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关 于 正 则 模 的 序
Ξ

张　远　平
(湖南师范大学数学系, 长沙410006)

摘　要　本文首次在模中引入序的概念, 并就正则模给出序的一些性质.
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R. E. H artw ig
[ 1 ]在半群中提出了序的概念, 并在环中讨论了这种序, 特别地, [ 2 ]和[ 3 ]论

述了正则环中的序和极大元的一些性质. 实际上, 关于矩阵广义逆的研究已涉及了这个问题

(参看[ 4 ], [ 5 ], [ 6 ]). 在这些基础上, 本文在模中提出序的概念, 并就正则模给出序的一些性

质.

本文中, R 总是指有单位元的结合环, 所有的模都是单式的右 R 2模, 模的同态写在左边.

若M 是环R 上的模, 记M
3

= Hom R (M , R ) , S = EndR (M ). 自然,M
3 可以看作是R 2S 2双模,

M 可看作是S 2R 2双模. 定义映射 ( , ) :M
3 á SM →R ; f á m → f (m ) 和[ , ];M á RM

3 →S :

m á f → [m , f ], 易见, 它们分别是R 2R 2线性的和S 2S 2线性的, 且对于任意m ,m 1 ∈M 及 f ∈

M
3 有[m , f ]m 1 = m f (m 1). 记A nnR (M ) = {r ∈R ûM r = 0}.

对于R 2模M 中的元m ,m = m x (m ) 在M
3 中的解称为m 的内逆, 记为m - ; m = m x (m ) ,

x = (x ,m ) x 在M
3 中的解称为m 的自反逆, 记为m + . 易见, 对于正则模来说, 模中每个元都存

在内逆和自反逆, 但一般不唯一. 给定m ∈M , 若m 有一个内逆m - , 可以证明

命题 1　{m 的内逆} = m - + (1R - (m - ,m ) )M
3 + M

3 (1S - [m ,m - ]) ;

{m 的自反逆} = (m - + (1R - (m - ,m ) )M
3 )m (m - + M 3 (1S - [m ,m - ]) ) ,

其中 1R 和 1S 分别是 R 和 S 的单位元.

证明　显然,m - + (1R - (m - ,m ) )M 3 + M 3 (1S - [m ,m - ]) Α {m 的内逆}. 若 x 是m

的内逆, 则m x (m ) = m , (m - ,m ) (x ,m )m - 1 = (m - ,m )m - , 则 (1R - (1R - (m - ,m ) ) ) x (1S -

(1S - [m ,m - ]) ) = m - (1S - (1S - [m ,m - ]) ) , 展开易得 x = m - + ( (m - ,m ) x - m - ) (1S -

[m , m - ]) + (1R - (m - ,m ) ) x , 即{m 的内逆} Α m - + M 3 (1S - [m ,m - ]) + (1R - (m - ,

m ) )M 3 .

显然{m 的自反逆} Α {m 的内逆}, 所以易见{m 的自反逆} Α (m - + (1R - (m - ,

m ) )M 3 )m (m - + M 3 (1S - [m ,m - ]) ). 反包含显然.

下面利用内逆给出模中序的定义.
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定义　对于R 2模M 中的任何元素m , n , 若存在m 的内逆m - 及m = , 使得 (m - ,m ) =

(m - , n) , [m ,m = ] = [n ,m = ], 定义m ≤ n.

下文中的模皆指正则模.

定理 2　 对于R 2模M 中的任意元m , n , 下列条件等价:

(1)　m ≤ n.

(2)　存在m 的自反逆m + , 使得 (m + ,m ) = (m + , n) , [m ,m + ] = [n ,m + ].

(3)　m R Α nR , Sm Α S n ,m R ∩ (n - m )R = 0, Sm ∩ S (n - m ) = 0.

(4)　存在m 的自反逆m + 及 y ∈M , 使得 n = m + (1S - [m ,m + ]) y (1R - (m + ,m ) ).

证明　 (1) Ζ (2)　取m + = (m - ,m )m = 或 (m = ,m )m - 即可.

