
Jou rnal of M athem atical R esearch & Expo sit ion

V o l. 17, N o. 3, 3352339, A ug. 1997

An Adjo in tM atr ix of a Rea l Idem poten tM atr ix
Ξ

J in B a i K im

(D ep t. of M ath. , W est V irg in ia U n iversity M o rgan tow n, W V 26506, U SA )

H ee S ik K im

(D ep t. of M ath. Educa t ion Chungbuk N ationa l U n iversity, Chongju 3602763, Ko rea)

S eung D ong K im

(D ep t. of M ath. , Kong2Ju N at iona l T eachers’ U n iversity, Kongju 3142701, Ko rea)

AbstractW e p rove tha t an ad jo in t m atrix of a rea l idem po ten t m atrix is idem po ten t.
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1. In troduction

T here are papers on rea l idem po ten t m atrices (fo r in stance [1 ], [ 3 ] and [4 ]). T he first

au tho r of th is paper in [5 ] p roved tha t the second ajo in t m atrix of a Fuzzy idem po ten t m atrix

is idem po ten t. O u r m o tiva t ion of th is paper is in it ia ted from [5 ] and w e p rove tha t an ad jo in t

m atrix of a rea l idem po ten t m atrix is idem po ten t.

2. L emma s

W e have tw o lemm as in th is sect ion. W e need som e defin it ion s.

D ef in it ion 1 ( i) R d enotes the set of a ll rea l num bers. M n (R ) d enotes the set of a ll n by n rea l

m a trices.

( ii) L et A ∈M n (R ). A
t
d enotes the transp ose of A .

( iii) L et A = (a ij )∈M n (R ). T he cof actor A ij of a ij in d et (A ) is (- 1) i+ j
tim es the d eter2

m inan t of the subm a trix of ord er n - 1 obta ined by d eleting the ith row and the j th colum n

f rom A , w here d et (A ) d enotes the d eterm inan t of A (see [6, p. 57 ]).

( iv ) If A is a m a trix of ord er n and A ij is the cof actor of a ij in d et (A ) , then the m a trix

adj(A ) = (A ij ) t =

A 11 A 21 ⋯ A n1

A 12 A 22 ⋯ A n2

⋯ ⋯ ⋯ ⋯

A 1n A 2n ⋯ A nn
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is ca lled the ad join t m a trix of A (see [6, p. 58 ] f or ad j (A ) ).

(v ) E ij in M n (R ) d enotes the m a trix obta ined f rom the id en tity m a trix In = I by in ter2
chang ing row i and row j ( i≠j).

L emma 1 L et A ∈M n (R ) (nΕ 3). T hen w e have tha t

adj(E ijA E ij ) = E ij (ad j(A ) ) E ij.

　　W e om it the p roof of L emm a 1.

L emma 2 W e assum e tha t nΕ 3. L et A = (a ij )∈M n (R ) be a rea l m a trix of ord er n d ef ined by

a ij =

1　if 1 Φ i = j Φ n - 2,

0　if i ≠ j and 1 Φ i, j Φ n - 2,

0　if n - 1 Φ i, j Φ n.

　　A ssum e tha t A is id em p oten t. T hen w e have the f ollow ing :

( i) If an- 1, i≠0 f or 1Φ iΦ n- 2, then a j, n- 1= 0 f or 1Φ jΦ n- 3, and a in= 0.

( ii) If ani≠0 f or 1Φ iΦ n- 2, then a jn= 0 f or 1Φ jΦ n- 3, and a i, n- 1= 0.

( iii) If a i, n- 1≠0 f or 1Φ iΦ n- 1, then an- 1, j= 0 f or 1Φ jΦ n- 3 and ani= 0.

( iv ) If a1n≠0 f or 1Φ iΦ n- 2, then anj= 0 f or 1Φ jΦ n- 3, and an- 1, i= 0.

W e om it the p roof of L em m a 2.

Exam ple 1 W e list 18 rea l 5×5 idem po ten t m atrices A w ith r (A ) = 3 ( the rank of A is equa l

to 3). In th is exam p le,

1　0　0　0　0

0　1　0　0　0

0　0　1　z　0

0　0　0　0　0

a　b　0　0　0

deno tes a 5×5 rea l idem po ten t m atrix A w ith r

(A ) = 5 and a≠0, b≠0, and z≠0. In th is m atrix, w e can add tha t:

( i) If a≠0, b≠q 0 and all o ther en tries of A 4 and A 5 are zero , then w e can have a34= z≠

0 and all o ther en tries of 4A and 5A m u st be zero , w here A i and iA deno te respect ively the ith

row and ith co lum n of A .

( ii) Sim ila rly, if z≠0 and all o ther en tries of 4A and 5A are zero , then on ly non2zero en2
t ries are a= a51 and b= a52.

(1)
1　0　0　0　0
0　1　0　0　v
0　0　1　0　w
a　0　0　0　0
0　0　0　0　0

　
(2)

1　0　0　0　u
0　1　0　0　0
0　0　1　0　w
0　b　0　0　0
0　0　0　0　0

　
(3)

1　0　0　0　u
0　1　0　0　v
0　0　1　0　0
0　0　c　0　0
0　0　0　0　0
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(4)
1　0　0　0　0
0　1　0　0　0
0　0　1　0　w
a　b　0　0　0
0　0　0　0　0

　
(5)

1　0　0　0　0
0　1　0　0　v
0　0　1　0　0
a　0　c　0　0
0　0　0　0　0

　
(6)

1　0　0　0　u
0　1　0　0　0
0　0　1　0　0
0　b　c　0　0
0　0　0　0　0

(7)
1　0　0　0　0
0　1　0　0　0
0　0　1　0　0
a　b　c　0　0
0　0　0　0　0

　
(8)

