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Abstract　A n n×n rea l (no t necessarily symm etric) m atrix A is po sit ive sem idefin ite if

xA x
T Ε 0 fo r each nonzero n2dim en siona l rea l row vecto r x. A necessary and sufficien t

condit ion fo r the k ronecker p roduct of tw o po sit ive sem idefin ite (no t necessarily sym 2
m etric) m atrices to be po sit ive sem idefin ite is g iven in th is paper.
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1. In troduction

L et S
n×n deno te the set of a ll n×n symm etric rea l m atrices, Rn×n the set of a ll n×n rea l

m atrices, and Rn the space of n2dim en siona l rea l row vecto rs. Fo r a g iven A ∈Rn×n , S (A ) =
1
2

(A + A
T ) and K (A ) =

1
2

(A - A
T ) a re the symm etric part and the skew symm etric part of A , respect ively, w here

A
T is the tran spo se of A . T he rank and determ inan t of A are deno ted by r= r (A ) and d et

(A ) , respect ively. T he determ inan t facto r w ith o rder r of the Κ2m atrix ΚS (A ) + K (A ) is de2
no ted by D r (Κ). Fu rtherm o re, deno te

m = m (A ) = r (A ) - r (K (A ) ) ,

p = p (A ) = r (S (A ) ) - deg (D r (Κ) ) ,

q = q (A ) =
1
2

(r (A ) - 2r (S (A ) ) + deg (D r (Κ) ) ) ,

k = k (A ) =
1
2

(deg (D r (Κ) ) - r (A ) + r (K (A ) ) ) ,

w here d eg (D r (Κ) ) is the degree of the Κ2po lynom ia l D r (Κ). R eca ll ( see [ 1 ]) tha t A is po si2
t ive sem idefin ite (resp. po sit ive defin ite) if xA x

T Ε 0 (resp. xA x
T > 0) fo r each non2zero x ∈

Rn. Fo r A ,B ∈Rn×n , A and B are congruen t if there ex ists a non- sing lar P ∈Rn×n such tha t

B = PA P
T.
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In 1970, C. R. John son [ 1 ] f irst invest iga ted the po sit ive defin ite (no t necessarily sym 2
m etric) m atrices. J. S. L i[ 2 ] estab lished the canon ica l fo rm s of the po sit ive defin ite m atrices

under congruence. J. S. L i[ 3 ] gave fu rther the canon ica l fo rm s of the po sit ive sem idefin ite

m atrices under congruence.

It is w ell know n tha t the K ronecker p roduct of tw o po sit ive sem idefin ite symm etric m a2
t rices is st ill po sit ive sem idefin ite. T he resu lt fo r po sit ive sem idefin ite (no t necessarily sym 2

m etric) m atrices is no t necessarily t rue. Fo r exam p le, take A =
　0　 1

- 1　0
. T hen, xA x

T = 0

fo r each non2zero x ∈R2. T h is im p lies tha t A is po sit ive sem idefin ite. It is easy to ca lcu la te

tha t x (A ªA ) x
T = 2 (x 1x 4- x 2x 3) fo r each x = (x 1, x 2, x 3, x 4)∈R4. H ence, if x = (0, 1, 1, 0) ,

then x (A ªA ) x
T = - 2< 0. So A ªA is no t po sit ive sem idefin ite. T he pu rpo se of th is paper

is to g ive a necessary and sufficien t condit ion fo r the K ronecker p roduct of tw o po sit ive

sem idefin ite (no t necessarily symm etric ) m atrices to be po sit ive sem idefin ite.

2. M a in results

W e need the fo llow ing lemm as.

