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Abstract　 In th is paper w e p rove tha t d 2k = ∆2k = d
2k Ε b2k , w here d 2k , ∆2k , b2k deno te

the Ko lm ogo rov, linear, Bern stein 2k2w idth s of A (B l
M
p ) in l

N
q , d

2k deno tes the

Gelfand 2k2w idth of A
T (B l

N
q’) in l

M
p’, respect ively. B l

M
p deno tes the un it ba ll of l

M
p . A

is a N ×M CVD m atrix (N > M = rank A , M is odd). 1
p

+
1

p’= 1, 1
q

+
1

q’= 1 (1Φ qΦ p

< + ∞, p≠1).
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1. In troduction

L et A be an N ×M m atrix, abb revia ted as A ∈M N ×M w ith co lum n vecto rs a
1, ⋯,

a
M. Fo r 1Φ p , q< + ∞, set

lMp : = {x ∈ RM : úx ú p = (∑
M

i= 1
ûx iû p )

1
p< + ∞},

lNq : = {x ∈ RN : úx ú q = (∑
N

i= 1
ûx iû q)

1
q< + ∞},

B lMp : = {x ∈ lMp : úx ú p Φ 1}.

　　T he n2w idth, in the sen se of Ko lm ogo rov, of A (B l
M
p ) in l

N
q is g iven by

d n (A , lMp , lNq ) : = inf
L n

sup
úx úp Φ 1

inf
y∈L n

úA x - y ú q,

w here L n is any sub space of l
N
q of d im en sion n.

T he linear n2w idth of A (B l
M
p ) in l

N
q is g iven by

∆n (A , lMp , lNq ) : = inf
P n

sup
úx úp Φ 1

úA x - P nx ú q,
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w here P n run s over a ll N ×M m atrices of rank n.

T he n2w idth of A (B l
M
p ) w ith respect to l

N
q , in the sen se of Gelfand, is defined by

d n (A , lMp , lNq ) : = inf
X n

sup
úx úp Φ 1

x⊥X n

úA x ú q,

w here X n is any sub space of l
M
p of d im en sion n.

T he n2w idth of A (B l
M
p ) in l

N
p , in the sen se of Bern stein, is g iven by

bn (A , lMp , lNq ) : = sup
X n+ 1

inf
x∈X n+ 1
úx úp Φ 1

úA x ú q,

w here X n+ 1 is any sub space of l
M
p of d im en sion n+ 1.

Fo r A ∈S T P l (N ×M ) , l= m in (N , M ) , and 1Φ qΦ p < + ∞, p ≠1, Bu slaev [ 1 ]

p roved tha t

d n (A , lMp , lNq ) = ∆n (A , lMp , lNq ) = d n (A T , lNq’, lMp’) Ε bn (A , lMp , lNq ).

　　 In th is paper, fo r A ∈CV D (N ×M ) (N > M = rankA , M is odd) , and 1Φ qΦ p < +

∞, p≠1, w e p resen t the co rresponding resu lts (fo r 2k2w idth s).

2. Prel im inar ies

D ef in it ion 1 [ 2 ]
L et A = (a ij )∈M N ×M. If a ll noz ero k×k m inors of A have the sam e sig n ,

A is sa id to be sig n- consisten t of ord er k , abbrev ia ted by A ∈ S C k (N ×M ). If a ll k×k

m inors of A a re noz ero and have the sam e sig n , A is sa id to be strictly sig n- consisten t of

ord er k , abbrev ia ted by A ∈S S C k (N ×M ).

L et x = (x 1, x 2, ⋯ , xM ) ∈RM. D eno te by S
- (x ) the num ber of sign changes in

theseqence ob ta ined from x 1,、x 2, ⋯, xM by delet ing a ll zero term s, by S
+ (x ) the m ax i2

m um num bers of sign changes po ssib le in the vecto r x by allow ing each zero to be re2
p laced by + 1 o r 21. W e define tha t

S +
c (x ) : = m ax

ϑ
S + (x ϑ, x ϑ+ 1, ⋯, xM , x 1, ⋯, x ϑ) ,

S -
c (x ) : = m ax

ϑ
S - (x ϑ, x ϑ+ 1, ⋯, xM , x 1, ⋯, x ϑ).