(2) ] (3)　显然m (m + , n) = m = n (m + ,m ) , 所以,m R Α nR , Sm Α S n. 若m r = (n -

m ) r′, sm = s′(n - m ) , 其中 r, r′∈R , s, s′∈S , 则m r = [m ,m + ]m r = [m ,m + ] (n - m ) r′=

0, sm = sm (m + ,m ) = s′(n - m ) (m + ,m ) = 0, 于是就有m R ∩ (n - m )R = 0, Sm ∩S (n -

m ) = 0.

(3) ] (2)　 由m R Α nR 及Sm Α S n 易见 n (n+ ,m ) = m ,m (n+ , n) = m , 则 (n - m ) (n+ ,

m ) + m (n+ ,m ) = m , 由此知m (n+ ,m ) = m. 令 x = (n+ ,m ) n+ , 可证m (x ,m ) = m , (x ,m ) x

= x , 即 x 是m 的自反逆, 且[n , x ] = [n (n+ ,m ) , n+ ] = [m (n+ ,m ) , n+ ] = [m , x ], (x , n) =

(n+ ,m (n+ , n) ) = (n+ ,m (n+ ,m ) ) = (x ,m ) , 即存在m 的自反逆m + , 使得 (m + ,m ) = (m + , n) ,

[m ,m + ] = [n ,m + ].

(4) ] (2)　显然.

(2) ] (4)　 由 (2) 知,m (m + , n) = n (m + ,m ) = m , 于是, n = m + (1S - [m ,m + ]) n = m

+ n (1R - (m + ,m ) ) , 因此, n = m + (1S - [m ,m + ]) (m + n (1R - (m + ,m ) ) = m + (1S - [m ,

m + ]) n (1R - (m + ,m ) ).

推论　m ≤ n 当且仅当 n - m ≤ n 当且仅当 nR = m R Ý (n - m )R 且S n = Sm Ý S (n

- m ).

正则模中所有元素关于定义中的二元关系“≤”实际上构成一个偏序集, 为此, 先证

引理 3　m ≤ n , 则对于任何 n+ ,m (n+ ,m ) = m .

证明　由m ≤ n 知, 存在m 的自反逆m + , 使得[m ,m + ] = [n ,m + ], 且 Sm Α S n , 则

[m , n+ ] [m ,m + ] = [m , n+ ] [n ,m + ] = [m (n+ , n) ,m + ] = [m ,m + ],

因此,

m (n+ ,m ) = [m , n+ ] [m , n+ ]m = [m ,m + ]m = m .

引理 4　m ≤ n 当且仅当存在m 的自反逆m + , 使得对于所有的 n 的自反逆 n+ , 有 (m + ,m )

= (m + , n) = (n+ ,m ) , [m ,m + ] = [n ,m + ] = [m , n+ ].

证明　若m ≤ n , 则存在m + 使得 (m + ,m ) = (m + , n) , [m ,m + ] = [n ,m + ], 对于任意 n+ ,

作 x = (n+ ,m ) n+ , 由引理 3不难验证 x 是m 的自反逆, 且 (x ,m ) = (n+ ,m (n+ ,m ) ) = (n+ ,m )

= (n+ ,m (n+ , n) ) = (x , n) , [m , x ] = [m (n+ ,m ) , n+ ] = [m , n+ ] = [n (n+ ,m ) , n+ ] = [n , x ].

反之显然.

由上的引理可以证明

定理 5　 模M 中的二元关系“≤”使得M 中的元构成一个偏序.
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证明　 (1)　反身性显然.

(2)　 反对称性: 若m ≤ n , n ≤m , 则存在m + 及 n+ 使得 (m + ,m ) = (m + , n) , [m ,m + ] =

[n ,m + ], (n+ ,m ) = (n+ , n) , [m , n+ ] = [n , n+ ], 则由引理 3 知,

m = m (n+ ,m ) = n (n+ , n) = n.

(3)　传递性: 若m ≤n , n ≤q, 由引理 4, 可以适当地选择m + , 使得 (m + ,m ) = (m + , n) =

(n+ , m ) , [m ,m + ] = [n ,m + ] = [m , n+ ], 其中 n+ 使得 (n+ , n) = (n+ , q) , [n , n+ ] = [q, n+ ]. 于

是, [m ,m + ]q = m (n+ , q) = m (n+ , n) = m = [n , n+ ]m = [q, n+ ]m = q (n+ ,m ) = q (m + ,m ) ,

由此式即得 (m + ,m ) = (m + , q) , [m ,m + ] = [q,m + ], 即m ≤ q.