L emma 2. 1　L et A ∈Rn×n
be p ositive sem id ef in ite. T hen A is cong ruen t to the canon ica l f orm :

A� = diag ( Im ,A 1,A 2,A 3,O n- r) , (1)

w here Im ∈Rm ×m
and O n- r∈R (n- r)× (n- r)

a re the id en tity m a trix and the z ero m a trix , resp ective2
ly ,

A 1 = diag
　1　a1

- a1　1
,

　1　a2

- a2　1
, ⋯,

　1　ak

- ak　1
∈ R2k×2k ,

A 2 = diag
　1　1

- 1　0
,

　1　1

- 1　0
, ⋯,

　1　1

- 1　0
∈ R2p×2p ,

A 3 = diag
　0　1

- 1　0
,

　0　1

- 1　0
, ⋯,

　0　1

- 1　0
∈ R2q×2q,

and ±ia1, ±ia2, ⋯, ±iak a re a ll of the non2z ero roots of D r (Κ) , a1Ε a2Ε ⋯Ε ak> 0.

Proof　See [3 ].

L emma 2. 2　If A ∈Rn×n
is p ositive d ef in ite, then r (A ) = r (S (A ) ) = d eg (D Κ(Κ) ) , and A is

cong ruen t to the block d iag ona l m a trix :

A� = diag ( Im ,A 1) , (2)

w here the sense of A 1 is the sam e as L em m a 2. 1.

Proof　Since A is po sit ive defin ite, w e have r = r (A ) = n and the d iagonal b lock s of the

fo rm s
　1　1

- 1　0
and

　0　1

- 1　0
do no t occu r in the canon ica l fo rm A

�.

L emma 2. 3　L et A ∈Rn×n
be p ositive sem id ef in ite. T hen the f ollow ing assertions hold :
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(1) A ll roots of D r (Κ) a re z ero if and on ly if

deg (D r (Κ) ) = r (A ) - r (K (A ) ) ;

　　 (2) T he block
　1　1

- 1　0
d oes not occu r in the canon ica l f orm A� of A if and on ly if

deg (D r (Κ) ) = r (S (A ) ) ;

　　 (3) T he block
　0　1

- 1　0
d oes not occu r in the canon ica l f orm A� of A if and on ly if

r (A ) - r (S (A ) ) = r (S (A ) ) - deg (D r (Κ) ).

Proof T h is is an imm edia te co ro lla ry of L emm a 2. 1.

L emma 2. 4 (1) L et A ∈Rn×n
and B ∈R t×t. T hen d iag (A , B ) is p ositive sem id ef in ite if and

on ly if A and B a re p ositive sem id ef in ite;

( 2) If A , B ∈Rn×n
a re cong ruen t and A is p ositive sem id ef in ite, then B is a lso p ositive

sem id ef in ite;

(3) If A , C∈Rn×n
a re cong ruen t, and B , D ∈R t×t

a re cong ruen t, then A ª B and C ª D

a re cong ruen t.

Proof T he p roof is easy, therefo re is om it ted.

L emma 2. 5 L et a> 0 and b> 0. T hen

(1)
　1　a

- a　1
ª

　1　b

- b　1
is p ositive sem id ef in ite (resp. p ositive d ef in ite) if and on ly if

abΦ 1 (resp. ab< 1) ;

(2) A ll f ollow ing m a trices a re not p ositive sem id ef in ite:

　1　a

- a　1
ª

　0　1

- 1　0
,

　1　a

- a　1
ª

　1　1

- 1　0
,

　1　1

- 1　0
ª

　1　b

- b　1
,

　1　1

- 1　0
ª

　1　1

- 1　0
,

　1　1

- 1　0
ª

　0　1

- 1　0
,

　0　1

- 1　0
ª

　1　b

- b　1
,

　0　1

- 1　0
ª

　1　1

- 1　0
,

　0　1

- 1　0
ª

　0　1

- 1　0
.

(3)

Proof D eno te A =
　1　a

- a　1
ª

　1　b

- b　1
. T hen S (A ) is perm u ta t ion sim ila r (deno ted by

“～ ”) to the b lock diagonal m atrix:

S = diag
1　ab

ab　1
,

　1　 - ab

- ab　　1
.
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S is po sit ive sem idefin ite ( resp. po sit ive defin ite) if and on ly if d et S = 1- a
2
b

2Ε 0 (resp.

1- a
2
b

2> 0). T h is im p lies tha t (1) ho lds.

T he p roof of (2) is sim ila r.

