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加 权 Fan Ky 不 等 式 及 其 加 细
Ξ

姜　天　权
(济宁师范专科学校, 山东272125)

摘　要　本文简证了加权 Ky Fan 不等式, 给出了两种加细形式.
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本文中设 x i ∈ (0,
1
2

], p i > 0, i = 1, 2, ⋯, n , 2 = ∑
n

i= 1
, 0 = ∏

n

i= 1
, P n = ∑

n

i= 1
p i. 分别以A n =

2p ix i

P n
, G n = 0 x

p i
P n
i ,A ′

n =
2p i (1 - x i)

P n
, G′

n = 0 (1 - x i)
p i
P n 表示诸 x i 及诸 (1 - x i) 的加权算术平

均和加权几何平均. 有 Ky Fan 不等式[ 1 ]

0 x i

(2x i)
n ≤

0 (1 - x i)
[2 (1 - x i) ]

n (1)

　　定理1

G n

G′
n
≤

A n

A ′
n

(2)

　　证明　函数 f (x ) = ln
1- x

x
, x ∈ (0,

1
2

]是连续下凸函数, 由 Jen sen 不等式 f ( 1
P n

2p ix i) ≤

1
p n

2p if (x i)得

P n ln (
1-

1
P n

2p ix i

1
P n

2p ix i

)≤2p i ln
1- x i

x i

即[
2p i (1- x i)

2p ix i
]

P n≤0 (
1- x i

x i
)

p i. □

上述证明较之用归纳法和反向归纳法等证法简易[ 2, 3, 4 ]
. 当诸 p i=

1
n
时, (2)式即为 (1)式.

与 (2)中此式对应的差式是下面的不等式.

定理2

G n - G′
n ≤A n - A ′

n. (3)

　　证明　记 f (x 1, ⋯, x n) = G n- G
′
n- A n+ A

′
n. 设其最大值在 aλ= (a1, ⋯, an) ∈[ 0,

1
2

]
n 达到.
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今证 a1= a2= ⋯= an.

若 aλ 是[0,
1
2

]n 的内点, 有ý f (a1, ⋯, an) = 0, 计算得

P n

p i
f ′

x i
=

G n

x i
+

G′
n

1 - x i
- 2

记 p (x ) = (1- x )G n + x G
′
n - 2x (1- x ) , 为 x 的二次式. p (0) > 0, 2p ( 1

2
) = G n + G

′
n - 1≤A n +

A
′
n- 1= 0, 知 P (x )在 (0,

1
2

)内恰有一个实根, 故得 a1= a2= ⋯= an , 于是有

f (x 1, ⋯, x n)≤f (a1, ⋯, an) = 0, Π (x 1, ⋯, x n)∈[0,
1
2

]
n
.

若 aλ 是[0,
1
2

]
n 的边界点, 分两种情况:

(1) 　aλ 的各分量均不为0, 设有 l (≥1) 个为 1
2

, 不妨设 ak+ 1= ⋯= an =
1
2

, 1≤n - k = l≤n

- 1.

记 h ( x 1, ⋯, x k ) = f ( x 1, ⋯, x k ,
1
2

, ⋯,
1
2

) = ( 1
2

)
P n- P k

P n [ G

P k
P n
k - ( G

′
k )

P k
P n ] +

p 1 (1- 2x 1) + ⋯+ p k (1- 2x k )
P n

, 有

h (a1, ⋯, ak ) ≥ h (x 1, ⋯, x k ) , 　Π (x 1, ⋯, x k ) ∈ [0,
1
2

]
k
, (4)

其中0< a i<
1
2

( i= 1, 2, ⋯, k ) , 有ý h (a1, ⋯, ak ) = 0. 计算可得

P n

p i
h
′
x i

= ( 1
2

)
P n- P k

P k [G

P k
P n
k ( 1

x i
) + G

′
P k
P n

k (1-
1
x i

) ]- 2.

令Q (x ) = ( 1
2

)
P n- P k

P k [G

P k
P n
k (1- x ) + G

′
P k
P n

k (1-
1
x i

) ]- 2, 有Q (0) > 0, Q ( 1
2

) < 0, 知Q (x ) 在

(0,
1
2

)内恰有一个根, 得 a1= a2= ⋯= ak. 下面证 a1= ⋯= ak =
1
2

.

记 hζ (x ) = h (x , ⋯, x ) = ( 1
2

)
P n- P k

P n [x

P k
P n - (1- x )

P k
P n ]+

P k (1- 2x )
P n

,
1
Αhζ′(x ) = (2x ) Α- 1+ [2 (1

- x ) ]
Α- 1

- 2, 其中
P k

P n
= Α∈ (0, 1).

记 P (Α) = (2x ) Α- 1+ [2 (1- x ) ]
Α- 1- 2. 有 P ′(Α) = (2x ) Α- 1

ln (2x ) + (2- 2x ) Α- 1
ln (2- 2x ).

