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In 1991, L. V. Shapiro et al introducted the concept of Riordan group [1]. Recently, R.
Sprugnoli has studied the theory thoughly and gave newv proofsof many combinatorial identities
systematically [2, 3] Themain point of the theory is to establish the connection betw een an ar-
ray and a couple of generating functions T he generating function can then be used to obtain the
closed fom of a combinatorial sum or itsasymptotic value How ever, the mportance of the con-
nection betw een Riordan array and inverse relation has been underestimated A saresult, our am
is to develop a nenv inverse relation

Let F = R[t] be a ring of formal power series, and g (t),f (t) [, i e, g(t)= Zeg«t, f
()= Xf «t“and f o= Q The sequence of functions {d«(t) }« n iteratively defined by

do(t) = g (1)
{dk(t) = g([f (1] (1)

defines an infinite triangle {dn« |k, n N,k=< n} inwhich dn«= [t"]d«(t), where [t"]d«(t) means
the coefficient of t" in expansion of d«(t) int The{dn«} iscalled aRiordan array of d«(t) in t and
write {dni}= (g, f).

LetA = {a},B = {b} be sequences, D= {dni}= (g,f) beaRiordan array. IfA=DB, i e,
a= X% odnkbo, n= 0,1,2, . By the propertiesof Riordan group, D~ existsandD " = (1/g (),
), wheref (f (x))=f (f (x))= x

. _wn g =1 _x : oy —X -1
Example Given a.= 2 K bx, we can easily findD = (1_ 1 X). Obviously f (x) = 1+ P
_—1 _x
B (1+ x’ 1+ x)’ then

due= T G A 0“0 = (- ”“[ﬂ

n
J ax asw e know n

Therefore b= 2(- 1)™ k[k
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For arbitrary function f (x), it isnot easy to find its reciprocal function f (). By usingL a-
grange Inversion Fomulaw e have the follow ing

Theoran LetD= {dn«}= (g,f) bea Riordan array, then thefollov ing inverse relation holds

an = E«d n, Kbk

b= S @ )¢ k@ )¢ 1Y) e @

wheren= 0, 1, 2,
The Theoram is a generator of inverse relations If a couple of functionsf, g are given, thenwe

can get a inverse relation through (2), and the inverse relation includes aimost all inverse rela-
tions in the book” Combinatorial Identities’ by J Riordan

Example L egendre-Chebyshev type inverse relation

a= L(- 1)”*1['” o (T(' DkaK

b= % p+ ck+ 1 [Cn+ pJak

(c- Dn+ p+ k+ 1 n- k

Itmay be verified thatD = (dni)= ((1+ )" ®* P, t(1+ t)” ). Thus the Theoran mplies

by = &j}L[t“] [(1+ P ¢+ k(1+ 07 *](1- 0 a

Z(_nl[tnl]{ (p+ 1)tk(1+ t)cn+p+ ktk-1(1+ t)cn+p+1}ak

cn+ p cn+ p+ 1
&‘rll‘{(p+ D[n- ‘. 1J+ k[ ok J}ak

¥ p+ ck+ 1 [cn+ pJak

(c- D)n+ p+ k+ 1 n- k

The Riordan- agrange Inverse Relation can alo be obtained equivalently from Generalized
Stirling N umber Pairs
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