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Abstract In th is paper it is p roved tha t a ll the confo rm ally fla t m in im al hypersu rfaces in

a hyperbo lic space are either ro ta t iona l hypersu rfaces o r g lued by som e such p ieces via

to ta lly geodesic ones. Com b in ing th is resu lt w ith a p reviou s theo rem of W ang X inm in

and Xu Zh ica i, W e genera lize a theo rem of B la ir abou t a genera liza t ion of ca teno id.
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1. In troduction and ma in result

A s a classica l theo rem , it is w ell know n tha t the ca teno id is the on ly m in im al su rface of

revo lu t ion in the th ree d im en siona l Euclidean space E
3. O f cou rse it is confo rm ally fla t. P ro2

fesso r D avid E. B la ir [ 1 ] had ob ta ined an in terest ing genera liza t ion of th is p roperty as fo l2
low s:

Theorem A L et M
n , n Ε 4, be a conf orm a lly f la t, m in im a l hyp ersu rf ace im m ersed in E

n+ 1.

T hen M
n

is either a hyp ersu rf ace of revolu tion S
n- 1×M

1
w here S

n- 1
is a E uclid ean sp here and

M
1

is a p lane cu rve w hose cu rva tu re ϑ as a f unction of a rc leng th. s is g iven by ϑ= - (n- 1) Α,

Α= - 1öΜand

s =∫ Μn- 1d Μ
ûA Μ2n- 1 - 1û 1ö2 ,

w here A is a constan t, or M
n

is tota lly g eod esic.

R ecen t ly P rofesso r W ang X inm in and P rofesso r Xu Zh ica i[ 2 ] determ ined all m in im al hy2
persu rfaces of revo lu t ion in a hyperbo lic space. T hey p roved tha t the ro ta t iona l m in im al hy2
persu rfaces in the hyperbo lic space m u st be hyperp lanes o r genera lized ca teno ids.

Com paring the resu lts in [ 1 ] and [ 2 ], one can ask: w hether a ll the confo rm ally fla t

m in im al hypersu rfaces in a hyperbo lic space are of revo lu t ion of no t?
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T he aim of th ispaper is to g ive an an sw er to th is quest ion. W e shallp rove the fo llow ing

Theorem L et M
n

be a conf orm a lly f la t, m in im a l hyp ersu rf ace im m ersed in an (n+ 1) - d im en2
siona l hyp erbolic sp ace H

n+ 1, nΕ 4. T hen either M
n

is a hyp ersu rf ace of revolu tion 2 n- 1×M
1,

w here 2 n- 1
is either a g eod esic sp here, a horosp here, or an equ id istan t hyp ersu rf ace, and M

1
is

a p lane cu rve, i. e. , a cu rve w h ich lies in a tota lly g eod esic su rf ace H
2, orM

n
is g lued by som e

such p ieces v ia tota lly g eod esic ones.

Com b in ing th is T heo rem w ith the T heo rem 1 of W ang and Xu [ 2 ] , w e m ay genera lize the

resu lt of B la ir[ 1 ] to the case w here the am b ien t m an ifo ld is a hyperbo lic space.

T he m an ifo lds con sidered here are assum ed to be sm oo th and connected.

2. Proof of Theorem

L et H
n+ 1 be an (n + 1) 2dim en siona l hyperbo lic space of negat ively con stan t cu rva tu re

K 0, nΕ 4. O f cou rse it is confo rm ally fla t. A cco rd ing to a theo rem of Cartan and Schou ten,

every confo rm ally fla t hypersu rface of a confo rm ally fla t space of d im en sion grea t than 4 is

quasium b ilica l (see, fo r exam p le, Chen [ 3 ] , p. 154). H ence the confo rm ally fla t hypersu rface

M
n of H

n+ 1 is quasium b ilica l, i. e. , there ex ist funct ion s Αand Β and a un it tangen t vecto r

field U w ith its dua l 12fo rm Ξ, such tha t

h = Α�+ ΒΞ ª Ξ,

w here � and h are the m etric and the second fundam en ta l ten so rs, respect ively.

