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Spaces with a 0-Point Finite Base

L in Shou
(N ingde T eachers College, Fujian 352100)

Abstract In thispaper it is shown that gpacesw ith a g=point finite base can be charac-
terized by the imagesof metric gaces under certainmaps
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A Il paces considered in thispaper are T

In 1963, S Hanai'" proved that a pace has a ¢-point finite base if and only if it isan im-
age of ametric gace under an open, compact and continuousmap. L. F. L iu™® alo obtained
the same result The first result in thispaper is to point out a counter-exanple to show the
result mentioned above is not true N extw e introduce the concept of inductive open, w eak
compact and continuousmaps, and prove that a gace has a o-point finite base if and only if
it isan mage of ametric ace under an inductive open, w eak compact and continuousm ap.

First of all, we describe a relationship betw een gpacesw ith a gpoint finite base and im-
ages of metric gaces under open, compact and continuousmaps The follow ing L anma is
well known, cf [3,4]

LanmaA T:2gaceisa perf ect pacew ith a o-point f inite base if and only if it isan images d
ametric gpace under an gen, canpact and continuousm ap.

Example There is a regular gpace X w ith a gpoint finite basew hich is not a perfect gace
H. H. Coroon and E M ichael” has shown that there is a non-perfect, regular gace X
w ith a o-point finite base (Example & 4 in [5]). ByL enma, X isnot an image of ametric
gace under an open, compact and continuousmap. Thus Theorem 2 in [1] and Theoran 1
in [2] arew rong Themistakeof the proof of Theorem 1 in [2] is that themap f construct-
ed in the proof of the necessity can not be a compactmap because f ~ *(x) isonly a subset of
the compact subgpace Cx of the metric gpace Il nA. Hence the follow ing question can be
raised: By meansof whatmaps can the relationship betw een metric gpaces and gacesw ith a
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o-point finite base be established? N extw e shall ansv er this question by the concept of in-
ductive open, weak compact and continuousmaps

Definition 1L et Z bea pace A subset Y o Z issaid to bew eak canpact in Z if the closure o
Y in Z iscanpact in Z

Definition 2L et g beamap fran a pace Z onto a pace X. g is said to be inductive gpen,
w eak canpact and continuous if there isa subgpaceS o Z such that g |s isan gpen and continu-
ousmap fran S onto X, and g *(x) NS isw eak canpact in Z for each x  X.

Theoran A space has a o-point f inite base if and only if it isan imaged ametric space under

an inductive goen, w eak canpact and continuousm ap.
Proof N ecessity. By the proof of the necessity of Theoren 1 in [2], there are ametric ace
Z (=TI nAi), asubgpaceS of Z and an open and continuousmap f from S onto X such that

there is a compact subgpace Cxof Zwith f *(x) C Cx for each x X. Take apoint xo X.
W e define amap g from Z onto X by

) f (z), z s,

9(2) = {XO, z Z°S

It iseasy to check that g isan inductiveopen, weak compact and continuousmap from Z on-
to X.

Sufficiency. L et g be an inductive open, weak compact and continuousmap from amet-
ric pace Z onto X. Then there isa subspace S of Z such that gls isan open, continuousmap
from SontoX, andg ‘(x) NS isweak compact in Z foreach x X. Letf= gls SinceZ is
metric, it hasa o-locally finite base B by the classical N agata-Sm irnov metrization theorem.
Denoted B by {B~n N}, where Bnislocally finitein Z for eachn N. Put

P= {P~n N},
where Pn={f BnS):B PBn} foreachn N, then P isabaseof X because f isan open
and continuousmap from S onto X. For each x X, m iscompact in Z, then
{m NnB:B B-}
isfinite by the locally finitenessof B, thus
{m NnBnS:B B}
isfinite Sincef '(x) isclosed in' S,
f ') nSs=f '(x),

hence {f *(x)nBnS:B PBn} isfinite, therefore P ispoint finite at point x. So, P isa
o-point finite base for X, i e , the ace X hasa o-point finite base
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