1　0　0　0　0
0　1　0　0　0
0　0　1　0　0
0　0　0　0　0
a　b　c　0　0

　
(9)

1　0　0　0　0
0　1　0　y 　0
0　0　1　z　0
0　0　0　0　0
a　0　0　0　0

(10)
1　0　0　x 　0
0　1　0　0　0
0　0　1　z　0
0　0　0　0　0
0　b　0　0　0

　
(11)

1　0　0　x 　0
0　1　0　y 　0
0　0　1　0　0
0　0　0　0　0
0　0　c　0　0

　
(12)

1　0　0　0　0
0　1　0　0　0
0　0　1　z　0
0　0　0　0　0
a　b　0　0　0

(13)
1　0　0　0　0
0　1　0　y 　0
0　0　1　0　0
0　0　0　0　0
a　0　c　0　0

　
(14)

1　0　0　x 　0
0　1　0　0　0
0　0　1　0　0
0　0　0　0　0
0　b　c　0　0

　
(15)

1　0　0　x 　0
0　1　0　y 　0
0　0　1　z　0
0　0　0　0　0
0　0　0　0　0

(16)
1　0　0　0　x
0　1　0　0　y
0　0　1　0　z
0　0　0　0　0
0　0　0　0　0

　
(17)

1　0　0　0　0
0　1　0　0　0
0　0　1　0　0
a　b　c　0　0
d　e　f 　0　0

　
(18)

1　0　0　x 　u
0　1　0　y 　v
0　0　1　z　w
0　0　0　0　0
0　0　0　0　0

3. Theorem

W e quo te the fo llow ing [2 ]:

If A is a rea l idem po ten t m atrix of o rder n , then A is sim ila r to a d iagonal m atrix d iag

(1, 1, ⋯, 1, 0, ⋯, 0) , tha t is A = T (d iag (1, 1, ⋯, 1, 0, ⋯, 0) ) T
- 1, w here T is a non2singu lar

m atrix of o rder n.

W e p rove the fo llow ing theo rem.

Theorem L et A = (a ij )∈M n (R ) be a rea l id em p oten t m a trix. T hen the ad join t m a trix ad j (A )

is id em p oten t.

Proof T he p roof con sists of severa l step s.

( i) Suppo se the rank r (A ) of a rea l idem po ten t m atrix A of o rder n is equa l to n. T hen

w e see tha t A = I n= I , the iden t ity m atrix. W e can com pu te ad j(A ) as I and hence ad j(A ) =

I is idem po ten t.
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( ii) Suppo se tha t r (A ) = n- 1. T hen w e can assum e, w ithou t lo ss of genera lity, tha t

A =

1 0 0 ⋯ 0 0

0 1 0 ⋯ 0 0

0 0 1 ⋯ 0 0

⋯ ⋯ ⋯ ⋯ ⋯ ⋯

0 0 0 ⋯ 1 0

a1 a2 a3 ⋯ an- 1 0

W e can com pu te ad j(A ) , the ad jo in t m atrix of A as fo llow s:

adj(A ) =

1 0 0 ⋯ 0 0

0 1 0 ⋯ 0 0

0 0 1 ⋯ 0 0

⋯ ⋯ ⋯ ⋯ ⋯ ⋯

0 0 0 ⋯ 1 0

- a1 - a2 - a3 ⋯ - an- 1 0

W e can show tha t ad j(A ) is idem po ten t.

( iii) W e referring to L emm a 1 and 2, and Exam p le 1, w e cla im tha t if A is an idem po2
ten t of rank (n- 2) , then one of the fo llow ing th ree sta tem en ts ho lds:

(1) A has tw o row s (A n- 1 and A n) each of tw o is the zero vecto r.

(2) A has tw o co lum n s (n- 1A and nA ) each of tw o is the zero vecto r.

(3) A has one row and one co lum n (A n- 1 and nA , o r A n and n- 1A ) bo th of them are zero

vecto rs.

( iv) W e ju st p rove tha t the cla im m en tioned in the above ( iii) is t rue (fo r a case). Sup2
po se tha t A is an idem po ten t of rank of (n- 2) and suppo se, in addit ion, tha t a ii= 1 fo r i=

1, 2, ⋯, n- 2 and a ii= 0 fo r i= n- 1 and i= n. T hen w e can show tha t a ij = 0 fo r i≠j and 1Φ
i, j Φ n- 3, and a ij = 0 fo r i≠j and n- 1Φ i, j Φ n. N ow if an- 1, i≠0 (1Φ iΦ n- 2) , then n- 1A ,

the n- 1 co lum n, m u st be the zero vecto r. In addit ion, if anj≠0 (1Φ j Φ n- 2) then nA ( the n

co lum n) m u st a lso be the vecto r. T h is p roves the cla im fo r a case (referring to 17, Exam p le

1).

T he rest of a ll o ther cases w ill be p roved by a sim ila r w ay u sing L emm a 2.

N ow w e see tha t ad j(A ) = 0∈M n (R ) fo r an idem po ten t m atrix of o rder (n- 2) , w here 0

deno tes the zero m atrix. T herefo re ad j(A ) is idem po ten t.

(v) L et A be an idem po ten t m atrix of rank k , w here k Φ n- 3. W e again refer to L em 2
m as 1 and 2, and Exam p le 1, and w e easily deduce tha t ad j(A ) = 0 w hen A is an idem po ten t

of rank k (kΦ n- 3). W e know tha t ad j(A ) = 0 is idem po ten t. T h is p roves T heo rem.
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