
-
1
2
〈L u , u〉+ F (u ) , u∈X .

Proof 　L et X 0= N (L ) , a (u ) = -
1
2
〈L u , u〉, g (u ) = F (u ) fo r u∈X . By the defin it ion of a and

(L 3) , w e have

ta (u ) + (1 - t) a (w ) - a ( tu + (1 - t)w ) = t (1 - t) a (u - w ) Ε 0,

fo r a ll u ,w ∈X and t∈[0, 1 ]. H ence a is convex. F rom the con t inu ity of L , w e ob ta in the con t i2
nu ity of a. By T heo rem 1, Υhas a m in im um u in X . H ence Υ′(u ) = 0. Bu t Υ′(u ) = - L u+ F′(u ).

T herefo re L u = F′(u ). H ence the equat ion (4) has a t least one so lu t ion u∈X w h ich m in im izes

the act ion Υ.
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自反 Banach 空间上的半强制单调变分问题
唐　春　雷

(西南师范大学数学系, 重庆 630715)

摘　要

仅用变分法的经典定理, 研究了自反 Banach 空间上的半强制单调变分问题. 获得了自反 Ba-

nach 空间上半线性方程解的存在性.
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Sem i-Coerc ive M onotone Var ia tiona l Problem s
on Ref lex ive Banach Spaces

Ξ

T ang Chun lei
(D ep t. of M ath. , Sou thw est N o rm al U n iv. , Chongqing 630715)

Abstract　U sing on ly chassica l theo rem s of ca lcu lu s of varia t ion s, w e study sem i2coercive

m ono tone varia t iona l p rob lem s on reflex ive Banach spaces. W e ob ta in the ex istence of

so lu t ion s fo r sem ilinear equat ion s on reflex ive Banach spaces.

Keywords　m in im izing sequence, m in im um , coercive, low er sem icon t inuou s, convex

funct ion, sem ilinear equat ion.

Cla ssif ica tion　AM S (1991) 49J 27, 47H 15öCCL O 176. 3

J. M aw h in [ 3 ] stud ied sem i2coercive m ono tone varia t iona l p rob lem s on H ilbert spaces w ith the

d irect m ethod of the ca lcu lu s of varia t ion s and the basic p rincip le of convex analysis. M o tiva ted

by M aw h in [ 3 ] , w e study the co rresponding p rob lem s on reflex ive Banach spaces u sing on ly classi2
ca l theo rem s of the varia t iona l ca lcu lu s. T hen w e app ly the ab stract resu lts to sem ilinear equa2
t ion s on reflex ive Banach spaces and ob ta in an ex istence theo rem of so lu t ion s.

L et X be a rea l reflex ive Banach space w ith no rm ‖·‖, a: X →R ∪+ {∞} a p roper convex

and low er sem icon t inuou s funct ion, g : X →R a convex low er sem icon t inuou s funct ion, f = a+ g.

L et X
3 be the dual space of X ,〈·, ·〉: X

3 ×X →R the canon ica l b ilinear m app ing. A ssum e tha t

X 0 and X 1 are clo sed sub spaces of X such tha t X = X 0Ý X 1, fo r u∈X , w rite u= u+ uζ w ith u∈X 0,

uζ∈X 1. In a w ay sim ila r to [ 3 ], w e sha ll say tha t the funct ion a is X 12coercive if there ex ists a

funct ion Α: [ 0, + ∞ ]→R such tha t Α( t)→+ ∞ as t→+ ∞ and

a (u ) Ε Α(‖uζ‖)‖uζ‖ (1)

fo r a ll u∈X .

Theorem 1　A ssum e tha t a is X 12coercive and

g (u ) →+ ∞ as‖u‖→∞ in X 0. (2)

T hen f has a m in im um in X.
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Proof　F rom (2) and T heo rem 1. 1 in [4 ], g has a m in im um b in X 0, tha t is

g (b + h ) Ε g (b) + 〈0, h〉

fo r a ll h∈X 0. By the H ahn2Banach theo rem (see e. g. [2 ]) , there ex ists a0∈X
3 such tha t a0ûX 0

= 0 and

g (b + h ) Ε g (b) + 〈a0, h〉 (3)

fo r a ll h∈X .

Suppo se tha t (u k ) is a m in im izing sequence of f . W ithou t lo ss of genera lity w e m ay assum e

tha t (f (u k ) ) is decreasing. By (1) and (3) , w e have

f (u k) Ε Α(‖uζk‖)‖uζk‖ + g (b) + 〈a0, u k - b〉

= Α(‖uζk‖)‖uζk‖ + g (b) + 〈a0, uζk〉

Ε (Α(‖uζk‖) - a0‖)‖uζk - + g (b) )

fo r a ll k∈N . F rom the boundedness of (f (uζk ) ) , one ob ta in s tha t (uζk ) is bounded, W ithou t lo ss

of genera lity, w e m ay assum e tha t (uζk ) w eak ly converges to som e uζ∈X 1. ByM azu r’s lemm a (see

e. g. [7 ]) , there ex ist po sit ive in teger N k Ε k and nonnegat ive con stan t Κk
n fo r every k∈N and kΦ

nΦ N k , such tha t 2N kn= k Κk
n= 1 fo r k∈N and 2N kn= k Κk

n uζn→ uζ as k→∞. L et v k = 2N kn= k Κk
nun fo r k∈N . By

the convex ity of f and the decreasing p roperty of (f (u k ) ) , one has f (v k ) Φ 2N kn= k Κk
nf (un) Φ f (u k )

fo r a ll k∈N . H ence (v k ) is a m in im izing sequence of f . F rom Co ro lla ry 4. 3. 15 in [1 ], g is con2
t inuou s. H ence g (- vζk ) →g (- uζ) as k→∞, thu s (g (- vζk ) ) is bounded. By the convex ity of g ,

one has f (v k ) Ε g (v k ) Ε 2g (
vλk

2
) - g (- vλk ) fo r a ll k∈N . F rom (2) , w e ob ta in tha t (vλk ) is bound2

ed. H ence (v k ) is bounded. By T heo rem 1. 1 in [4 ], f has a m in im um in X .

Remark 1　T heo rem 1 is an ex ten sion on reflex ive Banach spaces of T heo rem 1 in [3 ].

In [ 5 ] and [ 6 ], w e study respect ively the ex istence of so lu t ion s and non triva l so lu t ion s fo r

sem ilinear equat ion s on reflex ive Banach spaces w ith the duality techn ique and convex and non s2
m oo th analysis.

N ow w e shall study the ex istence of so lu t ion s fo r sem ilinear equat ion s on reflex ive Banach

spaces w ith T heo rem 1. Con sider the sem ilinear equat ion

L u = F′(u ). (4)

Theorem 2　Suppo se tha t L : X →X
3 is a con t inuou s linear opera to r such tha t

(L 1)〈L u ,w 〉=〈L w , u〉fo r a ll u ,w ∈X .

(L 2) the nu llspace N (L ) of L has a com p lem en tary sub space X 1 in X , tha t is, X 1Ý N (L ) =

X .

(L 3) T here is a po sit ive con stan t Α such tha t〈L u , u〉Φ - Α‖u‖2 fo r a ll u∈X 1.

A ssum e tha t F : X →R is a Gateaux differen t iab le, low er sem icon t inuou s and convex funct ion sa t2
isfying the condit ion

F (w ) →+ ∞ if‖w ‖→∞ inN (L ). (5)

T hen equat ion (4) has a t least one so lu t ion u∈X w h ich m in im izes the act ion Υdefined by Υ (Λ) =
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