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In 1991, L. V. Shap iro et a l in t roducted the concep t of R io rdan group [ 1 ]. R ecen t ly, R.

Sp rugno li has stud ied the theo ry though ly and gave new p roofs of m any com b ina to ria l iden t it ies

system at ica lly [2, 3 ]. T he m ain po in t of the theo ry is to estab lish the connect ion betw een an ar2
ray and a coup le of genera t ing funct ion s. T he genera t ing funct ion can then be u sed to ob ta in the

clo sed fo rm of a com b ina to ria l sum o r its asym p to t ic va lue. How ever, the im po rtance of the con2
nect ion betw een R io rdan array and inverse rela t ion has been underest im ated. A s a resu lt, ou r a im

is to develop a new inverse rela t ion.

L et F = R [ t ] be a ring of fo rm al pow er series, and g ( t) , f ( t) ∈F , i. e. , g ( t) = 2 kg k t
k , f

( t) = 2 k f k t
k and f 0= 0. T he sequence of funct ion s {d k ( t) }k∈N itera t ively defined by

d 0 ( t) = g ( t)

d k ( t) = g ( t) [ f ( t) ]k ,
(1)

defines an infin ite t riang le {d n, k ûk , n∈N , kΦ n} in w h ich d n, k = [ t
n ]d k ( t) , w here [ t

n ]d k ( t) m ean s

the coefficien t of t
n in expan sion of d k ( t) in t. T he {d n, k } is ca lled a R io rdan array of d k ( t) in t and

w rite {d n, k }= (g , f ).

L et A = {ak },B = {bk } be sequences, D = {d n, k }= (g , f ) be a R io rdan array. If A = DB , i. e. ,

an= 2 ∞
k= 0d n, kbk , n= 0, 1, 2, ⋯. By the p ropert ies of R io rdan group , D

- 1 ex ists and D
- 1= (1ög (f ) ,

f ) , w here f (f (x ) ) = f (f (x ) ) = x.

Exam ple　Given an= 2
k

n

k
bk , w e can easily find D = ( 1

1- x
,

x
1- x

). O bviou sly f (x ) =
x

1+ x
, D

- 1

= ( 1
1+ x

,
x

1+ x
) , then

d n, k = [x n ]
1

1 + x
( x
1 + x

) k = [x n- k ] (1 + x ) - (k+ 1) = (- 1) n+ k n

k

T herefo re bn= 2 (- 1) n+ k n

k
ak as w e know n.
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Fo r arb it ra ry funct ion f (x ) , it is no t easy to find its recip roca l funct ion f (x ). By u sing L a2
grange Inversion Fo rm u la w e have the fo llow ing

Theorem　L et D = {d n, k }= (g , f ) be a R iord an a rray , then the f ollow ing inverse rela tion hold s:

an = 2 kd n, kbk

bn = 2 k
1
n

[ tn- 1 ]{ [ (g - 1 ( t) )′tk + k (g - 1 ( t) ) tk- 1 ]
f ( t)

t
) - n}ak

(2)

w here n= 0, 1, 2, ⋯.

T he T heo rem is a genera to r of inverse rela t ion s. If a coup le of funct ion s f , g are g iven, then w e

can get a inverse rela t ion th rough (2) , and the inverse rela t ion includes a lm o st a ll inverse rela2
t ion s in the book“Com b ina to ria l Iden t it ies”by J. R io rdan.

Exam ple　L egendre2Chebyshev type inverse rela t ion

an = 2 k (- 1) n+ 1 n + p + (c - 1) k

n - k
bk

bn = 2 k
p + ck + 1

(c - 1) n + p + k + 1
cn + p

n - k
ak

It m ay be verif ied tha t D = (d n, k ) = ( (1+ t) - (p + 1) , t (1+ t) - c). T hu s the T heo rem im p lies

bn = 2 k
1
n

[ tn- 1 ] [ (1 + t) p + 1 ]′tk + k (1 + t) p + 1 tk- 1 ] (1 - t) cnak

= 2 k
1
n

[ tn- 1 ]{ (p + 1) tk (1 + t) cn+ p + k tk- 1 (1 + t) cn+ p + 1}ak

= 2 k
1
n

(p + 1)
cn + p

n - k - 1
+ k

cn + p + 1
n - k

ak

= 2 k
p + ck + 1

(c - 1) n + p + k + 1
cn + p

n - k
ak

T he R io rdan2L agrange Inverse R ela t ion can a lso be ob ta ined equ iva len t ly from Genera lized

St irling N um ber Pairs.
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