Theorem 2. 6 L et A ∈Rn×n
and B ∈S

t×t
be p ositive sem id ef in ite. T hen A ª B is p ositive

sem id ef in ite.

Proof　F rom L emm a 2. 1, A is congruen t to the cannon ica l fo rm A�. M o reover, B is congru2
en t to the d iagonal m atrix B�= diag ( I s, O t- s) , w here s= r (B ). It fo llow s from L emm a 2. 4

tha t A ªB is congruen t to the m atrix:

A� ª B� = diag ( Im ª B�, A 1 ª B�, A 2 ª B�, A 3 ª B�, O n- rB
�).

Since

　1　a

- a　1
ª B�～ diag

　1　a

- a　1
, ⋯,

　1　a

- a　1
,O 2t- 2s ∈ R2t×2t,

　1　a

- a　1
ª B

� is po sit ive sem idefin ite. F rom L emm a 2. 4, A 1 ª B
� is po sit ive sem idefin ite.

Sim ila rly,

　1　1

- 1　0
ª B�～ diag

　1　1

- 1　0
, ⋯,

　1　1

- 1　0
,O 2t- 2s ∈ R2t×2t.

H ence, from L emm a 2. 4, A 2ªB� is po sit ive sem idefin ite. In addit ion,

　0　1

- 1　0
ª B�～ diag

　0　1

- 1　0
, ⋯,

　0　1

- 1　0
,O 2t- 2s ∈ R2t×2t.

Con sequen t ly, A 3ªB� is po sit ive sem idefin ite. F ina lly, Im ªB�～ diag ( Im s,O m ( t- s) ). So Im ªB�

is po sit ive sem idefin ite, too. F rom L emm a 2. 4, A
�ªB

� is po sit ive sem idefin ite. T hu s A ªB is

po sit ive sem idefin ite.

Corollary 2. 7 L et A ∈Rn×n
and B ∈S

t×t
be p ositive d ef in ite. T hen A ªB is p ositive d ef in ite.

Proof F rom L emm a 2. 2, A is congruen t to the b lock diagonal m atrix:

A
� = diag ( Im ,A 1).

M o reover, B is congruen t to I t. F rom L emm a 2. 4, A ªB is congruen t to the m atrix:

A
� ª I t = diag ( Im ª I t, A 1 ª I t).

C learly, Im ª I t= Im t and A 1ª I t are po sit ive defin ite. T hu s A�ª I t is po sit ive defin ite.

Theorem 2. 8 L et A ∈S
n×n

and B ∈R t×t
be p ositive sem id ef in ite. T hen A ª B is p ositive
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sem id ef in ite.

Proof T he p roof is sim ila r to tha t of T heo rem 2. 6 and is om it ted.

Theorem 2. 9 L et A ∈Rn×n
and B ∈R t×t

be p ositive sem id ef in ite and non - sym m etric. T hen A

ªB is p ositive sem id ef in ite if and on ly if the f ollow ing cond itions hod :

(1) r (A ) = r (S (A ) ) = d eg (D r (Κ) ) = r, and r (B ) = r (S (B ) ) = d eg (D s (Κ) ) = s, w here D r

(Κ) and D s (Κ) a re the d eterm inan t f actors w ith ord er r and ord er s of the Κ2m a trices ΚS (A ) +

K (A ) and ΚS (B ) + K (B ) , resp ectively ;

(2) If Αand Β a re the roots of D r (Κ) and D s (Κ) , resp ectively , then ûΑΒûΦ 1.

Proof W e first p rove tha t A ª B is congruen t to a b lock diagonal m atrix G w ho se diagonal

b lock s are of the fo llow ing fo rm s:

I f ,
　1　a

- a　1
,

　1　1

- 1　0
,

　0　1

- 1　0
,

　1　a

- a　1
ª

　1　b

- b　1
,

　1　a

- a　1
ª

　1　1

- 1　0
,

　1　a

- a　1
ª

　0　1

- 1　0
,

　1　1

- 1　0
ª

　1　b

- b　1
,

　1　1

- 1　0
ª

　1　1

- 1　0
,

　1　1

- 1　0
ª

　0　1

- 1　0
,

　0　1

- 1　0
ª

　1　b

- b　1
,

　0　1

- 1　0
ª

　1　1

- 1　0
,

　0　1

- 1　0
ª

　0　1

- 1　0
,

and the zero m atrix O �, w here a> 0 and b> 0.