D ef in it ion 2[ 2 ]
L et A ∈M N ×M. If f or any y∈RM , S

-
c (A y ) Φ S

-
c (y ) , then A is sa id to be

cy clic va ria tion - d im in ish ing , abbrev ia ted by A ∈CV D (N ×M ).

L emma 1 [ 2 ]
L et A ∈M N ×M , M = 2k - 1,N > M = rankA . T hen

( i) A ∈CV D (N ×M ) Ζ A ∈S C 2r- 1, r= 1, 2, ⋯, k;

( ii) A ∈S S C 2r- 1Ζ S
+
c (A y ) Φ S

-
c (y ) , Π y≠0.

L emma 2[ 2 ]
If A ∈S C k (N ×M ) , 0 < k Φ m in (N , M ) , rankA Ε k , then there ex ists
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{A Ρ}ΡΕ 0< S S C k such tha t A Ρ→A (Ρ→+ ∞).

L emma 3 L et A ∈M N ×M. If {A Ρ}+ ∞
Ρ= 1< M N ×M

and A Ρ→A (Ρ→+ ∞) , then

d n (A Ρ, lMp , lNq ) → d n (A , lMp , lNq ) (Ρ→+ ∞) ,

∆n (A Ρ, lMp , lNq ) → ∆n (A , lMp , lNq ) (Ρ→ + ∞) ,

d n (A Ρ, lMp , lNq ) → d n (A , lMp , lNq ) (Ρ→ + ∞) ,

bn (A Ρ, lMp , lNq ) → bn (A , lMp , lNq ) (Ρ→+ ∞).

Proof W e on ly p rove tha t d n (A Ρ, l
M
p , l

N
q ) →d n (A , l

M
p , l

N
q ) (Ρ→+ ∞) , the p roof fo r the o th2

ers are sim ila r. By the defin it ion and the duality theo rem of the best app rox im at ion, w e

have

d n (A Ρ, lMp , lNq ) : = inf
L n

sup
úx úp Φ 1

inf
y∈L n

úA Ρx - y ú q

= inf
L n

sup
úx úp Φ 1

sup
f ⊥L n

ú f úq’= 1

û (f ,A Ρx ) û ( 1
q

+
1

q’= 1)

and

d n (A , lMp , lNq ) = inf
L n

sup
úx úp Φ 1

sup
f ⊥L n

ú f úq’= 1

û (f ,A x ) û.

W e on ly need to p rove tha t

sup
úx úp Φ 1

sup
f ⊥L n

ú f úq’= 1

û (f ,A Ρx ) û → sup
úx úp Φ 1

sup
f ⊥L n

ú f ú q’= 1

û (f ,A x ) û (Ρ→+ ∞)

ho lds un ifo rm ly fo r L n.

Since

û (f ,A Ρx ) û Φ û (f , (A Ρ - A ) x û + û (f ,A x ) û Φ ú f ú q’ú (A Ρ - A ) x ú q + û (f ,A x ) û

û (f ,A x ) û Φ ú f ú q’ú (A Ρ - A ) x ú q + û (f ,A x ) û ,

so Π x ∈B l
M
p , w e have

sup
f ⊥L n

ú f úq’= 1

û (f ,A Ρx ) û Φ ú (A Ρ - A ) x ú q + sup
f ⊥L n

ú f ú q’= 1

û (f ,A x ) û ,

sup
f ⊥L n

ú f úq’= 1

û (f ,A x ) û Φ ú (A Ρ - A ) x ú q + sup
f ⊥L n

ú f ú q’= 1

û (f ,A Ρx ) û ,

thu s

sup
úx úp Φ 1

sup
f ⊥L n

ú f úq’= 1

û (f ,A Ρx ) û - sup
úx úp Φ 1

sup
f ⊥ L n

ú f ú q’= 1

û (f ,A x ) û

　 Φ sup
úx ú p Φ 1

ú (A Ρ - A ) x ú q - → 0 (Ρ - →+ ∞).
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　　T herefo re

sup
úx úp Φ 1

sup
f ⊥L n

ú f úq’= 1

û (f ,A Ρx ) û → sup
úx úp Φ 1

sup
f ⊥L n

ú f úq’= 1

û (f ,A x ) û (Ρ→ + ∞)

ho lds unfo rm ly fo r L n.