N ow in H
n+ 1 w e choo se a loca l sect ion of the o rthono rm al fram e bundle {E Λ}, Λ= 0, 1, 2,

⋯, n , such tha t E 0 is no rm al to M
n , E 1= U (so it is tangen t to M

n) , E 2, ⋯, E n are tangen t to

M
n and o rthogonal to U. In th is fram e the ten so r h has com ponen ts as fo llow s:

h 11 ≡ h (U ,U ) = Α+ Β, 　h j j ≡ h (E j , E j ) = Α,

h 1j ≡ h (U , E j ) = 0, 　h jk ≡ h (E j , E k ) = 0 ( j ≠ k ) ,

w here j , k= 2, ⋯, n.

M o reover, since M
n is m in im al, it fo llow s tha t

h 11 = - (n - 1) Α.

　　L et {ΞΛ} be the dual basis in the co tangen t bundle of H
n+ 1, the st ructu re equat ion s of

H
n+ 1 are

d ΞΛ = ΞΜ∧ ΞΛ
Μ, d ΞΛΜ- ΞΣ

Λ ∧ ΞΣΜ= -
1
2

RϖΛΜΡΣΞΡ ∧ Ξт,

w here

RϖΛΜΡΣ = K 0 (�ΛΡ�ΜΣ - �ΛΣ�ΜΡ) , ΞΛΜ= ΧΛΜΣΞΣ.

R estrict ing on to M
n , w e have Ξ0= 0, and then get the structu re equat ion s of M

n , the Gau ss

equat ion s, and the Codazzi equat ion s. N o te tha t

Χa0b = h ab (a , b = 1, 2, ⋯, n) ,
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from Codazzi equat ion s w e get

Αj = 0, (1)

ΑΧ1j1 = 0, (2)

Α(Χ1jk - Χ1k j ) = 0 ( j ≠ k ) , (3)

Αõ1 - nΑΧj1j = 0, (4)

w here j , k= 2, ⋯, n , j≠k , and

aõb = E b (a) (b = 1, 2, ⋯, n).

　　 If a= 0 at som e po in t A , then by (1) and (4) w e know d a= 0 at A . H ence the funct ion

a does no t have any iso la ted zero po in t.

If a is iden t ica lly zero , then M
n is to ta lly geodesic in H

n+ 1, hence it is a hyperp lane,

clearly it is a hypersu rface of revo lu t ion.

If a≠0 at som e po in t x ∈M
n , w e m ay con sider the dom ain 8 con ta in ing x in w h ich a≠

0 everyw here. T hen by (2) , (3) and (4) , w e get

Χ1j 1 = 0, Χj1k = Χk1j , Χj1j = Χk1k ,

w here j , k= 2, ⋯, n; j≠k. T herefo re

d Ξ1= Ξa ∧ Ξ1
a = Χ1

abΞa ∧ Ξb = Χ1
jk Ξj ∧ Ξk + Χ1

j 1Ξj ∧ Ξ1

=
1
2

(Χj1k - Χk1j ) Ξj ∧ Ξk - Χ1j1Ξj ∧ Ξ1 = 0.

So, in 8 , M
n can be fo lia ted by a system of to ta lly um b ilica l hypersu rface 2 n- 1, the in tegra l

subm an ifo lds defined by Ξ1= 0. Con sidering bo th the Gau ss equat ion s fo r M
n in H

n+ 1 and fo r

2 n- 1 in M
n , it fo llow s tha t such a 2 n- 1 is a subm an ifo ld w ith a ll po in ts Μm b ilics in H

n+ 1, and

hence it is either a geodesic sphere, a ho ro sphere, o r an equ id istan t su rface. T herefo re, in

the dom ain fo r w h ich a≠0, there ex ists a decom po sit ion M
n= 2 n- 1×M

1, w hereM
1 is an in te2

gra l cu rve of the vecto r field U.

N ow one com pu tes the cu rva tu res of the cu rveM
1 in H

n+ 1. Since the tangen t vecto r field

of M
1 is U , by the con sequence of Codazzi equat ion s, w e find tha t the first cu rva tu re is

ϑ1 = (n - 1) ûaû ,

and the second cu rva tu re is

ϑ2 = 0,

therefo re, by a theo rem abou t the cu rves in a m an ifo ld of con stan t cu rva tu re (see, fo r exam 2
p le, Sp ivak [ 4 ]) , M

1 lies in a 22dim en siona l p lane spanned by E 0 and U in H
n+ 1. D eno te th is

p lane by P.

