
By R adon2N ikodym theo rem , there ex ists a non2negat ive m easu rab le funct ion g such tha t Τ
(A ) = �A g d Λw henever A belongs to S. T hen fo r each n∈N , It is sa t isf ied tha t Τn (A ) = Τ(A ∩

E n) = �A ∩ E ng d Λ. W e first show tha t �A ∩ Eng d Λ= �g d Λn.

If g is a characterist ic funct ion, tha t is g = ΚB ,B ∈S. T hen �A ∩ E ng d Λ= �A g ΚE nd Λ= Λ(A ∩B ∩

E n) = Λn (A ∩ B ) = �A ΚB d Λn= �A g d Λn.

It fo llow s from the hom ogeneity and addit ivity of in tegra l tha t the equality ho lds w henever g

is a non2negat ive sim p le funct ion. H ence �A ∩ Eng d Λ= �A g Λn ho lds fo r any non2negat ive m easu rab le

funct ion g.

T hen by T heo rem 5 and �A ∩ Eng d Λ= �A g d Λ,L (3 Τn) (B ) = �B
0 (3

g ) d (L (3 Λn) ) fo r each B ∈L (3

S , 3 Λ) , the defin it ion of L (3 Τ) and T heo rem 2 im p ly tha t

L (3 Τ(B ) ) =∫B 0 (3 g ) d (L (3 Λ) ).

　　W e can easily ob ta in the fo llow ing co ro lla ries from theo rem 5 and its ex ten sion.

Corollary 1　L et Λ and Τ be Ρ2f in ite m easu res on (X , S ). T hen Τν Λ if and on ly if L (3 Τ) ν L (3

Λ) and d (L (3 Τ) ) öd (L (3 Λ) ) = 0 (3 (d Τöd Λ) ) d Τöd Λ is the R ad on2N ikod ry d eriva tive of Τw ith re2
sp ect to Λ).

Corollary 2　L et Λ and Τbe Ρ2f in ite m easu res on (X , S ). If g = d Λöd Τ, then f or every m easu rable

f unction f : 3
X →R , f is L (3 Τ) 2in teg rable if and on ly if f 0 0 (3

g ) 2in teg rable and � f d (L (3 Τ) ) = �
f 0 0 (3

g ) d (L (3 Λ) ).
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L oeb空间中的 Radon -N ikodym 导数
陈　东　立

(西安建筑科技大学数学教研室, 710055)

摘 要

设 Τ及 Λ为定义在可测空间 (X , S )上的有限测度. 本文首先证明了若 Τν Λ (即 Τ关于 Λ绝对
连续) ,则有L (3

S , 3 Λ) < L (3
S , Τ). 进而证明了 Τν Λ当且仅当L (3 Τ) ν L (3 Λ)并且 d (L (3 Τ) ) öd

(L (3 Λ) ) = 0 (3 (d Τöd Λ) )即L oeb 空间中的 R adon2N ikodym 定理. 本文按一种自然的方式定义了

Ρ2有限测度空间的L oeb 空间,则以上结论可以推广到 Ρ2有限的情况.

本文在扩大或 Ξ12饱和的非标准模型中讨论.
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Radon -N ikodym D er ivative on L oeb Space
Ξ

Chen D ong li
(X i’an U n iveristy of A rch itectu re and T echno logy, 710055)

Abstract　 In th is paper, w e first show that if ν Τ is abso lu t ly con tinuous w ith respect to Λ, i. e. , Τν u ,

then L (3 S , 3 Λ) < L (3 S , 3 Τ). W e also p rove that Τν Λ if and on ly if L (3 Τ) ν L (3 Λ) and d (L (3 Τ) ) öd (L

( 3 Λ) ) = 0 (3 (d Λöd Τ) ). W e shall define the L oeb space of Ρ2fin ite m easu re space by a natu ral w ay and

p rove that the resu lts above can be ex tended to Ρ2fin ite m easu re spaces.

Keywords　 abso lu te con tinu ity, L oeb space, R adon2N ikodym T heo rem , R adon2N ikodym derivat ive.

