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Abstract　 In th is paper it is show n tha t spaces w ith a Ρ2po in t f in ite base can be charac2
terized by the im ages of m etric spaces under certa in m ap s.
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　　A ll spaces con sidered in th is paper are T 1.

In 1963, S. H anai[ 1 ] p roved tha t a space has a Ρ2po in t f in ite base if and on ly if it is an im 2
age of a m etric space under an open, com pact and con t inuou s m ap. L. F. L iu [ 2 ] a lso ob ta ined

the sam e resu lt. T he first resu lt in th is paper is to po in t ou t a coun ter2exam p le to show the

resu lt m en t ioned above is no t t rue. N ex t w e in troduce the concep t of induct ive open, w eak

com pact and con t inuou s m ap s, and p rove tha t a space has a Ρ2po in t f in ite base if and on ly if

it is an im age of a m etric space under an induct ive open, w eak com pact and con t inuou s m ap.

F irst of a ll, w e describe a rela t ion sh ip betw een spaces w ith a Ρ2po in t f in ite base and im 2
ages of m etric spaces under open, com pact and con t inuou s m ap s. T he fo llow ing L emm a is

w ell know n, cf. [ 3, 4 ].

L emma A T 2 sp ace is a p erf ect sp ace w ith a Ρ2p oin t f in ite base if and on ly if it is an im ag es of

a m etric sp ace und er an op en , com p act and con tinuous m ap.

Exam ple T here is a regu lar space X w ith a Ρ2po in t f in ite base w h ich is no t a perfect space.

H. H. Co rson and E. M ichael[ 5 ] has show n tha t there is a non2perfect, regu lar space X

w ith a Ρ2po in t f in ite base (Exam p le 6. 4 in [5 ]). By L emm a, X is no t an im age of a m etric

space under an open, com pact and con t inuou s m ap. T hu s T heo rem 2 in [ 1 ] and T heo rem 1

in [2 ] are w rong. T he m istake of the p roof of T heo rem 1 in [2 ] is tha t the m ap f con struct2
ed in the p roof of the necessity can no t be a com pact m ap becau se f

- 1 (x ) is on ly a sub set of

the com pact sub space C x of the m etric space 0 i∈N A i. H ence the fo llow ing quest ion can be

ra ised: By m ean s of w hat m ap s can the rela t ion sh ip betw een m etric spaces and spaces w ith a
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Ρ2po in t f in ite base be estab lished? N ex t w e sha ll an sw er th is quest ion by the concep t of in2
duct ive open, w eak com pact and con t inuou s m ap s.

D ef in it ion 1 L et Z be a sp ace. A subset Y of Z is sa id to be w eak com p act in Z if the closu re of

Y in Z is com p act in Z.

D ef in it ion 2 L et g be a m ap f rom a sp ace Z on to a sp ace X . g is sa id to be ind uctive op en ,

w eak com p act and con tinuous if there is a subsp ace S of Z such tha t g ûS is an op en and con tinu2
ous m ap f rom S on to X , and g

- 1 (x )∩S is w eak com p act in Z f or each x∈X .

Theorem A sp ace has a Ρ2p oin t f in ite base if and on ly if it is an im ag e of a m etric sp ace und er

an ind uctive op en , w eak com p act and con tinuous m ap.

Proof N ecessity. By the p roof of the necessity of T heo rem 1 in [2 ], there are a m etric space

Z (= 0 i∈N A i) , a sub space S of Z and an open and con t inuou s m ap f from S on to X such tha t

there is a com pact sub space C x of Z w ith f
- 1 (x ) < C x fo r each x∈X . T ake a po in t x 0∈X .

W e define a m ap g from Z on to X by

g (z ) =
f (z ) , z ∈ S ,

x 0, z ∈ Z øS.

It is easy to check tha t g is an induct ive open, w eak com pact and con t inuou s m ap from Z on2
to X .

Sufficiency. L et g be an induct ive open, w eak com pact and con t inuou s m ap from a m et2
ric space Z on to X . T hen there is a sub space S of Z such tha t g lS is an open, con t inuou s m ap

from S on to X , and g
- 1 (x )∩S is w eak com pact in Z fo r each x∈X . L et f = g lS. Since Z is

m etric, it has a Ρ2loca lly fin ite base B by the classica l N agata2Sm irnov m etriza t ion theo rem.

D eno ted B by ∪{Bn: n∈N }, w here Bn is loca lly fin ite in Z fo r each n∈N . Pu t

P = ∪ {P n: n ∈N },

w here P n= {f (B ∩S ) : B ∈Bn} fo r each n∈N , then P is a base of X becau se f is an open

and con t inuou s m ap from S on to X . Fo r each x∈X , f
- 1 (x ) is com pact in Z , then

{f - 1 (x ) ∩B : B ∈Bn}

is fin ite by the loca lly fin iteness of Bn, thu s

{f - 1 (x ) ∩B ∩ S : B ∈Bn}

is fin ite. Since f
- 1 (x ) is clo sed in S ,

f - 1 (x ) ∩ S = f - 1 (x ) ,

hence {f
- 1 (x )∩B ∩S : B ∈Bn} is fin ite, therefo re P n is po in t f in ite a t po in t x. So , P is a

Ρ2po in t f in ite base fo r X , i. e. , the space X has a Ρ2po in t f in ite base.
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具有 Ρ2点有限基的空间
林　 寿
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摘　 要

本文纠正了H anai等用开紧连续映射刻画具有 Ρ2点有限基的空间的一个错误,定义了诱
导开的弱紧连续映射建立度量空间与具有 Ρ2点有限基空间的映射联系.
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