By RadonN ikodym theorem, there exists a non-negative measurable function g such that v
(A)= [agdu whenever A belongsto S. Then for each n N, It is satisfied that tn(A) = v(A n
En)= Jane,gdu W efirst show that fan e, gdu= [ gdun

If g isa characteristic function, thatisg= %,B S. Then [an e, gdu= Jagle,du= u(A n BN
En)= (A N B)= [akdun= [agdun

It follow s from the homogeneity and additivity of integral that the equality holdsw henever g
is a non-negative smple function Hence [an e,gdu= [agun holdsfor any non-negativem easurable
function g.

Then by Theorem 5and fan e, gdu= fagdu,L (") B)= [e°("g)d L ("un)) foreachB L (°
S, u), the definition of L (" 1) and Theoren 2 mply that

L (Tu@)) :J’B ‘Cgd ()

W e can easily obtain the follow ing corollaries from theorem 5 and its extension
Corollary 1 L et u and Ube o*f initemeasureson (X,S). Then vk if and only if L ()< L (’
p)and dL (C0))/dL (w))="C (dv/du))duv/du is the Radon-N ikodry derivative o Uw ith re-
Pect to p).
Corollary 2 L et p and Ube o~f initemeasureson (X,S). If g= du/du, then for every measurable
function f: "X >R, f isL ("0)-integrableif and only if f0°(" g)-integrableand [fd(L ("0))= |
f0°("g)d L ("p)).
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Radon-Nikodym D er ivative on L oeb Space*

Chen D ongli
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Abstract In thispaper, we first show that if < visabslutly continuousw ith repect to u, i e , K u,
thenL ('S, "u)CL (S, "0). Wealo prove that o< p if andonly ifL ("0 <L ("u) anddL (")) /d L
("u))=°C (du/dv)). W e shall define theL oeb ace of -finitemeasure gace by a natural way and
prove that the results above can be extended to o-finitemeasure paces
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1 L oeb Spaces

Let (X,S, un) beatotally finitemeasure gace, then ("X, S, " p) isan internal, finitly addi-
tivemeasure ace by transfer principle ThelL oeb spacew ith repect to_(x ,S, 1) can be defined
asfollows Let "wand “u bemapsfrom P("X) toR* {0} such that "w()=inf{°("u) B):B

"SandA CB} and “u(a)= sup{°("u) (C):C 'S andCCA} for each subsetA of "X.

DefineL ('S, “m)={AC 'X:°u@)= "u@)}andL Cw):L 'S, u) =R {0}, such thatL
Cw @)= u@)="u@) foreachA that belongstoL ('S, "w). Itisknown that ("X ,L ('S, "~
u),L ("u)) isa complete standard measure spacew hich is called thelL oeb pacew ith repect to
measure ace (X,S, u).

If (X,S,u) isa cfinitemeasure Pace, we can define thel oeb gpacew ith repect to (X, S,
u) in the follow ing natrualway: L et {En}n n be an increasing sequence of setsw hich tem sare in
S such that X =  Enand pu(En)< + . For each n belongs to N, define a finitemeasure u»on
(X,S) by letting pn(A)= u(A n En) for each A belongsto S.

LetL ('S, W)=nL (S, w)adL (Cp):L (S, u)-R" {0}, such thatL ("u) (A)=
ImL ("pn) (A) foreachA L (S, "w). Itisobviousthat ('X,L ('S, "u),L ("p)) isacomplete
measure gace Infact o("'S)CL ('S, u). Weecall ('X,L ('S, "u),L ("u)). thelLoeb space
w ith repect to the o-finitemeasure ace (X, S, p).

Theoran 1 Let (X,S, ) bea finitemeasure gpace and f be a p-integrable f unction, then °("f) is
L (") -integrableand °f "fd "u= [°(")dL ().

Proof W ithout lossof generality, assume that f isa non-negative function
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Since f is p-integrable, wehave u(X (f=+ ©0))=Q ThenX (f=+ o )= n X (f =n) and
pu(X)< + o mpliesthat Imu(f =n)= u(X (f = + © )= Q Hencefor every positive € there exists
no N such that [¢=wfdu< eforeachn N which satisfied n= no by the absolute continuty of in-
tegral It follow sfrom the transfer principle that [*¢=n fd " u< ¢

LetH bean arbitrary infinite natrual nunber. Then "X ("f =H)C "X ('f =n) for each n
N impliesthat [("r=1) fd 1= Othatis, f isS-integrable Applying Theorem 3 9in [1] to
f, wehave that °("f) isL (" u)-integrableand °f "fd "p= [°("f)d (L (" ).

Theorem 2 Let (X,S, u) be a of initemeasure pace and f be anL (~ u) measurable f unction
fran "X toR. Then f isL (" p)-integrable if and only if f isL (" un)-integrable and sup{f|f |d
L Cm))}<+ oo, If fisL (" u)-integrable then [fd (L ("p))=lim[fdL ("))

Proof Letf bel (" un)-integrable and sup [|f |[d @ (")) < + w. If f isa characteristic func-
tion, theproof istrivial It follow sfrom the homogeneity and additivity of integral that the suffi-
cence is true for non-negative smple funcitons

W ithout loss of generality, suppose that f isnon-negative T hen there isan increasing non-
negative sequence {®}r ~ of simple functions such that Im®(x)= f (x) for each x in ~X.

