- 'Jz‘Lu,u +F(@),u X.

Proof LetXo=N (L), a(u)= - '12‘ Lu,u ,g(u)=F (u) foru X. By the definition of a and
L3), we have

ta(u) + (1- taw) - a(tu+ (1- tw) = t(1- ta(u- w) =0,
foralluw X andt [0,1] Hencea isconvex From the continuity of L, we obtain the conti-
nuity of a By Theoran 1, Phasaminimum u inX. Hence P(u)=Q But P(u)= - Lu+ F' (u).

ThereforeL u= F' (u). Hence the equation (4) has at least one lution u X which minimizes
the action ¥
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on Reflexive Banach Spaces

Tang Chunlei
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Abstract U sing only chassical theorem sof calculusof variations, w e study san i-coercive
monotone variational problenson reflexive Banach spaces W e obtain the existence of
olutions for samilinear equationson reflexiveBanach Paces

Keywords minimizing sequence, minimum, ooercive, lower samicontinuous, convex
function, samilinear equation

Classif ication AM S(1991) 49327, 47H 15/CCL O 176 3

J M avhin'® studied sam i-coercivemonotone variational problem son H ilbert pacesw ith the
direct method of the calculus of variations and the basic principle of convex analysis M otivated
by M av hin', we study the correponding problem son reflexiveBanach aces using only classi-
cal theoran s of the variational calculus Thenwe apply the abstract results to sanilinear equa-
tionson reflexive Banach gaces and obtain an existence theoran of lutions

L et X be a real reflexiveBanach pacewithnom II - Il , aaX -R + {o} aproper convex
and low er samicontinuous function, g: X —R a convex low er samnicontinuous function, f = a+ g.
Let X ~ be thedual paceof X, - ,- :X X X —»R the canonical bilinear mapping A ssume that
Xoand X 1 are closed subgpacesof X such that X = X o«®X 1, foru X, writeu= G+ uw ith G Xo,
U X1 Inaway similar to [3], we shall say that the function a is X 1-coercive if there exists a
function o [0, + © ] »R such that &(t) -+ ®© ast—+ o and

a(u) = o(ll alt I al (1)
forallu X.

Theorem 1 A ssume that a is X 1-coercive and
g(u) -+ o asl ull - o inXa (2

Then f hasaminimum in X.
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Proof From (2) and Theorem 1 1in [4], g hasaminmum b in X o, that is
gb+ h) =g()+ 0h
forallh Xo By theHahnBanach theorem (seee g [2]), thereexistsao X = such that ao |X0
= 0and
g(b+ h) = g(b) + ao,h (3)
forallh X.
Suppose that (ux) isaminimizing sequence of f. W ithout loss of generality wemay assume
that (f (ux)) isdecreasing By (1) and (3), we have
f(u) = ol adl ) Gl + g(b) + a0, uc- b
= o(l Gt )Gl + g(b) +  ao, Uk
(x(l aell ) - aoll )N G- + g (b))
forall k N. From the boundednessof (f (Ux)), oneobtains that (U«) is bounded, W ithout loss
of generality, wemay assume that (Ux) weakly convergesto ssmeu X1 ByM azur' slenma (see

v

e g [7]), there exist positive integer N «= k and nonnegative constant As for every k N and k<
n< N, such that Zixi&= 1fork N and Za*kAd Un— Uask—o. Letwi= Zatidunfork N. By
the convexity of f and the decreasing property of (f (ux)), one hasf (vi) < ZaMsf (un) < f (uw)
forallk N. Hence (v«) isaminimizing sequence of f. From Corollary 4 3 15in [1], g iscon-
tinuous Henceg(- vi) »g(- u) ask—o, thus (g(- vk)) isbounded By the convexity of g,

one hasf (vi) =g (vi) = 2g (MZ")- g(- vi) forallk N. From (2), weobtain that (v«) isbound-
ed Hence (vk) isbounded By Theorem 1 1in [4], f hasaminmum in X.

Remark 1 Theoran 1 isan extension on reflexiveBanach acesof Theorem 1 in [3]

In [5] and [6], we study regpectively the existence of slutions and nontrival solutions for
samilinear equationson reflexive Banach pacesw ith the duality technique and convex and nons
mooth analysis

Now we shall study the existence of ®lutions for samilinear equations on reflexive Banach
gacesw ith Theoran 1 Consider the samilinear equation

Lu= F'(u). (4)
Theorem 2 Suppose thatL:X —X = isa continuous linear operator such that

L) Luw = Lw,u foralluw X.
(L 2) the nullpaceN (L) of L hasa complementary subspace X 1 in X, that is, X :1ON (L )=

(L s) There is apositive constant &« such that Lu,u <- ol ull *forallu X.
A ssume that F: X -R isa Gateaux differentiable, low er samicontinuousand convex function sat-
isfying the condition
FWw) -+ o ifll wll = o inN (L). (5)
Then equation (4) hasat least one lution u X w hich minim izes the action Pdefined by P(u) =
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