Classif ica tion　AM S (1991) 28E05öCCL O 174. 12

1. L oeb Spaces

L et (X , S , Λ) be a to ta lly fin ite m easu re space, then (3
X , 3

S , 3 Λ) is an in terna l, f in it ly addi2
t ive m easu re space by tran sfer p rincip le. T he L oeb space w ith respect to (X , S , Λ) can be defined

as fo llow s: L et 3 Λand 3 Λ be m ap s from P (3
X ) to R

+ ∪{0} such tha t 3 Λ(A ) = inf {0 (3 Λ) (B ) : B

∈3
S and A < B } and 3 Λ(A ) = sup {0 (3 Λ) (C ) : C∈3

S and C < A } fo r each sub set A of 3
X .

D efine L (3
S , 3 Λ) = {A < 3

X : 0 Λ(A ) = 3 Λ(A ) } and L (3 Λ) : L (3
S , 3 Λ)→R∪{0}, such tha t L

(3 Λ) (A ) = 3 Λ(A ) = 3 Λ(A ) fo r each A tha t belongs to L (3
S , 3 Λ). It is know n tha t (3

X ,L (3
S , 3

Λ) , L (3 Λ) ) is a com p lete standard m easu re space w h ich is ca lled the L oeb space w ith respect to

m easu re space (X , S , Λ).

If (X , S , Λ) is a Ρ2f in ite m easu re space, w e can define the L oeb space w ith respect to (X , S ,

Λ) in the fo llow ing natrua lw ay: L et {E n}n∈N be an increasing sequence of sets w h ich term s are in

S such tha t X = ∪ E n and Λ(E n) < + ∞. Fo r each n belongs to N , define a fin ite m easu re Λn on

(X , S ) by let t ing Λn (A ) = Λ(A ∩ E n) fo r each A belongs to S.

L et L (3
S , 3 Λ) = ∩ L (3

S , 3 Λn ) and L (3 Λ) : L (3
S , 3 Λ)→R

+ ∪{0}, such tha t L (3 Λ) (A ) =

lim L (3 Λn) (A ) fo r each A ∈L (3
S , 3 Λ). It is obviou s tha t (3

X ,L (3
S , 3 Λ) ,L (3 Λ) ) is a com p lete

m easu re space. In fact Ρ(3
S ) < L (3

S , 3 Λ). W e call (3
X , L (3

S , 3 Λ) , L (3 Λ) ). the L oeb space

w ith repect to the Ρ2f in ite m easu re space (X , S , Λ).

Theorem 1　L et (X , S, Λ) be a f in ite m easu re sp ace and f be a Λ2in teg rable f unction , then
0 (3 f) is

L (3 Λ) 2in teg rable and
0�3 fd 3 Λ= �0 (3 f) d (L (3 Λ) ).

Proof　W ithou t lo ss of genera lity, assum e tha t f is a non2negat ive funct ion.
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Since f is Λ2in tegrab le, w e have Λ(X (f = + ∞) ) = 0. T hen X (f = + ∞) = ∩ X (f Ε n) and

Λ(X ) < + ∞ im p lies tha t lim Λ(f Ε n) = Λ(X (f = + ∞) = 0. H ence fo r every po sit ive � there ex ists

n0∈N such tha t �(f Ε n) f d Λ< � fo r each n∈N w h ich sa t isf ied nΕ n0 by the ab so lu te con t inu ty of in2
tegra l. It fo llow s from the tran sfer p rincip le tha t �3 (f Ε n)

3
f d

3 Λ< �.

L et H be an arb it ra ry infin ite na trua l num ber. T hen 3
X (3

f Ε H ) < 3
X (3

f Ε n) fo r each n∈

N im p lies tha t �(3 f Ε H )
3

f d
3 Λ≈ 0 tha t is, 3

f is S 2in tegrab le. A pp lying T heo rem 3. 9 in [ 1 ] to 3

f , w e have tha t 0 (3
f ) is L (3 Λ) 2in tegrab le and 0�3

f d
3 Λ= �0 (3

f ) d (L (3 Λ).

Theorem 2　L et (X , S , Λ) be a Ρ2f in ite m easu re sp ace and f be an L (3 Λ) 2m easu rable f unction

f rom
3

X to R. T hen f is L (3 Λ) 2in teg rable if and on ly if f is L (3 Λn) 2in teg rable and sup {�û f ûd

(L (3 Λn) ) }< + ∞. If f is L (3 Λ) 2in teg rable then � f d (L (3 Λ) ) = lim � f d (L (3 Λn) ).