命题 6　m ≤ n 当且仅当对于任意 n - ,m (n - ,m ) = m .

证明　若m ≤ n , 则存在m + 使得 (m + ,m ) = (m + , n) , [m ,m + ] = [n ,m + ], 于是m (n - ,

m ) = m (m + ,m ) n - [m ,m + ]m = m (m + , n) n - [n ,m + ]m = m (m + , n) (m + ,m ) = m (m + ,

m ) (m + ,m ) = m.

反之, 取定一个 n - , 由命题 1 知, n - + M 3 (1S - [n , n - ]) 中任意元都是m 的内逆, 则

m (n - + M 3 (1S - [n , n - ]) )m = m , [m ,M 3 ] (1S - [n , n - ])m = 0, 由正则模的半素性即知m

= n (n - ,m ) , 于是m R Α nR ; 同理, 由 n - + (1R - (n - , n) )M 3 中的任意元都是m 的内逆得m

= m (n - , n) , 于是 Sm Α S n. 若m r = (n - m ) r′∈m R ∩ (n - m )R , sm = s′(n - m ) ∈ Sm

∩ S (n - m ) , 其中 r, r′∈R , s, s′∈S , 则m r = m (n - ,m ) r = [m , n - ] (n - m ) r′= (m (n - , n)

- m (n - ,m ) ) r′= 0, sm = sm (n - ,m ) = s′(n - m ) (n - ,m ) = s′(n (n - ,m ) - m (n - ,m ) ) = 0,

即m R ∩ (n - m )R = 0, Sm ∩ S (n - m ) = 0, 由定理 2 知m ≤ n.

推论　m ≤ nΖ {n 的内逆} Α {m 的内逆}; m = nΖ {n 的内逆} = {m 的内逆}.

命题 7　M 是R 2模,m , n , l, ⋯都是M 中的元素, 则

(1)　0 ≤m .

(2)　若m ≤ n ,m R = nR , 则m = n;

(3)　若m ≤ n , Sm = nR , 则m = n;

(4)　若 r ∈R ,m ≤m r, 则m = m r;

(5)　若 s ∈ S ,m ≤ sm , 则m = sm ;

(6)　若 x = m - 当且仅当m ≤m (x ,m ) ;

(7)　若对于任意 x , x ′∈M 3 , (x ,m ) = (x , n) , [m , x ′] = [n , x ′], 则m = n;

(8)　若m ≤ n , 且存在 x ∈M 3 使得 (x ,m ) = 1R , 则m = n;

(9)　若m ≤ n , 且存在 x ∈M 3 使得[m , x ] = 1S , 则m = n;

(10)　若m ≤ n , s, r 分别是 S , R 中的可逆元, 则 sm r ≤ sn r;

(11)　若 (n - , n) = 1R , 则m ≤ n 当且仅当m (n - ,m ) = m , n (n - ,m ) = m ;

(12)　若[n - , n ] = 1S , 则m ≤ n 当且仅当m (n - ,m ) = m , n (n - ,m ) = m .

证明　利用定理 2, 定理 5 及命题 6 即可.

既然定理 5 说明正则模中元素关于二元关系“≤”构成一个偏序集, 那么对于这种二元关

系可以考虑正则模中极大元的问题. 先给出如下定义

定义　对于R 2模M 中的元m , n , 若m ≤ n , 则一定有m = n , 便称m 是M 中的极大元.

记M 中极大元的集合为 Λ.
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定理 8　 对于R 2模M , 下列条件等价:

(1)　m ∈ Λ.

(2)　对于所有的m + , (1S - [m ,m + ])M (1R - (m + ,m ) ) = 0.

(3)　对于所有的m - , (1S - [m ,m - ])M (1R - (m - ,m ) ) = 0.

(4)　m r ∈ Λ, r 是R 的可逆元,

(5)　sm ∈ Λ, s 是 S 的可逆元.

若A nnR (M ) = 0, 则还有:

(6)　对于所有的m + , (1R - (m + ,m ) )M 3 (1S - [m ,m + ]) = 0,

(7)　对于所有的m - , (1R - (m - ,m ) )M 3 (1S - [m ,m + ]) = 0,

(8)　m 的每个内逆都是M 的自反逆.

