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Abstract　W e give on alterna t ive p roof of theo rem 4. 4 in [H artm ann et a l. ’93 ].
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Cla ssif ica tion　AM S (1991) 65D 07öCCL O 241. 5

　　T he funct iona l sp lines has becom e one of the basic m ethods in CA GD. H artm ann and

Feng po in ted ou t an im po rtan t resu lt fo r its convex ity. W e at tem p t to p rove th is theo rem by

a m o re d irect and m o re elem en tary m ethod and avo id the ideas of quasiconvex and H essian

m atrix etc.

D ef in it ion 1　F or C < R
d

and f : C→R w e d if ine

S (f , Α) : = {x ∈C û f (x ) = Α}, S (f , Α) is ca lled levelsu rf ace,

U (f , Α) : = {x ∈C û f (x ) Ε Α}, U (f , Α) is ca lled up p er2levelset,

V (f , Α) : = {x ∈C û f (x ) > Α}.

D ef in it ion 2　 F or f and g be tw o p iecew ise C
12con tinous f unctions and C < U (f , 0) ∩ U (g ,

0) w ith

(1) C≠Á.

(2) # (f , g ) : = S (f , 0)∩S (g , 0)≠Á.

(3) ý f (x )≠Á f or“nea rly ”a ll p oin ts x ∈# (f , g ). T hen

F : = (1 - Λ) f - Λg n , 0 < Λ < 1, n Ε 2,

is ca ll a f unctiona l sp line rela ted to f and g.

D ef in it ion 3　 A subset D of R
n

is sa id to be convex if (1- Κ) x + Κy∈D w henever x ∈D , y∈

D and 0< Κ< 1.
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D ef in it ion 4　A su rf ace in R
n

is ca lled convex if it is a con tinuous bound a ry of a convex set

of R
n.

L emma 1 L et su rf ace F (x ) = 0 d iv id ed R
d + 1

in to reg ions 8 i, i= 1, 2, ⋯, h. T hen , in every 8 i,

f unction F (x ) is p ositive or neg a tive.

L emma 2　 T he g enera liz a tion of a rithm etic- g eom etric m ean inequa lity :

∑
n

i= 1

p iΑiö∑
n

i= 1

p i

∑
n

i= 1
p i

　 Ε 0
n

i= 1
Αp ii ,

w here p i, Αi∈R
+ . T he strict inequa lity hold s if f a ll the Αi’s a re equa l.

L emma 3　 L et n i= (a i1, a i2, ⋯, a id )∈R
d , f i (x ) = n ix + ci, i= 1, ⋯,m ;

sp an{n1, n2, ⋯, nm } = R d.

T hen there ex ists i0∈{1, 2, ⋯,m }, such tha t f i0
(x

1)≠f i0
(x

2) , (x
1≠x

2).

Theorem　 L et n i= (a i1, a i2, ⋯, a id )∈R
d , f i (x ) = n ix + ci, w here a ik , ci∈R , Κi∈R

+
f or i= 0, 1,

⋯,m ; k= 1, 2, ⋯, d.

C: = ∩
m

i= 1
V (f i, 0) w here V (f i, 0) = {x ∈R d û f i (x ) > 0}.

T hen the f unctiona l sp line S (f Λ, 0) w ith F Λ= (1- Λ) 0m
i= 1f

Κii - Λf
Κ00 is strictly convex if

span{n1, n2, ⋯, nm } = R d (1)

and

Κ0 Ε ∑
m

1
Κi. (2)

Proof (a) W e dem on stra te tha t the funct iona l sp line su rface S (F Λ, 0) con ta in s no singu lar

po in t on C.

Since the geom etric p roperty of su rface is no t rela ted to coo rd ina te system , so w e can

suppo se tha t f 0 (0) = c0, f i (0) = ciΕ 0, i= 1, 2, ⋯,m and at least one strict inequality ho lds.

If there ex ists po in t x
0= (x

0
1, x

0
2, ⋯, x

0
d ) T ∈C , such tha t ý F Λ (x

0) = 0, i. e.