Proof　L et f be L (3 Λn) 2in tegrab le and sup �û f ûd (L (3 Λn) ) < + ∞. If f is a characterist ic func2
t ion, the p roof is t rivia l. It fo llow s from the hom ogeneity and addit ivity of in tegra l tha t the suffi2
cence is t rue fo r non2negat ive sim p le funciton s.

W ithou t lo ss of genera lity, suppo se tha t f is non2negat ive. T hen there is an increasing non2
negat ive sequence {Υk}R∈N of sim p le funct ion s such tha t lim Υk (x ) = f (x ) fo r each x in 3

X .

Since lim �Υk (x ) d (L (3 Λn ) ) = �Υkd (L (3 Λ) ) fo r each k∈N , then lim lim �Υkd (L (3 Λn ) ) =

lim �Υkd (L (3 Λ) ) = � f d (L (3 Λ) ).

It is no t d iff icu lt to verify tha t

lim lim∫Υkd (L (3 Λn) ) = l im lim∫Υkd (L (3 Λn) ) = lim∫f d (L 3 Λn) ).

H ence lim � f d (L (3 Λ) ) = � f d (L (3 Λ) ). Sim ila rly, w e can p rove the necessarity.

2. Absolute Con tinu ity and Radon -N ikodym Theorem

L et Λ and Τ be m easu res on a m easu rab le space (X , S ). T hen Τ is ab so lu t ly con t inuou s w ith

respect to Λ if each set A tha t belongs to S and sa t isf ies Λ(A ) = 0 also sa t isf ies Τ(A ) = 0, w h ich is

deno ted by Τν Λ.

Theorem 3　L et Λ and Τbe f in ite m easu res on the m easu reable sp ace (X , S ). T hen Τν Λ if and on ly

if f or each set A tha t belong s to
3

S and sa tisf ies. Λ3 (A )≈ 0 a lso sa tisf ies
3 Τ(A )≈ 0.

Proof　F irst suppo se Τν Λ. T hen fo r each po sit ive � there is a po sit ive ∆ such tha t each S 2m ea2
su rab le set A tha t sa t isf ies Λ(A ) < ∆ a lso sa t isf ies Τ(A ) < � (by [2 ], L emm a 4. 2. 1).

U sing tran sfer p rincip le, 3 Λ(A ) < ∆ im p lies 3 Τ(A ) < � fo r each A tha t belongs to 3
S. H ence

3 Λ(A )≈ 0 im p lies 3 Τ(A ) < � fo r each po sit ive �, tha t is, 3 Τ(A )≈ 0.

N ex t suppo se tha t 3 Λ(A )≈ 0 im p lies 3 Τ(A )≈ 0 fo r each A ∈3
S. T hen the fo llow ing asser2

t ion is t rue: Fo r each po sit ive �, there ex ists ∆∈3
R such tha t A ∈3

S and 3 Λ(A ) < ∆ im p lies 3 Τ
(A ) < � (T ake ∆ to be infin itesim al). It fo llow s from tran sfer p rincip le tha t there ex ists ∆∈R

+

such tha t A ∈S and Λ(A ) < ∆ im p lies Τ(A ) < �, tha t is Τν Λ.

W e have to u se the fo llow ing basic non standard too ls to p rove T heo rem 4.

D enum erab le com p rehen sion: Fo r every in terna l set A and every funct ion f ; N →A , there is
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an in terna l funct ion g ; 3
N →A ex tending f .

O verflow p rincip le: L et A be in terna l, A < 3
N . If n∈A fo r a ll f in ite nΕ n0, then there is an

infin ite H ∈3
N w ith n∈A fo r a ll n0Φ nΦ H .

Theorem 4　L et Λ and Τbe f in ite m easu res on the m easu rable sp ace (X , S ). If Τν Λ, then L (3
S , 3

Λ) < L (3
S , 3 Τ).