证明　 (1) ] (2) 由定理 2 知, 对任何m + 及 t ∈M ,m ≤ n = m + (1S - [m ,m + ]) t (1R -

(m + ,m ) ) , 由m ∈ Λ知,m = n , 即 (1S - [m ,m + ]) t (1R - (m + ,m ) ) = 0.

(2) ] (3)　对于任何m - , 取m + = (m - ,m )m - 即可.

(3) ] (2) 及 (1) Ζ (4) Ζ (5) 显然.

(2) ] (1)　由定理 2 知, 若m ≤ n , 则一定存在m + 及 t ∈M 使得 n = m + (1S - [m ,

m + ]) t (1R - (m + ,m ) ) , 由 (2) 知,m = n , 即m ∈ Λ.

(3) ] (7)　 由 (3) 知,M (1R - (m - ,m ) )M 3 (1S - [m ,m - ])M (M 3 ,M (1R - (m - ,

m ) )M 3 (1S - [m ,m - ])M ) Α M (1R - (m - ,m ) )M 3 (1S - [m ,m - ])M (1R - (m - ,m ) )M 3 (1S

- [m ,m - ])M = 0, 由正则模的半素性知M (1R - (m - ,m ) )M 3 (1S - [m ,m - ])M = 0, 由于

A nnR (M ) = 0, 于是

(1R - (m - ,m ) )M 3 (1S - [m ,m - ])M = 0, (1R - (m - ,m ) )M 3 (1S - [m ,m - ]) = 0.

(6) Ζ (7)　显然.

(7) ] (8)　 由 (7) 知对任何m - , (1R - (m - ,m ) )m - (1S - [m ,m - ]) = 0,m - = (m - ,

m )m - , 所以,m - 是m 的自反逆.

(8) ] (6)　对于任何m + 及 f ∈M 3 ,m + + f (1S - [m ,m + ]) 是m 的内逆, 因此也是自反

逆, 于是, (m + + f (1S - [m ,m + ]) ,m ) (m + + f (1S - [m ,m + ]) = m + + f (1S - [m ,m + ]) , 由

此得, (1R - (m + ,m ) ) f (1S - [m ,m + ]) = 0.

(6) ] (2)　由 (6) 知M (1R - (m + ,m ) ) (M 3 , (1S - [m ,m + ])M ) = 0, 于是, (1S - [m ,

m + ])M (1R - (m + ,m ) ) (M 3 , (1S - [m ,m + ])M (1R - (m + ,m ) ) ) = 0, 由正则模的半素性可知

(2) 成立.

命题 9　M 是R 2模,A nnR (M ) = 0,m 是M 的极大元,

(1)　若m (x ,m ) = 0, 则

　 ( i)　对于所有的m + , x = (x ,m )m + + (m + ,m ) x ;

　 ( ii)　 (x ,m ) x = 0.

(2)　若[m , x ] = 0, (x ,m ) = 0, 则 x = 0.

证明　 (1) 对于任何m + , 由m (x ,m ) = 0 知,m (x + m + ,m ) = m , 即 x + m + 是m 的内

逆, 于是由命题 1, 存在 x 1, x 2 ∈M 3 使得 x + m + = m + + (1R - (m + ,m ) ) x 1 + x 2 (1S - [m ,
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m + ]) , 即 x = (1R - (m + ,m ) ) x 1 + x 2 (1S - [m ,m + ]) , 由定理 7 知, (1R - (m + ,m ) ) x = (1R

- (m + ,m ) ) x 1, x (1S - [m ,m + ]) = x 2 (1S - [m ,m + ]) , 于是

x = (m + ,m ) x + x (m ,m + ).

由定理 8 知, x + m + 是m 的自反逆, 则

(x + m + ,m ) (x + m + ) = x + m + ,

即

(x ,m ) x + (m + ,m ) x + (x ,m )m + + m + = x + m + ,

由上一段即知 (x ,m ) x = 0.

(2)　由 (1) 易知.
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On the Orders of the Regular M odules

Z hang Y uanp ing
(H unan N o rm al U niversity, Changsha 410006)

Abstract

T he concep t of the o rder in m odu le is in troduced fo r the first t im e, som e p ropert ies of

the o rders are d iscu ssed.

Keywords　regu lar m odu le, o rder, inner inverse, reflex ive inverse.
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