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摘 要

本文在紧对称空间中给出了全测度集上R iesz 平均强逼近的阶.

—981—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



Jou rnal of M athem atical R esearch & Expo sit ion

V o l. 17, N o. 2, 185- 189, M ay 1997

Strong Approx imation by R iesz M ean s on Com pact
Symm etr ic Spaces

Ξ

Y ang R uy ue

(N ingx ia U n iversity, Y inchuan 750021) 　　
L i L uoqing

(Beijing N o rm al U n iversity, Bejing 100875)

Chen D irong
( In st. of M ath. , A cadem ia Sin ica, Beijing 100080)

Abstract　T he rates of strong app rox im ation by R iesz m eans on compact symm etric spaces are estab2

lished.
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L et M be a d 2dim en siona l (d > 1) com pact R iem ann ian symm etric space of rank one. By L
p

(M ) , 1Φ p < ∞, w e deno te the space of ( the equ iva lence classes of) p 2in tegrab le funct ion s on M

w ith the no rm

‖f ‖p: = ∫M
û f (x ) û p dm (x )

1öp

,

dm being the invarian t no rm alized R iem ann ian m easu re on M .

W e know tha t w ith the excep t ion of the circle the com pact symm etric spaces of rank one co2
incide w ith the com pact tw o2po in t hom ogeneou s spaces ( see [ 2 ] p. 355). H. C. W ang [ 6 ] has

show n tha t M is one of the fo llow ing five types, the sphere 2 d , the rea l p ro ject ive space P
d (R ) ,

the com p lex p ro ject ive space P
d (C ) , the quatern ion ic p ro ject ive space P

d (H ) , and the Cayley el2
lip t ic p lane P

16 (Cay ) , w here d deno te the d im en sion of M as a m an ifo ld over the rea ls.

L et ∃ be the L ap lace2Beltram i opera to r on M and let

L 2 = Ý
∞

n= 0H n

be the decom po sit ion of the space L
2 in a d irect o rthogonal sum of fin ite d im en siona l sub spaces

H n. T he sub spaces H n are the eigen sub spaces of ∃ co rresponding to the eigenvalues - Κ2
n≡- Κ2

n

(Α, Β) = - n (n+ Α+ Β+ 1) :

H n = {f ∈C∞ (M ) : ∃ f = - Κ2
n (Α, Β) f},
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w here Α= (d - 2) ö2, Β= Α fo r 2 d and Β= -
1
2

, 0, 1 and 3 fo r P
d (R ) , P

d (C ) , P
d (H ) and P

16

(Cay ) , respect ively.

Each H n con ta in s on ly one zonal spherica l funct ion Υn (x ) = Υ3
n ( r) , w h ich depends on ly on r

= Θ(x 0, x ) (Θ is the geodesic d istance on M ) , and is no rm alized by the condit ion Υn (x 0) = Υ3
n (0) =

1. L et L = sup {Θ(x , y ) : x , y∈M } be the d iam eter of M . It is know n tha t the funct ion s Υ3
n (r) a re

no rm alized Jacob i po lynom ia ls

Υ3
n (r) = P

(Α, Β)
n co s

ΠΧ
L

öP
(Α, Β)
n (1).

T he o rthogonal p ro ject ion Y n: L
2→H n is g iven by the fo rm u la

Y n (f ; x ) = ‖Υ‖2
2∫M

f (y ) Υn co s
Π
L

Θ(x , y ) dm (y ).

Con sequen t ly, fo r a g iven funct ion f on M one has the eigenfunct ion expan sion

f ～ 2
∞

n= 0
Y n (f ). (1)

T he R iesz m ean s of the series of f in (1) are defined by

S ϑ, ∆
R (f ; x ) = 2

Κk< R
(1 -

Κk

R

ϑ ∆

Yk (f; x) , ϑ, R > 0. (2)

　　T he index ∆ is rest ricted to be po sit ive in u sua l argum en ts. A s ∆ increases, the convergence

p ropert ies of these opera to rs im p rove. W e refer to [1 ]. Con sidering strong convergence, the in2
dex can be ex tend to be negat ive. Indeed, by fo llow ing stra igh t fo rw ard m odifica t ion s of the

p roof of the co rresponding resu lt in [5 ], w e have

Theorem 1W rite

S ϑ, ∆ (f ; x ) : = sup
R > 1

1
R∫

R

1
ûSϑ, ∆

r (f; x) û 2dr
1ö2

.

L et ∆> d ( 1
p

-
1
2

) -
1
2

. Fo r f ∈L
p (M ) , 1< p Φ 2

‖S ϑ, ∆ (f )‖p Φ con stϑ, ∆, p‖f ‖p , (3)

w here the“const”is a constan t d ep end ing on ly on the ind ica ted subind ices.

By standard den sity argum en ts, w e have the strong summ ab ility fo r these opera to rs from

(3) , i. e. ,

lim
R →∞

1
R∫

R

1
ûSϑ, ∆

r (f; x) - f (x) û 2dr = 0. (4)

a lm o st everyw here on M fo r ∆> d ( 1
p

-
1
2

) -
1
2 and fo r f ∈L

p (M ) , 1< p Φ 2.

W e are in terest ing in estab lish ing the quan t ita t ive fo rm of the convergence in (4). T hat is to

say, w e w ou ld like to study the strong app rox im at ion by R iesz m ean s on sets of fu ll m easu re.