So

d n (A Ρ, lMp , lNq ) → d n (A ,L M
p , lNq ) (Ρ→+ ∞).

3. The ma in results

D ef in it ion 3[ 1 ]
L et A ∈M N ×M , z∈RM , Κ∈R, 1Φ p , q< + ∞. If

A T (A z ) (q) = Κq (z ) (p ) , úz ú p = 1,

then w e say tha t (z , Κ) is a (p , q) sp ectrum coup les of A , d enoted by (z , Κ) ∈ S P (A , p ,

q). w here (a) (s) = ûaû s- 1
sg na f or rea l num bers a and s,

(z ) (s) = (ûz 1û s- 1 sgnz 1, ûz 2û s- 1 sgnz 2, ⋯, ûzM û s- 1 sgnzM )

f or vectorz = (z 1, z 2, ⋯, zM ). z is ca lled a sp ectrum vector of A , Κ is a sp ectrum num ber

of A .

Theorem 1 F or A ∈M N ×M , M is od d , rank A = M , if A ∈S S C 2r- 1, r= 1, 2, ⋯, M + 1
2

, ϑ∈

[0, M + 1
2

)∩ Z, 1< p , q< + ∞, then

SP 2k (A , p , q) c: = { (z , Κ) ∈ SP (A , p , q) : S c (z ) = k} ≠ Á ,

w here S c (z ) d enotes S
+
c (z ) = S

-
c (z ).

Proof Fo r k= 0, the p roof is easy (see [1 ]). W e on ly p rove thecase of kΕ 1.

L et

O 2k: = {y ∈ R2k+ 1: y = (y 1, ⋯, y 2k+ 1) , ∑
2k+ 1

i= 1
ûy iû = 1}.

　　Fo r any y ∈O
2k , set

u ( t, y ) : = {sgny 1, 0 Φ t < ûy 1û; ⋯ , sgny 2k+ 1,

　ûy 1û + ûy 2û + ⋯ + ûy 2k û Φ t Φ ûy 1û + ûy 2û + ⋯ + ûy 2k+ 1û},

z (y ) : = (z 1 (y ) , ⋯ , zM (y ) ) ,

w here z i (y ) = M∫
　 i

M

i- 1
M u ( t, y ) d t, i= 1, 2, ⋯,M . W e easily see tha t S

-
c (z (y ) ) Φ 2k.

D efine

Z 0 (k ) : = {z (y ) : y ∈O 2k }, Z s (k ) : = {z = z s (y ) : y ∈O 2k } < lMp ,
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w here z s (y ) sa t isf ies A
T (A z s (y ) ) (q) = Λq

s+ 1 (y ) (z s+ 1 (y ) ) (p ) w ith Λs+ 1 (y ) such tha t úz s (y )

ú p = 1, z 0 (y ) = z (y ).

It is easily know n tha t Z s (k ) is an odd, con t inuou s co rrespondence of O
2k. T hu s,

Π s∈Z+ , f rom Bo rsuk T heo rem [ 1 ] , there ex ists z
δ∈ Z s (k ) such tha t S

+
c (z

δ) Ε 2k. Set

Y s (k ) : = {y ∈O2k: S +
c (z s (y ) ) Ε 2k } ≠ Á .

T hen Y s (k ) is a clo sed sub set of O
2k. Fu rtherm o re, Y s (k ) is a com pact sub set. O bviou s2

ly, Y 0 (k ) = Y 1 (k ) = ⋯= Y s (k ) = ⋯, so tha t there ex ists y 0∈∩∞
s= 0 Y s (k ). By sim ila r

p roof of the [ 1, L emm a 1 ], there ex ists sub seqence {z si
(y 0) }si∈Z+ < {z s (y 0) }s∈Z+ such

tha t z si
(y 0) converges to a spectrum vecto r x of A , Λsi converges to the co rresponce spec2

t rum num ber Κ. and

Π s ∈ Z+ , S c
+ (z s (y 0) ) Ε 2k ] S +

c (x ) Ε 2k.

