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Abstract The rates of strong approximation by Riesz meanson compact synmmetric gaces are estab-
lished
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LetM be ad-dimensional (d> 1) compact Rianannian synmetric gace of rank one ByL"
(M),1< p< o, we denote the Paceof (the equivalence classesof) p-integrable functionsonM

w ith the nom
1/p
el =4[ IF 0 Pdm (),

dm being the invariant nomalized R iamannian measure onM .

W e know thatw ith the exception of the circle the compact symmetric acesof rank one co-
incide w ith the compact two-point homogeneous aces (see [2] p. 355). H. C. W ang'® has
shown thatM isone of the follow ing five types, the sphere Xu, the real projective space P (R),
the complex projective space P°(C), the quaternionic projective pace P*(H ), and the Cayley el-
liptic plane P**(Cay), where d denote the dimension of M as amanifold over the reals

L et A be theL gplaceBeltrani operator onM and let

L*= OH
be the decomposition of the paceL ® in a direct orthogonal sum of finite dimensional subspaces
H» The subgpaces H - are the eigensubgpacesof A correponding to the eigenvalues - N= - N
(&, B=- n(n+ o+ B+ 1):
Ho= {f C°M):Af=- X(xpf},
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where o= (d- 2)/2, B= « for Zs and = - ‘]2‘ 0,1 and 3 for P°(R),P*(C),P'(H) and P*
(Cay), regectively.

Each H » containsonly one zonal gpherical function ®(x)= ® (r), which dependsonly on r
= P(xo,x) (P is the geodesic distanceonM ), and is nomalized by the condition R (xo0)= R (0) =
1 LetL = sup{P(x,y):x,y M} bethediameter of M. It isknown that the functions® (r) are

nomalized Jacobi polynomials

R (r) = Pé"‘ﬁ)[cos[ﬂ /PP (2).

The orthogonal projection Ya:L >~ H  is given by the fomula
Ya(f;x) = Il G IMf (y)® o f‘p(x,y)H dm (y).

Consequently, for a given function f onM one has the eigenfunction expansion

f f&ovn(f ). (1)
The Rieszmeansof the seriesof f in (1) are defined by
o
SK°(F;x) = @%[‘1' [ﬁﬂj Yi(f;x), kR > Q @)

The index O is restricted to be positive in usual arguments A s ¢ increases, the convergence
properties of these operators improve W e refer to [1]. Considering strong convergence, the in-
dex can be extend to be negative Indeed, by follow ing straight forw ard modifications of the
proof of the corregponding result in [5], we have

S °(f;x): = w ) |S°(F; x) |dr v
0= g f IS -

Forf L°M),1<p=< 2

Theorem W rite

1.4y 1

Let5>d(p 5 >

I S%°(F )l » < constesell f1 4, 3)

w here the" const” is a constant depending only on the indicated subindices
By standard density arguments, we have the strong summability for these operators from
(3, ie,

lim é]’;|sf‘s(f; x) - () [dr= a (@)
1 _:L)_ 1
p 2 2
W e are interesting in establishing the quantitative form of the convergence in (4). That is to
say, wewould like to study the strong approximation by Rieszmeanson setsof full measure
Let > 0, and letf L?@M ). If thereexistsafunctiong L?(M ) such that Y«(g; - )= AY«
(f;- ), Vk No, wecall g theRiesz derivativeof f of order candw ritef {?= g, we see that f 1

— 186 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.

aimost everyw hereonM for & d( andforf L°M),1<p= 2



is uniquely detemined by f. LetD ", 0> 0, denote the Riesz pace of order ¢, consisting of those
elenentsf L %@ ) forwhich

D E2o= 0 £ or= (O vaf I 34 Z8 Vil 32 < oo,

W ith these notationsw e state themain result of this note as follow s

Theoran 2 Letf D% 0< <k and let & - 1 For almost all x inM

.
1, 1
OX(RZU)' if 0< o< 2
R
JR]'1|S¢<5(f; X) - £ [dr=10.(1%B) ifoe= =, (5)
i, .o 1
0.(5), ifo> 7

Renark If & 0, we have already proved for f D’ 0< 0= K that (see [3,4])
IS5t x) - f () |= ox[i

R
holds aimost everywhereonM. From (6) we can directly deduce the desired results The key

(6)

step is to handle the case - ‘12‘< 6= Q

1

5 < 0= Q W e introduce thel ittlavood-Paley g

Proof of Theoran 2 W e focuson the case -

function
0 1/2
go(fix): = 0r2“|Si“5(f;x) - SE¥L(fx) [Pdr
T he function go isboundedonD?, i e , for & - ‘;‘ f D’ O< < K
I g2(f) Il 2 < constsadl fll 24 )

In fact, by making use of the Parseval fomula and Fubini’s theorem, it follow s that

I go()l %zIJo ?* s EO(f; x) - SE (5 x) [Pdrdm (x)
= 0 ErZ()'-l

zf’*[l [Aﬂj A

1
k:EoAEU” Yif Il J-OK 1(1_ 9 2531- ZO/KdS

<oonstsodl fll 50

2
Iye(fF)N 3dr

obtaining the required estimate (7).

Passing to prove (5). For 0< 0= ‘;‘
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20 R 1/2
= |SFoF; x) - SE*H(F; %) [Pdr
R 1/2
=4[ s x) - s X) [dr

gl (f: x).

IA

Furthemore, we have

20 R 5 51 , 1/2
KO(s. o) _ K C .
sup RjR 1|Sr (F; *) - SE*N(F ») Jdr

< I gl 2 < constsodl fll 20
w hich gives

R
%1 |SFO(F; x) - SF*H(f; x) [dr = OX[QJ;‘J

amost everyw hereonM forf D “and 0< O‘S';" Iff DY o> ';‘ thenf DZ Wealo have

R
K6 (5. KOk Y |29y = 1
WTFZ a 185 x) - s H(E %) [dr = OX[RJ ae (8)

On the other hand, it iseasy to check that
R K O 2
JR]'1|Sr (f;x) - f(x) |dr
R
S(¢. o .
< é’ﬂsﬁ (fx) - SE*(F x) [2dr
R
o .
¥ §I1|si< “(fx) - f(x)

By this inequality, (6) and (8), we finally get

a, 1
OX(Rza). if 0< 0< 2
R
KS(s. 24, _ logRy .. _ 1
éI1|sr (f:x) - () [Fdr= 0.8, it o= 3,

1

R), if o>

1
Ox( >

hold aimost everyw hereonM.
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