If each 2 n- 1 is a geodesic sphere, then its cen ter lies in the p lane P. Con sidering ano ther

in tegra l cu rve of U , w e ob ta in ano ther p lane P ’ in stead of P. A ll the cen ters of these spheri2
ca l leaves of the fo lia t ion of M

n lie in bo th P and P ’, and then in their in tersect ion # , w h ich

is a geodesic of am b ien t m an ifo ld H
n+ 1. L et G be the isom etry group of H

n+ 1, and G 0 it s sub2
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group w h ich keep s each po in t of # f ixed. T hen every geodesic sphere 2 n- 1 is an o rb it of

G 0. So M
n is a hypersu rface of revo lu t ion if a≠0.

If 2 n- 1 is a ho ro sphere, then it lies in a to ta lly geodesic hypersu rface H
n. D eno te by B

n+ 1

and B
n the Po icare’s d isk m odels fo r H

n+ 1 and H
n , resdect ively. T hen the ho ro sphere 2 n- 1 is

show n by an (n- 1) 2sphere tangen t to the boundary of the m odel sphere B
n a t a po in t A ( the

“infin ite po in t”in the d irect ion of the no rm al of 2 n- 1 in H
n). T he po in t A lies on the bound2

ary of the m odel sphere B
n+ 1, too. N ow in H

n+ 1 the“infin ite po in t”A lies in bo th p lane P

and P ’, and then in their in tersect ion #. It is the sam e fo r a ll tho se leaves of type ho ro2
sphere, so in th is case M

n is a hypersu rface of revo lu t ion, too , and the geodesic # is ju st its

ro ta t iona l ax is.

F ina lly, let 2 n- 1 be an equ id istan t hypersu rface. D eno te by x the po in t a t w h ich the leaf

2 n- 1 and the cu rve M
1 in tersect. By assum e a≠0, so the first cu rva tu re of M

1 does no t van2
ish. H ence M

1 is no t a geodesic. L et # be the geodesic of H
n+ 1 th rough ing x and tangen t to

M
1. L et 2’be ano ther leaf neighbou ring 2 n- 1, and x ’the in tersect ion of 2’and #. T he in2

tegra l cu rve of vecto r field U th rough ing the po in t x ’is a p lane cu rve M ’, and the co rre2
sponding p lane w ill be deno ted by P ’. Tw o hyperbo lic p lanes P and P ’in tersect in the

geodesic #. Bo th the equ id istan t hypersu rfaces 2 n- 1 and 2’are perpendicu lar to the geodesic

# , so these tw o equ id istan t hypersu rfaces have a comm on base hyperp lane. In the sam e w ay

w e know tha t a ll tho se leaves of type equ id istan t hypersu rfaces have a comm on base hyper2
p lane, and then have a comm on perpendicu lar geodesic #. F rom th is it fo llow s tha t M

n is a

hypersu rface of revo lu t ion w ith geodesic # as its ro ta t iona l ax is.

T hu s the T heo rem is com p letely p roved.

Acknowledgem en t T he au tho r w ou ld like to thank the referee fo r va luab le suggest ion s.

References
[1 ] D. E. B la ir, O n a g enera liz a tion of the ca tenoid , Can. J. M ath. , 27 (1975) , 2312236.
[2 ] X. M. W ang and Z. C. Xu, M in im a l hyp ersu rf aces of revolu tion in hyp erbolic sp ace H

n , J.
M ath. R es. Expo sit ion. , 11 (1991) , 3832386.

[3 ] B. Y. Chen, Geom etry of subm an if old s, M arcel D ekker, Inc. , N ew Yo rk, 1973.
[ 4 ] M. Sp ivak, A Com p rehensive In trod uction to D if f eren tia l Geom etry , V o l. 4, Pub lish o r

Perish, Inc. , Berkeley, 1979.

双曲空间中的共形平坦极小超曲面
蒋　声

(扬州大学数学系, 225002)

摘　要

本文证明了双曲空间中的共形平坦极小超曲面必为旋转超曲面或由一些旋转超曲面片用
全测地超曲面片粘合而成. 将这结果与王新民及许志才的一个已发表定理相组合, 推广了
B la ir 关于推广悬链面的一个定理.
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