By L emm a 1, fo r any y∈O
2k , w e a lso have

S +
c (z s (y ) ) = S +

c (A T (A z s- 1 (y ) ) (q) Φ S -
c (A z s- 1 (y ) )

Φ S +
c (A z s- 1 (y ) ) Φ S -

c (z s- 1 (y ) ) Φ ⋯

Φ S -
c (z 0 (y ) ) = S -

c (z (y ) ) Φ 2k.

So

S +
c (z s+ 1 (y 0) ) Φ S -

c (z s (y 0) ) Φ 2k ] S +
c (x ) Φ S -

c (x ) Φ 2k.

T herefo re S
-
c (x ) = S

+
c (x ) = S c (x ) = 2k , i. e. (x , Κ) ∈SP 2k (A , p , q) c. T h is p roves T heo2

rem 1. □

L et

Κ2k: = inf{Κ: (z , Κ) ∈ SP 2k (A , p , q) c}.

Theorem 2 If p Ε q, then und er the sam e hyp othesis in T heorem 1

d 2k (A , lMp , lNq ) = ∆2k (A , lMp , lNq ) = Κ2k = d 2k (A T , lNq’, lMp’) Ε b2k (A , lMp , lNq )

and the cha racterics of the op tim a l subsp ace f or d 2k (w ith the op tim a l m a trix f or ∆2k ) a re

g iven.

By the sim ila r p roof of [1, T heo rem 2 ], w e m ay easily p rove tha t d 2k Ε Κ2k. Fo r p rov2
ing tha t ∆2k Φ Κ2k , w e need the fo llow ing lemm a.

L emma 4 U nd er the assum p tion of T heorem 2, w e have tha t f or any Π (z , Κ) ∈S P 2k (A ,

p , q) c, there ex ists L 2k < l
N
q , d im L 2k Φ 2k such tha t

d (A (B lMp ) ,L 2k , lNq ) : = sup
y∈L 2k

inf
x∈B lMp

úA x - y ú q Φ Κ.

Proof Π (z , Κ)∈SP 2k (A , p , q) c= { (x , Κ)∈SP (A , p , q) : S c (x ) = 2k}. By D efin it ion 3 and

L emm a 1, w e have S c (A z ) = S c (z ) = 2k. W ithou t lo ss of gerena lity, w e on ly con sider

the case of S
+ (A z ) = S

+ (z ) = 2k.

F rom S c (z ) = 2k and S
+ (z ) = 2k , there ex ists 0= i0 < i1 < i2 < ⋯ < i2k < i2k+ 1 = M
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such tha t z j ( - 1) r+ 1 Ε 0 (or Φ 0) , ir- 1 + 1 Φ j Φ ir, r = 1, ⋯ , 2k + 1, w ith the

addit iona l p roviso tha t z j = 0 im p lies j = ir fo r som e r ( If z 2k+ 1= 0 then z 2k≠0 and i2k+ 1=

i2k + 1= M ). T hu s fo r r= 1, ⋯, 2k , either (a). z irz iir+ 1< 0, o r (b). z ir
= 0, z ir- 1z ir+ 1< 0.

W e define vecto rs {e
r}2k

r= 1< RM , w here

(er) i =
ûz iû - (p - 1) , i = i l, i l + 1

0, o thers i
if z ilz il+ 1 < 0;

(er) i = ∆iil
if z il = 0.

l= 1, ⋯ , 2k , then w e have (e
r, (z ) (p ) ) = 0, r= 1, ⋯, 2k.

Sim ila rly, w e can con struct {f
r}2k

r= 1< RM such tha t (f
r, A z ) = 0, r= 1, ⋯, 2k.

Set

△ : =

(f 1,A e1) (f 1,A e2) ⋯ (f 1,A e2k )

(f 2,A e1) (f 2,A e2) ⋯ (f 2,A e2k )

⋯ ⋯ ⋯ ⋯

(f 2k ,A e1) (f 2k ,A e2) ⋯ (f 2k ,A e2k )

.