Since A is congruen t to the canon ica l fo rm A� and B is congruen t to the fo llow ing canon i2
ca l fo rm :

B
� = diag ( Im ’,B 1,B 2,B 3,O ( t- s) ) ,

w here

B 1 = diag
　1　b1

- b1　1
, ⋯,

　1　bk’

- bk’　1
∈ R2k’×2k’,

B 2 = diag
　1　1

- 1　0
, ⋯,

　1　1

- 1　0
∈ R2p’×2p’,

B 3 = diag
　0　1

- 1　0
, ⋯,

　0　1

- 1　0
∈ R2q’×2q’.

A ªB is congruen t to the m atrix:

A� ª B� = diag ( Im ª B�,A 1 ª B�,A 2 ª B�,A 3 ª B�,O n- r ª B�).

C learly, w e have

　1　a

- a　1
ª B� =

　B
�　aB

�

- aB�　B�
～

diag
　Im ’　a Im ’

- a Im ’Im ’
,

　B 1　aB 1

- aB 1　B 1

,
　B 2　aB 2

- aB 2　B 2

,
　B 3　aB 3

- aB 3　B 3

,O 2 ( t- s) .
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N o te tha t

　Im ’　a Im ’

- a Im ’　Im ’
～ diag

　1　a

- a　1
, ⋯,

　1　a

- a　1
∈ R2m ’×2m ’,

　B 1　aB 1

- aB 1　B 1

～ diag
　1　a

- a　1
ª

　1　b1

- b1　1
, ⋯,

　1　a

- a　1
ª

　1　 bk’

- bk’　1
,

　B 2　 aB 2

- aB 2　B 2

～ diag
　1　a

- a　1
ª

　1　1

- 1　0
, ⋯,

　1　a

- a　1
ª

　1　1

- 1　0
,

and

　B 3　aB 3

- aB 3　B 3

～ diag
　1　a

- a　1
ª

　0　1

- 1　0
, ⋯,

　1　a

- a　1
ª

　0　1

- 1　0
.

H ence
　1　a

- a　1
ªB� is perm u ta t ion sim ila r to such a b lock diagonal m atrix tha t its d iagonal

b lock s are of the fo rm s:

　1　a

- a　1
,

　1　a

- a　1
ª

　1　b

- b　1
,

　1　a

- a　1
ª

　1　1

- 1　0
,

　1　a

- a　1
ª

　0　1

- 1　0
, and the zero b lock O.

Sim ila rly,
　1　1

- 1　0
ªB

� is perm u ta t ion sim ila r to such a b lock diagonal m atrix tha t its d iag2

onal b lock s are of the fo rm s:

　1　1

- 1　0
,

　1　1

- 1　0
ª

　1　b

- b　1
,

　1　1

- 1　0
ª

　1　1

- 1　0
,

　1　1

- 1　0
ª

　0　1

- 1　0
, and the zero b lock O.

A nd
　1　1

- 1　0
ªB� is perm u ta t ion sim ila r to a b lock diagonal m atrix w ho se d iagonal b lock s

are of the fo llow ing fo rm s:

　0　1

- 1　0
,

　0　1

- 1　0
ª

　1　b

- b　1
,

　0　1

- 1　0
ª

　1　1

- 1　0
,

　0　1

- 1　0
ª

　0　1

- 1　0
, and the zero b lock O.
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F ina lly, Im ª B
�= diag (B�, ⋯, B

�) ∈Rm t×m t is perm u ta t ion sim ila r to a b lock diagonal m atrix

w ho se d iagonal b lock s are of the fo rm s:

I ,
　1　b

- b　1
,

　1　1

- 1　0
,

　0　1

- 1　0
and O.

