (3,0), i e
Y(Y")'= 1 Thisequation holds if and only if r™'= 2% Letx= (- 7)**then x’= - 7 F (),
(x* N?= (- D% '=1, hencex® '=1or- 1 Ifx"'=1thenx F(g) andg’= 1(mod7) byL en-
ma 2, thisiscontray to that g°= - 1(mod7). Hence x™ '= - 1and x°= - x, let r= (x- 1)/4,
then 2r°+ r+ 1= Oand r* ‘= 2° % Therefore, Y U (3,q) andA1(7) isa subgroup of A 2 (q).
Summaring the above argument, (2 7) holds

(2 8) G isnot of type B2(q),’Fa(g),g= 2™

B2(0) |= o’ (q™+ D) (q- 1), q= 2™, (q°(q°+ 1), 7)= 1, it follow s that only the case’ g= 1
(mod7)” need to be considered In thiscase, theBorel subgroup of B2(q) isa Frobennius group
w ith kernel K of order q° and complenent H of order g- 1 ThusB isnot 7-closed, and 0 B
(q) isnot inner 7-closed group. B2(q) isal evi subgroup of ’F4(q), if B2(q) is 7'-group, then
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