　　 If △ = 0, then, fo r Ε> 0 sm all enough w e have

△Ε: =

(f 1,A e1) + Ε (f 1,A e2) ⋯ (f 1,A e2k )

(f 2,A e1) (f 2,A e2) + Ε ⋯ (f 2,A e2k )

⋯ ⋯ ⋯ ⋯

(f 2k ,A e1) (f 2k ,A e2) ⋯ (f 2k ,A e2k ) + Ε

≠ 0,

since △Ε　is a po lym ina l w ith respect to Εw ith the roo t 0.

W ithou t lo ss of gerena lity, w e can assum e tha t △Ε 0, and △Ε> 0 as △= 0.

N ow , w e con struct the N ×M m atrix D = (d ij )∈M N ×M , by

1) If △≠0, then

d ij: =

(f 1,A e1) ⋯ (f 1,A e2k ) (f 1, a j )

⋯ ⋯ ⋯ ⋯

(f 2k ,A e1) ⋯ (f 2k ,A e2k ) (f 2k , a j )

(A e1) i ⋯ (A e2k ) i a ij

. △- 1.

　　2) If △ = 0, then

d ij: =

(f 1,A e1) + Ε (f 1,A e2) ⋯ (f 1,A e2k ) (f 1, a j )

(f 2,A e1) (f 2,A e2) + Ε ⋯ (f 2,A e2k ) (f 2, a j )

⋯ ⋯ ⋯ ⋯ ⋯

(f 2k ,A e1) (f 2k ,A e2) ⋯ (f 2k ,A e2k ) + Ε (f 2k , a j )

(A e1) i (A e2) i ⋯ (A e2k ) i a ij

. △- 1
Ε ,
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w here a
j deno tes the ith co lum n of A , (A e

l ) i deno tes the ith com ponen t of A e
l.

T hu s Π y∈RM w e have

D y =

(f 1,A e1) ⋯ (f 1,A e2k ) (f 1,A y )

⋯ ⋯ ⋯ ⋯

(f 2k ,A e1) ⋯ (f 2k ,A e2k ) (f 2k ,A y )

A e1 ⋯ A e2k A y

. △- 1,

o r

D y =

(f 1,A e1) + Ε (f 1,A e2) ⋯ (f 1,A e2k ) (f 1,A y )

(f 2,A e1) (f 2,A e2) + Ε ⋯ (f 2,A e2k ) (f 2,A y )

⋯ ⋯ ⋯ ⋯ ⋯

(f 2k ,A e1) (f 2k ,A e2) ⋯ (f 2k ,A e2k ) + Ε (f 2k ,A y )

A e1 A e2 ⋯ A e2k A y

. △- 1
Ε .

　　L et Dy = A y - P 2ky. T hen P 2k = (p ij )∈M N ×M , rank P 2k = 2k ,

p ij = a ij - d ij = ∑
2k

r= 1

brj (A er) i i = 1, ⋯ ,N , j = 1, ⋯ ,M ,

w here brj is con stan t (r= 1, ⋯ , 2k; j = 1, ⋯ ,M ).

W e m ay easily p rove som e p ropert ies of D as fo llow s (see [3 ]).

1) rangeP 2k Φ 2k , rangeP 2k deno tes the d im en sion of range of P 2k;

2) D z = A z , i. e. , P 2kz = 0;

3) sgn (A z ) id ij sgnz j Ε 0 i= 1, ⋯, N , j = 1, ⋯ ,M ;

4) ∑
N

i= 1
d isû (D z ) iû q- 1 sgn (D z ) i= Κqûz sû p - 1 sgnz s, s= 1, ⋯ ,M .

Set D + = (ûd ij û )∈M N ×M. By 3) , w e have

m ax
úy úp = 1

úD y ú q = m ax
úy úp = 1

úD + y ú q: = Λ

then there ex ists z
3 ∈RM such tha t Λ = úD + z

3 ú q, úz
3 ú p = 1.

Since D + Ε 0 ( i. e. ûd ij ûΕ 0) , w e ob ta in z
3 = (z

3
1 , ⋯, z

3
M ) Ε 0 (or Φ 0) i. e. z

3
i , i= 1,

⋯, M keep the sam e sign. W e on ly con sider the case of z
3 Ε 0, then (z

3 , Λ) is a spec2
t rum coup les of D

+ , i. e.

