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0. 　　In troduction

T he o rig ina l m agic squares, e. g. ,

6　1　8

7　5　3

2　9　4

　and　

1　12　8 　13

15　6 　10　3

14　7 　11　2

4　9 　5 　16

are defined as an arrangem en t of the first n
2 po sit ive in tegers in to a square m atrix so tha t the sum

of each co lum n, row , and diagonal num bers add up to the m agic num ber n (n
2+ 1) ö2.

It does no t take m uch to rea lize tha t if each en try of the m agic square is decreased by 1 the

resu lt ing square m atrix is aga in a m agic square w ith m agic num ber n (n
221) ö2. T hu s one can th ink

of the o ld2fash ioned m agic squares as m agic squares on the cyclic group s of o rder n
2.

W e deffine a m agic square of o rder n on a group G (w h ich is necessarily of o rder n
2) as an ar2

rangem en t of the n
2 elem en ts of G in to a square m atrix so tha t each row , co lum n, o r d iagonal has

its p roduct (o r sum depending on the opera t ion of G ) equa l to the sam e group elem en t. Fo r a2
belian group s, there is no am b igu ity in m u lt ip lying diagonal elem en ts. In the case of nonabelian

group s, som e conven sion is needed.

1. M ag ic squares on cycl ic groups

It is w ell know n tha t m agic squares of a ll o rders ex ist. T h is fact m ay be resta ted as

Proposit ion 1. M ag ic squa res on cy clic g roup s of ord er n
2

ex ist f or a ll p ositive in teg er nΕ 3.
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N o tice tha t w e leave the o ld conven t ion tha t an n×n square is of o rder n. T he o ld m agic

square of o rder 3 is now the m agic square on the cyclic group of o rder 9, o r Z9.

2. M ag ic squares on groups of order p
2

O u r pu rpo se is to go after the fo llow ing

Theorem. M ag ic squa res on a ll abelian g roup s of ord er n
2

ex ist, f or a ll p ositive in teg er nΕ 3.

Severa l specia l cases are obviou s:

Proposit ion 2. M ag ic squa res on abelian g roup s of ord er p
2

ex ist f or a ll od d p rim e p.

Group s of o rder p
2 are either cyclic o r elem en tary abelian. W e have a lready seen tha t m agic

squares on cyclic group s ex ist. To p rove th is p ropo sit ion fo r elem en tary abelian group s, w e list

the group elem en ts like the“t im e tab le”in the na tu ra l o rder, then it is easy to see tha t the row s,

co lum n s and the d iagonals have the sam e sum.

3. M ag ic squares on elem en tary abel ian groups

F rom the con sidera t ion of group s of o rder p
2, w e see tha t th is m ethod easily ex tends to a ll

elem en tary abelian group s of o rder p
2n. Fo r exam p le, a m agic square on Z4

2, the elem en tary a2
belian 22group of o rder 16:

(0, 0, 0, 0)　 (0, 1, 0, 0)　 (1, 0, 0, 0)　 (1, 1, 0, 0)

(0, 0, 1, 0)　 (0, 1, 1, 0)　 (1, 0, 1, 0)　 (1, 1, 1, 0)

(0, 0, 0, 1)　 (0, 1, 0, 1)　 (1, 0, 0, 1)　 (1, 1, 0, 1)

(0, 0, 1, 1)　 (0, 1, 1, 1)　 (1, 0, 1, 1)　 (1, 1, 1, 1)

It is easy to see tha t th is is a m agic square since there is an even num ber of 1′s occu ring on each

coo rd ina te of each row , co lum n, and diagonal. T herefo re, each row , co lum n, and diagonal adds

up to (0, 0, 0, 0). W e have the fo llow ing

Proposit ion 3. F or any p rim e p , and any p ositive in teg er n , m ag icc squa res on elem en ta ry abelian

p 2g roup s of ord er p
2n

ex ist.

4. Autom orph ism s of mag ic squares

By an au tom o rph ism of a m agic square, w e m ean a b iject ion of the m agic square on to itself

tha t p reserves its m agic character, i. e. , the resu lt is aga in a m agic square; e. g. , in the case of a

4×4 m agic square on Z16,

0　11　 7　12

14　 5　 9　 2

13　 6　10　 1

3　 8　 4　15

It is easily seen tha t the b iject ion of exchanging bo th the first tw o row s and co lum n s is an au to2
m o rph ism. N ow fo r m agic squares on elem en tary abelian p 2group s, exchanging row s and
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co lum n s p reserves its m agic character. W e also verify easily tha t exchanging any tw o row s o r

co lum n s p reserves the m agic character. Fo llow ing [ 2 ], w e ca ll the au tom o rph ism group of a

m agic square its m agic group. W e have the fo llow ing

Theorem. T he m ag ic g roup of a m ag ic squa re on Zp
2n

con ta ins the g roup S p n×S p n.

5. M ag ic cubes on abel ian groups

In [1 ], a m agic cube of o rder 3 is g iven: techn ica lly, tha t is no t rea lly a m agic cube becau se

the d iagonals on each face o r layer do no t add up. A cco rd ing to the p reviou s d iscu ssion the o ld2fa2
ch ioned“m agic cube of o rder 3”shou ld be ca lled a m agic cube on Z27, the cyclic group of o rder

27, w h ich, w e sha ll show , does no t ex ist. T hen m agic cubes on o ther abelian group s, especia lly

elem en tary abelian p 2group s, a re p len t ifu l.

Exam ple (N onexx istence of m agic cubes on Z27) A ssum ing there w ere a m agic cube on Z27, and let

the m agic sum be M . L et one of the faces be

a　b　c

d　e　f

g　h　i

Since sum of each co lum n, row , and diagonal m u st be M , w e have a+ e+ i= c+ e+ g = a+ d + g

= c+ f + i, so the fou r co rners a+ c+ g + i= M - 2e= M - (d + f ) , w h ich im p lies tha t 2e= d + f ,

add ing e to bo th sides g ives 3e= M , so e m u st beM ö3. T he sam e argum en t goes tow ard the oppo2
site face, so the m iddle elem en t m u st a lso be M ö3, w h ich con trad icts the fact tha t the 27 ele2
m en ts are d ist inct.

Autom orph ism s　By an au tom o rph ism ( see [ 3 ]) of a m agic cube, w e m ean a b iject ion of the

m agic cube w h ich p reserves the m agic character of the cube. W e ob serve tha t exchanging the lay2
ers of the cube in any m anner p reverves the m agic character of the cube. A lso , any au tom o rph ism

of the group induces an au tom o rph ism of the cube, and w e have the fo llow ing

Theorem. T he au tom orp h ism g roup of a m ag ic cube on an elem en ta ry p 2g roup of ord er p
3n

con ta ins

as subg roup s the au tom orp h ism g roup and S p n×S p n×S p n , w here S p n is the sym m etric g roup on p
n

sym bols.
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