5F Λ

5x k
= (1 - Λ) 0

m

i= 1
f Κii (x 0) ∑

m

j = 1

Κj a jk

f j (x 0) - Λf Κ00 (x 0)
Κ0a0k

f 0 (x 0)

= (1 - Λ) 0
m

i= 1
f Κii (x 0) ∑

m

j = 1

Κj a j k

f j (x 0) -
Κ0a0k

f 0 (x 0) = 0, k = 1, 2, ⋯, d ,

　　T hen since (1- Λ) 0m
i= 1 f

Κii (x
0)≠0, w e have

∑
m

j = 1

Κj a j k

f j (x 0) -
Κ0 a0k

f 0 (x 0) = 0, k = 1, 2, ⋯, d.
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T hu s

∑
d

k= 1

(∑
m

j= 1

Κj a jkx
0
k

f j (x 0) -
Κ0 a0kx

0
k

f 0 (x 0)
) = 0.

H ence

∑
m

j= 1

(Κj -
Κj cj

f j (x 0)
) - Κ0 = 0.

　　Since ∑
m

j = 1
Κj cj

f j (x 0) > 0, w e have Κ0< ∑
m

j = 1Κj. T h is is a con trad ict ion to Κ0Ε ∑
m

j= 1Κj.

T herefo re, S (F Λ, 0) is a regu lar sim p le su rface.

(b) W e p rove tha t there is no inflect ion po in t on S (F Λ, 0).

Fo r arb ita ry tw o differen t po in ts x
j∈F (F Λ, 0) , j = 1, 2, i. e. ,

F Λ(x 1) = F Λ (x 2) = 0.

　　W e con sider po in t x = (1- Κ) x
1+ Κx

2, 0< Κ< 1. If F Λ( (1- Κ) x
1+ Κx

2) > 0 o r F Λ( (1- Κ)

x
1+ Κx

2) < 0, then by L emm a 1 there is no inflect ion po in t on S (F Λ, 0).

Becau se every f i is an affine funct ion, i= 1, 2, ⋯, m ,

f 0 (x j ) =
1 - Λ

Λ 0
m

i= 1
f Κii (x j )

1öΚ0

, j = 1, 2.

　　T hu s

F Λ( (1 - Κ) x 1 + Κx 2)

　 = (1 - Λ) 0
m

i= 1
f Κii ( (1 - Κ) x 1 + Κx 2) - Λ f Κ00 ( (1 - Κ) x 1 + Κx 2)

　 = (1 - Λ) 0
m

i= 1
( (1 - Κ) f i (x 1) + Κf i (x 2) ) Κi - Λ( (1 - Κ) f 0 (x 1) + Κf 0 (x 2) ) Κ0

　 = (1 - Λ) 0
m

i= 1
( (1 - Κ) f i (x 1) + Κf i (x 2) ) Κi

　 - (1 - Λ) (1 - Κ) 0
m

i= 1
f Κii (x 1) 1öΚ0 + Κ 0

m

i= 1
f Κii (x 2) 1öΚ0 Κ0 (3)

　　By L emm a 2 and L emm a 3 w e ob ta in

Κ0 = ∑
m

i= 1

Κi + (Κ0 - ∑
m

i= 1

Κi)

= ∑
m

i= 1
Κi

(1 - Κ) f i (x 1)
(1 - Κ) f i (x 1) + Κf i (x 2) + (Κ0 - ∑

m

i= 1
Κi) (1 - Κ)

+ ∑
m

i= 1

Κi
Κf i (x 2)

(1 - Κ) f i (x 1) + Κf i (x 2) + (Κ0 - ∑
m

i= 1

Κi) Κ

> Κ0 0
m

i= 1

(1 - Κ) f i (x 1)
(1 - Κ) f i (x 1) + Κf i (x 2)

Κi

(1 - Κ) (Κ0- ∑m
i= 1Κi

)
1öΚ0
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　 + Κ0 0
m

i= 1

Κf i (x 2)
(1 - Κ) f i (x 1) + Κf i (x 2)

Κi

Κ(Κ0- ∑m
i= 1Κi

)
1öΚ0

(4)

F rom (4) , w e have

0
m

i= 1
( (1 - Κ) f i (x 1) + Κf i (x 2) ) Κi > (1 - Κ) 0

m

i= 1
f Κii (x 1)

1
Κ0 + Κ 0

m

i= 1
f Κii (x 2)

1
Κ0

Κ0.

　　Com b in ing (a) and (b) , S (F Λ, 0) is st rict ly convex.
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关于函数样条一个凸性定理的证明
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摘　 要

本文的主要结果是给出文献[1 ]中函数样条凸性定理4. 4的一个直接的证明.
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