∑
N

i= 1
ûd irûû (D + z 3 ) iû q- 1 = Λq (z 3

r ) p - 1, r = 1, ⋯, M . (1)

F rom 3) and 4) , fo r u= (ûz 1û , ⋯, û zM û ) , w e have

∑
N

i= 1

ûd irûû (D + u ) iû q- 1 = Κqûz rû q- 1, r = 1, ⋯, M . (2)
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T hu s Κ= úD + uú q. i. e. ΚΦ Λ.

W e shall p rove ΚΕ Λ.

By the defin it ion of d ij , w e have

(i) w hen △≠0, if z r= 0, then ûd irû= 0 i= 1, ⋯ ,N . F rom (1) w e have z
3
r = 0.

( ii) W hen △= 0, fo r sufficien t sm all Ε> 0, △Ε≠0, w e haveûd ij û≠0, i= 1, ⋯, N , j

= 1, ⋯, M .

A lso , becau se ú u ú p = ú x ú p = 1, therefo re (D + u ) i > 0, i= 1, ⋯,M . F rom (2) , w e

have ûz sû≠0, s= 1, ⋯, M .

By the above discu ssion s, there ex ists a sm allest num ber Χ(Χf in ite) such tha t Χûz s

ûΕ z
3
s fo r a ll s (F rom úuú p = úz

3 ú p = 1] ΧΕ 1). T hu s

Χq- 1 û (D + u ) iû q- 1 Ε û (D + z 3 ) iû q- 1, i = 1, ⋯ ,N ,

and therefo re Χq- 1∑
N

i= 1ûd isûû (D + u ) iû q- 1Ε ∑
N

i= 1ûd isûû (D + z 3 ) iû q- 1.

F rom (1) and (2) w e ob ta in

Χq- 1Κqûz sû p - 1 Ε Λq (z 3
s ) p - 1, s = 1, ⋯,M .

T hu s

Χ
q- 1
p - 1( Κ

Λ )
q

p - 1ûz sû Ε z 3
s , s = 1, ⋯,M .

F rom the defin it ion of Χ, it fo llow s tha t ΚΕ Λ. T hu s Κ= Λ.

Set L 2k: = span{A e
1,A e

2, ⋯,A e
2k }. T hen

d (A (B lMp ) ,L 2k , lNq ) = sup
x∈A (B lMp )

inf
y∈L 2k

úx - y ú q Φ sup
z∈B lMp

úA z - P 2kz ú q (P 2kz ∈L 2k )

= sup
z∈B lMp

úD z ú q = m ax
úz úp = 1

úD + z ú q = Κ.

T h is p roves L emm a 4. 　□

The Proof of Theorem 2　By L emm a 4 and the defin it ion of d 2k (A , l
M
p , l

N
q ) , Π (z , Κ) ∈

SP 2k (A , p , q) c, w e have

d 2k (A , lMp , lNq ) Φ d (A (B lMp ) , L 2k , lNq ) Φ Κ.

F rom the p roof of L emm a 4 and the defin it ion of ∆2k (A , l
M
p , l

N
q ) , w e ob ta in

∆2k (A , lMp , lNq ) Φ sup
z∈B lMp

úA z - P 2kz ú q Φ Κ.

T hu s

d 2k (A , lMp , lNq ) Φ Κ2k and ∆2k (A , lMp , lNq ) Φ Κ2k ,

w here Κ2k = inf{Κ: (x , Κ)∈SP 2k (A , p , q) c}.

F rom [4 ], w e have

∆2k (A , lMp , lNq ) Ε d 2k (A , lMp , lNq ) , d 2k (A , lMp , lNq ) Ε b2k (A , lMp , lNq ) ;
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and d
2k (A T , lq’

N , lp’
M ) = d 2k (A , l

M
p , l

N
q ) , w here

1
p

+
1

p’= 1,
1
q

+
1

q’= 1, A
T is the

tran spo se of A . A nd w e have a lready know n tha t d 2k (A , l
M
p , l

N
q ) Ε Κ2k. H ence

d 2k (A , lMp , lNq ) = ∆2k (A , lMp , lNq ) = Κ2k = d 2k (A T , lNq’, lMp’) Ε b2k (A , lMp , lNq ).