Since Im[®R(x)d L (" pn))= [RA@L (" p)) for each k N, then Ilim Im[®Rd L (" pn)) =
ImfRdL ()= [fdL ("W).

It is not difficult to verify that

lim m]’%(L (")) = lim I'rrIQQd(L (")) = |'nf fdL "))
Hence Im[fdL ("w))= [fd(L ("w)). Similarly, we can prove the necessarity.
2 Absolute Continuity and Radon-N ikodym Theorem

L et 4 and Ubemeasureson ameasurable gpace (X,S). Then visabolutly continuousw ith
regpect to p if each set A that belongsto S and satisfies u (A )= O al satisfiesU(A )= 0, which is
denoted by X

Theorem 3 L ety and Ubef initemeasures on them easureable pace (X ,S). Then 0K p if and only
if for each setA that belongs to 'S and satisfies ¢ (A )= 0 also satifies U@ )= Q

Proof First suppose UL = Then for each positive € there is a positive 6 such that each Smea-
surable set A that satisfies u(A)< 6 alo satisfiesv(A )< € (by [2], Lenma 4 2 1).

U sing transfer principle, "u(A)< 6 mplies U(A)< efor each A that belongsto 'S. Hence
"u(A )X Oimplies U )< gfor each positive g, that is, "UA ) Q

Next suppose that “p(A )= O implies U(A )= OforeachA 'S. Then the follow ing asser-
tion is true For each positive €, there exists 6 'R such thatA S and "u(A)< & implies v
(A)< & (Take 6 to be infinitesmal). It follow s from transfer principle that there exists & R
such thatA S and u(A)< dimpliesu(A)< g, that isuK

W e have to use the follow ing basic nonstandard tools to prove Theoran 4

D enumerable comprehension: For every internal setA and every function f; N —-A, thereis
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an internal function g; ‘N —A extending f.
Overflow principle LetA beinternal, AC 'N. Ifn A for all finite n=no, then there isan
infiniteH "N withn A forallno< n< H.

Theorem 4 L et u and Ubef initemeasures on themeasurable space (X ,S). If o<y, thenL ('S,
wcL (s, v.

Proof LetA belongtoL ('S, u). BecauseL ('S, "u) istheL (" u)-completion of o("S), there
existsB  0('S) andC 0(’S) such thatB CA CC andL ("u) B- C)=Q

By the definitionof L (" 1), thereisan increasing sequence {Pn}n n of setswhose tersin 'S
with ["0(Ps)- L () B- C) |= 1/n U sing denumerable comprehension and Overflow, there is
an infiniteH 1 "N such that |"0(P.)- L ("0) B- C) |= 1/n and PnC Pu1for each n< H 1
ThenforeachH 'N- N,H =< Hi:mpliesthat v(Pu)= L ("0)B- C).

Since PnCB- C foreachn N, then "u(P.)= Oforeachn N. By infinitesmal prolonga-
tion theorem, there exists an infiniteH 2 such that " u(Pm)= Oforallm= H.

LetH=min{H 1,H 2}, then "u(Pu)= Oand "0(Pu)x L (0 B- C). Sincevisablutly
continuousw ith regect to u, it follow sfrom Theoren 3 that “0(Pu)= 0, thatisL ("0) B- C)
=0, henceA L ('S, v).

The follow ing theoran is themain result of thispaper. W e call it the Radon-N ikdoym theo-
ren inLoeb gpace

Theoran 5 Let vand p be f initemeasures on themeasurable space (X, S) and UK i Then there
exists a non-negative Smeasurable f unction g such that

L(u®) :IB "Cg)d (w)

foreachB L ('S, wu).

Proof Because (X u, it follow sfrom Radon-N ikoym theoran that there exists a non-negative S-
measurable function g such that v(A )= [ gdu holdsfor each A that belongsto S. T ransfer princi-
ple mplies "U(A)= [ "gd "u for each A belongsto 'S.

Take an arbitrary setB inL ('S, "u). By Theoran 4, B belongstoL ('S, "0). It follows
from the definitionof L ("0) B ) thatL ("0) B)= sup{°(CV (A):A "s,AcC B}= sup{f» °("g)
d wA "s,AcB}=sp{r°(g)dlL (w)):A 'S,ACB}

On the other hand, by the definition of L (" u) (B) there exists an increasing sequence
{Bn}n n Of setsin 'S, such thatB«CB and IimL ("u) Bn)=L ("u) B). Then it follow s from
the absolute continuity of integral that for each positive € there existsa setA in °S, such thatA
cBand o "("g)dL () =[°Cg)dL (u)+ e HenceL ("0) )= sup{fn °("g)d L ("w)):
A 's,AcB}="(Cg)dlL ((w). “

Theorem 5 can be extended to the case inw hich u and v are o-finitemeasureson (X, S).

L et vand u be o-finitemeasureson themeasurable gpace (X ,S) with u< p and {En}n ~ bean

increasing sequence of setswhose temsinS, such thatX =  Enand pu(En)< + 0, U(En)< +
foreachn N. Itisclear that < u implies < unfor each n N.
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