Proof　L et A belong to L (3
S , 3 Λ). Becau se L (3

S , 3 Λ) is the L (3 Λ) 2com p let ion of Ρ(3
S ) , there

ex ists B ∈Ρ(3
S ) and C∈Ρ(3

S ) such tha t B < A < C and L (3 Λ) (B - C ) = 0.

By the defin it ion of L (3 Τ) , there is an increasing sequence {P n}n∈N of sets w ho se term s in 3
S

w ith û 3 Τ(P n) - L (3 Τ) (B - C ) ûΦ 1ön. U sing denum erab le com p rehen sion and O verflow , there is

an infin ite H 1∈3
N such tha t û 3 Τ(P n ) - L (3 Τ) (B - C ) û Φ 1ön and P n < P H 1 fo r each n Φ H 1.

T hen fo r each H ∈3
N - N , H Φ H 1 im p lies tha t 3 Τ(P H )≈ L (3 Τ) (B - C ).

Since P n< B - C fo r each n∈N , then 3 Λ(P n)≈ 0 fo r each n∈N . By infin itesim al p ro longa2
t ion theo rem , there ex ists an infin ite H 2 such tha t 3 Λ(P m )≈ 0 fo r a ll m Φ H 2.

L et H = m in{H 1, H 2}, then 3 Λ(P H )≈ 0 and 3 Τ(P H )≈ L (3 Τ) (B - C ). Since Τ is ab so lu t ly

con t inuou s w ith respect to Λ, it fo llow s from T heo rem 3 tha t 3 Τ(P H )≈ 0, tha t is L (3 Τ) (B - C )

= 0, hence A ∈L (3
S , 3 Τ).

T he fo llow ing theo rem is the m ain resu lt of th is paper. W e call it the R adon2N ikdoym theo2
rem in L oeb space.

Theorem 5　L et Τand Λ be f in ite m easu res on the m easu rable sp ace (X, S) and Τν Λ. T hen there

ex ists a non2neg a tive S2m easu rable f unction g such tha t

L (3 Τ) (B ) =∫B 0 (3 g ) d (L (3 Λ) )

f or each B ∈L (3
S , 3 Λ).

Proof　Becau se Τν Λ, it fo llow s from R adon2N ikoym theo rem tha t there ex ists a non2negat ive S 2
m easu rab le funct ion g such tha t Τ(A ) = �g d Λ ho lds fo r each A tha t belongs to S. T ran sfer p rinci2
p le im p lies 3 Τ(A ) = �3

g d
3 Λ fo r each A belongs to 3

S.

T ake an arb it ra ry set B in L (3
S , 3 Λ). By T heo rem 4, B belongs to L (3

S , 3 Τ). It fo llow s

from the defin it ion of L (3 Τ) (B ) tha t L (3 Τ) (B ) = sup {0 (3 Τ) (A ) : A ∈3
S , A < B }= sup {�A

0 (3
g )

d
3 Λ: A ∈3

S ,A < B }= sup {�A
0 (3

g ) d (L (3 Λ) ) : A ∈3
S ,A < B }.

O n the o ther hand, by the defin it ion of L ( 3 Λ) (B ) there ex ists an increasing sequence

{B n}n∈N of sets in 3
S , such tha t B n < B and lim L (3 Λ) (B n) = L (3 Λ) (B ). T hen it fo llow s from

the ab so lu te con t inu ity of in tegra l tha t fo r each po sit ive � there ex ists a set A in 3
S , such tha t A

< B and �B
0 (3

g ) d (L (3 Λ) ) Φ �A
0 (3

g ) d (L (3 Λ) ) + �. H ence L (3 Τ) (B ) = sup {�A
0 (3

g ) d (L (3 Λ) ) :

A ∈3
S ,A < B }= �B

0 (3
g ) d (L (3 Λ) ). □

T heo rem 5 can be ex tended to the case in w h ich Λ and Τare Ρ2f in ite m easu res on (X , S ).

L et Τand Λ be Ρ2f in ite m easu res on the m easu rab le space (X , S ) w ith Τν Λ and {E n}n∈N be an

increasing sequence of sets w ho se term s in S , such tha t X = ∪ E n and Λ(E n) < + ∞, Τ(E n) < + ∞

fo r each n∈N . It is clear tha t Τν Λ im p lies Τnν Λn fo r each n∈N .
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