　　Since SP 2k (A , p , q) c is a clo sed sub set, therefo re

Κ2k ∈ {Κ: (x , Κ) ∈ SP 2k (A , p , q) c}.

L et x
3 is the co rresponding spectrum vecto r, then fo r (x

3 , Κ2k ) , in the p roof of L emm a

4 the co rresponding linear sub space L 2k
3 = span {A e

1
3 , ⋯, A e

2k
3 } and the m atrix P

3
2k =

(p
3
ij ) N ×M (w here p

3
ij ∑

2k

r= 1b
3
rj (A e

r
3 ) i, i= 1, ⋯, N , j = 1, ⋯,M ) a re the op t im al sub space

fo r d 2k and the op t im al m atrix fo r ∆2k , respect ively. T h is p roves T heo rem 2. 　□

Remark 1 T he resu lt of T heo rem 2 ho lds fo r q= 1, 1< p < + ∞, too (see [5 ]).

Theorem 3 L et A ∈M N ×M , M is od d , N > M = rankA , 1Φ qΦ p < + ∞ (p ≠1). If A ∈

CV D (N ×M ) , then

d 2k (A , lMp , lNq ) = ∆2k (A , lMp , lNq ) = d 2k (A T , lNq’, lMp’) Ε b2k (A , lMp , lNq ).

Proof By L emm a 1, w e need on ly to p rove the resu lts fo r A ∈SC 2r- 1 (N ×M ) , r= 1, ⋯,
M + 1

2
.

F rom L emm a 2, there ex ists {A Ρ}< S S C 2r- 1 (N ×M ) , r= 1, ⋯, M + 1
2

, such tha t

lim Ρ→∞A Ρ= A .

By T heo rem 2 and R em ark 1, w e ob ta in

d 2k (A Ρ, lMp , lNq ) = ∆2k (A Ρ, lMp , lNq ) = d 2k (A T
Ρ , lNq’, lMp’) Ε b2k (A Ρ, lMp , lNq ) ,

1 Φ q Φ p < + ∞ (p ≠ 1).

F rom L emm a 3, it fo llow s tha t

d 2k (A Ρ, lMp , lNq ) - → d 2k (A Ρ, lMp , lNq ) (Ρ→∞)

∆2k (A Ρ, lMp , lNq ) - → ∆2k (A Ρ, lMp , lNq ) (Ρ→∞)

d 2k (A T
Ρ , lNq’, lMp’) - → d 2k (A T

Ρ , lNq’, lMp’) (Ρ→∞)

b2k (A Ρ, lMp , lNq ) - → b2k (A Ρ, lMp , lNq ) (Ρ→∞)

T hu s

d 2k (A , lMp , lNq ) = ∆2k (A , lMp , lNq ) = d 2k (A T , lNq’, lMp’) Ε b2k (A , lMp , lNq ).

T h is p roves T heo rem 3. 　□

Remark 2 Fo r p = + ∞, 1Φ qΦ + ∞, w e can ob ta in the fo llow ing resu lt

d 2k (A , lM∞, lNq ) = d 2k (A , lM∞, lNq ) = ∆2k (A , lM∞, lNq ).
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关于CVD 矩阵的 n- 宽度

伍 火 熊

(郴州师专数学系, 湖南423000)

摘　 要

本文证明了 d 2k = ∆2k = d
2k Ε b2k , 其中 d 2k , ∆2k , b2k分别表示A (B l

M
p ) 在 l

N
q 下的 Ko lm ogo rov,

线性, Bern stein 2k2宽度, d
2k表示A

T (B l
N
q’) 在 l

M
p’下的 Gelfand 2k2宽度, A 是一个N ×M 的

CV D 矩阵 (N > M = rank A , M 是奇数) , B l
M
p 表示 l

M
p 中的单位球, A

T 是A 的转置, 1
p

+ 1
p’

= 1, 1
q

+
1

q’= 1 (1Φ qΦ p < + ∞, p≠1).
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