T hu s the assert ion ho lds.

N ow suppo se tha t A ªB is po sit ive sem idefin ite. By the p roof above, A ªB is congruen t

to a b lock diagonal m atrix G. F rom L emm a 2. 4, G is po sit ive sem idefin ite. It fo llow s from

L emm a 2. 5 tha t G does no t con ta in the d iagonal b lock s having one of the fo rm s in (3). If A�

con ta in s the d iagonal b lock
　1　1

- 1　0
, then B

� does no t con ta in the b lock s having the fo rm s

　1　b

- b　1
,

　1　1

- 1　0
and

　0　1

- 1　0
. In o ther w o rds, B� is symm etric. H ence, B is symm et2

ric, a con trad ict ion. T h is im p lies tha t A
� does no t con ta in the b lock A 2. Sim ila rly, A

� does no t

con ta in the b lock A 3. T herefo re,

A� = diag ( Im ,A 1,O n- r). ( i)

By L emm a 2. 3, w e have r= r (A ) = r (S (A ) ) = d eg (D Κ(Κ) ). Sim ila ry, w e have

B
� = diag ( Im ’,B 1,O n- s). ( ii)

and s= r (B ) = r (S (B ) ) = d eg (D s (Κ) ). T h is im p lies tha t (1) ho lds. In addit ion, sim ila r to

the p roof above, A ªB is congruen t to the b lock diagonal m atrix w ho se d iagonal b lock s are

of the fo llow ing fo rm s:

I ,
　1　 a f

- a f 　1
,

　1　 bg

- bg　1
,

　1　 a f

- a f 　1
ª

　1　 bg

- bg　1
, 1 Φ f Φ k , 1 Φ g Φ k’, ( iii)

and the zero m atrix O. T herefo re,
　1　a f

- a f 　1
ª

　1　bg

- bg　1
is po sit ive sem idefin ite. F rom

L emm a 2. 5, a f bg Φ 1. Since

D Κ(Κ) = d et (ΚS (A�) + K (A�) ) = Κm (Κ2 + a2
1)⋯ (Κ2 + a2

k ) ,

the non2zero roo ts of D r (Κ) a re ±ia1, ±ia2, ⋯, ± iak. Sim ila rly, the non2zero roo ts of D s (Κ)

a re ±ib1, ±ib2, ⋯, ±ibk’. Con sequen t ly, (2) ho lds.

F ina lly, suppo se (1) and (2) are sa t isf ied. It fo llow s from (1) and L emm a 2. 3, A and

B are congruen t to the m atrices ( i) and ( ii) , respect ively. H ence A ªB is congruen t to

A
� ª B

� = diag ( Im ª B
�,A 1 ª B

�,O n- r ª B
�).

H ence w e ob ta in tha t A
�ªB

� is congruen t to a b lock diagonal m atrix G w ho se diagonal b lock s

are of the fo rm s ( iii). It fo llow s from (2) and L emm a 2. 4 tha t G is po sit ive sem idefin ite.

T h is im p lies tha t A ªB is po sit ive sem idefin ite.

T h is com p letes the p roof.

N o te tha t if A ∈Rn×n is po sit ive defin ite, then D r (Κ) = d et (ΚS (A ) + K (A ) ). H ence, w e
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have

Theorem 2. 10 L et A ∈Rn×n
and B ∈R t×t

be p ositive d ef in ite. T hen A ªB is p ositive d ef in ite if

and on ly if ûΑΒû< 1 f or each root Αof d et (ΚS (A ) ) + K (A ) ) and each root Β of d et (Κ(S (A ) )

+ K (A ) ).

Proof T he p roof is om it ted.
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半正定未必对称矩阵的 Kronecker 乘积

李 炯 生

(中国科技大学数学系, 合肥 230026)

摘　要

一个 n× n 实矩阵A 称为半正定, 如果对每个 n 维非零实向量 x , 均有 xA x
T Ε 0. 本文给

出了两个半正定, 未必对称实矩阵为半正定的充要条件.
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