L et Ρ> 0, and let f ∈L
2 (M ). If there ex ists a funct ion g∈L

2 (M ) such tha t Y k (g ; ·) = ΚΡ
kY k

(f ; ·) , Π k∈N 0, w e ca ll g the R iesz deriva t ive of f of o rder Ρ and w rite f
{Ρ}= g , w e see tha t f

{Ρ}
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is un iquely determ ined by f . L et D
Ρ, Ρ> 0, deno te the R iesz space of o rder Ρ, con sist ing of tho se

elem en ts f ∈L
2 (M ) fo r w h ich

‖f ‖2, Ρ ≡‖f ‖D Ρ = ‖Y 0f ‖2
2 + 2

∞

1
Κ2Ρ

k ‖Y k f ‖2
2

1ö2 < ∞.

W ith these no ta t ion s w e sta te the m ain resu lt of th is no te as fo llow s.

Theorem 2　L et f ∈D
Ρ, 0< ΡΦ ϑ, and let ∆> -

1
2

. F or a lm ost a ll x in M

1
R∫

R

1
ûSϑ, ∆

r (f; x) - f (x) û 2dr =

O x ( 1
R 2Ρ) , 　 if 0 < Ρ <

1
2

,

O x ( log R
R

) , 　 ifΡ=
1
2

,

O x ( 1
R

) , 　 if Ρ >
1
2

.

(5)

Remark　 If ∆> 0, w e have a lready p roved fo r f ∈D
Ρ, 0< ΡΦ ϑ tha t (see [3, 4 ])

ûS ϑ, ∆
R (f ; x ) - f (x ) û = O x

1
R Ρ (6)

ho lds a lm o st everyw here on M . F rom (6) w e can direct ly deduce the desired resu lts. T he key

step is to handle the case -
1
2

< ∆Φ 0.

Proof of Theorem 2　W e focu s on the case -
1
2

< ∆Φ 0. W e in troduce the L it t lew ood2Paley g

funct ion

g ∆
Ρ (f ; x ) : = ∫

∞

0
r2Ρ- 1ûS ϑ, ∆

r (f ; x ) - S ϑ, ∆+ 1
r (f ; x ) û 2d r

1ö2

.

T he funct ion g
∆
Ρ is bounded on D

Ρ, i. e. , fo r ∆> -
1
2

, f ∈D
Ρ, 0< Ρ< ϑ,

‖g ∆
Ρ (f )‖2 Φ con st∆, Ρ, ϑ‖f ‖2, Ρ. (7)

In fact, by m ak ing u se of the Parseva l fo rm u la and Fub in i’s theo rem , it fo llow s tha t

‖g
∆
Ρ (f )‖2

2 =∫M∫
∞

0 r
2Ρ- 1ûS

ϑ, ∆
r (f ; x ) - S

ϑ, ∆+ 1
r (f ; x ) û 2

d rdm (x )

=∫
∞

0 2
Κk< r

r
2Ρ- 1 1-

Κk

r

ϑ ∆+ 1

- 1-
Κk

r

ϑ ∆ 2

‖Y k (f )‖2
2d r

= 2
∞

k= 0
∫

∞

Κk
1-

Κk

r

ϑ 2∆ Κ2ϑ
k

r2ϑ- 2Ρ+ 1‖Y k f ‖2
2d r

= 2
∞

k= 0
Κ2Ρ

k ‖Y k f ‖2
2∫

1

0ϑ- 1 (1- s) 2∆
s

1- 2Ρöϑ
d s

Φ con st∆, Ρ, ϑ‖f ‖2
2, Ρ

ob ta in ing the requ ired est im ate (7).

Passing to p rove (5). Fo r 0< ΡΦ 1
2

,
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R 2Ρ

R∫
R

1
ûSϑ, ∆

r (f; x) - Sϑ, ∆+ 1
r (f; x) û 2dr

1ö2

Φ ∫
R

1
r2Ρ- 1ûSϑ, ∆

r (f; x) - Sϑ, ∆+ 1
r (f; x) û 2dr

1ö2

Φ g∆
Ρ (f; x).

Fu rtherm o re, w e have

sup
R > 1

R 2Ρ

R∫
R

1
ûSϑ, ∆

r (f; õ) - Sϑ, ∆+ 1
r (f; õ) û 2dr

1ö2

2

Φ ‖g∆
Ρ (f)‖2 Φ const∆, Ρ, ϑ‖f‖2, Ρ

w h ich gives

1
R∫

R

1
ûSϑ, ∆

r (f; x) - Sϑ, ∆+ 1
r (f; x) û 2dr = O x

1
R 2Ρ

a lm o st everyw here on M fo r f ∈D
Ρ and 0< ΡΦ 1

2
. If f ∈D

Ρ, Ρ>
1
2

, then f ∈D
1
2. W e also have

1
W T F Z〗R∫

R

1
ûSϑ, ∆

r (f; x) - Sϑ, ∆+ 1
r (f; x) û 2dr = O x

1
R

, a. e. (8)

　　O n the o ther hand, it is easy to check tha t

1
R∫

R

1
ûSϑ, ∆

r (f; x) - f (x) û 2dr

　　 Φ 2
R∫

R

1
ûSϑ, ∆

r (f; x) - Sϑ, ∆+ 1
r (f; x) û 2dr

　　　 +
2
R∫

R

1
ûSϑ, ∆+ 1

r (f; x) - f (x) û 2dr.

By th is inequality, (6) and (8) , w e fina lly get

1
R∫

R

1
ûSϑ, ∆

r (f; x) - f (x) û 2dr =

O x ( 1
R 2Ρ) , if 0 < Ρ<

1
2

,

O x ( log R
R

) , if Ρ =
1
2

,

O x ( 1
R

) , 　if Ρ >
1
2

ho ld a lm o st everyw here on M .
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