P " (Α) = (2x ) Α- 1
ln

2 (2x ) + (2- 2x ) Α- 1
ln

2 (2- 2x ) > 0, P ′(Α) 严格递增, P ′(Α) < P ′(1) = ln (2x )

+ ln (2- 2x ) = ln4x (1- x ).

记 q (x ) = ln4x (1- x ) , q′(x ) =
1- 2x

x (1- x ) , q" (x ) =
- 2 (x 2- x +

1
2

)

x 2 (1- x ) 2 < 0, 知 q′(x ) 严格递

减, q′( 1
2

) = 0, 得 q′(x ) > 0, 于是 q (x )严格递增, 又 q ( 1
2

) = 0, 故 q (x ) < 0, 即 P ′(1) < 0, P ′(Α)

< 0知 P (Α)严格递减, 则 P (Α) > P (1) = 0, 即 hζ′(x ) > 0, hζ (x ) 严格递增. 于是有 h (a1, ⋯, ak ) =

hζ (a1) < hζ ( 1
2

) = h ( 1
2

, ⋯,
1
2

) , 此与 (4)矛盾, 由此得 a1= ⋯= ak =
1
2

. 得证.
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(2) 　aλ 的 l (≥1) 个分量为0, 不妨设 ak+ 1= ⋯= an= 0, 1≤n - k = l≤n - 1. 定义 Υ: [ 0,

1
2

]k→R.

Υ(x 1, ⋯, x k ) = f (x 1, ⋯, x k , 0, ⋯, 0) = - (G′
k )

P k
P n -

P k

P n
A k +

P kA
′
k

P n
+

P n- P k

P n

计算得
P n

p i
Υ′

x i
=

(G′
k )

Α

1- x i
- 2, Α∈ (0, 1). 记 Ω(Α) =

(G′
k )

Α

1- x i
- 2, Ω″(Α) > 0, Ω(Α)为严格下凸, Ω(0)≤0, Ω

(1)≤0, 故 Ω(Α) < 0, 即 Υ′
x i

< 0, Υ严格递减, 于是

Υ(x 1, ⋯, x k )≤Υ(0, ⋯, 0) = 0, 　Π (x 1, ⋯, x k )∈[0,
1
2

]
k

由此得知 a1= a2= ⋯= ak = 0. □

不等式 (2)的一个等价形式是

A ′
n

G′
n
≤

A n

G n
. (5)

现证明 (5)的两个加细形式.

定理3 (加细一)

A ′
n

G′
n
≤

1 - G′
n

1 - A ′
n
≤

A n

G n
. (6)

　　证明　函数 f (x ) = x (1 - x ) 在[
1
2

, + ∞) 上严格递减, 又 1
2
≤G′

n ≤A ′
n < 1, 故 f (A ′

n)

≤ f (G′
n). 得 (6) 式左边成立.

由A n + A ′
n = 1 并且 (3) 式得

G n (1- G
′
n)≤G n (A n+ A

′
n- G

′
n)≤G n (2A n- G n)≤A

2
n

得 (6)式右边成立. □

定理4 (加细二)

A ′
n

G′
n
≤

1 - G n

1 - A n
≤

A n

G n
(7)

　　证明　f (x ) = x (1- x )在 (0,
1
2

]上严格递增, 0< G n≤A n≤
1
2

, 可得 (7)式右边成立.

今证左边不等式 (与定理2证明过程类似).

证明　g (x 1, ⋯, x n) = (1- G n ) G
′
n - (1- A n ) 2

, 设其最小值在 a- = (a1, ⋯, an ) ∈ [ 0,
1
2

]
n 达

到. 今证 a1= ⋯= an.

若 a- 是[0,
1
2

]
n 的内点, 有ý g (a1, ⋯, an) = 0,

P n

p i
g

′
x i

= -
G nG

′
n

x i
-

(1- G n)G′
n

1- x i
+ 2 (1- A n)

记 P (x ) = - G nG
′
n (1- x ) - (1- G n) G

′
nx + 2 (1- A n) x (1- x ) = 0, p (0) < 0, 2P ( 1

2
) = - G

′
n + 1

- A n≥1- A
′
n- A n= 0. 得 P (x ) = 0在 (0,

1
2

)恰有一个根, 于是 a1= a2= ⋯= an , 结论成立.

若 a- 是边界点.
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( i)　a- 的分量全不为0, 设有 l (≥1)个为 1
2

, 不妨设 ak+ 1= ⋯= an=
1
2

, 1≤n- k= l≤n-

1. 定义 h: [ 0,
1
2

]k→R

h (x 1, ⋯, x k ) = g (x 1, ⋯, x k ,
1
2

, ⋯,
1
2

) =
1
2

[1-
1
2

(2G k )
P k
P n ] (2G

′
k )

P k
P n - [

1
2

+
P k ( 1

2
- A k )

P n
]2

有

h (x 1, ⋯, x k ) ≥ h (a1, ⋯, ak ) , 　Π (x 1, ⋯, x k ) ∈ [0,
1
2

]
k
, (8)

0< a i<
1
2

, 有ý h (a1, ⋯, ak ) = 0, 计算可得

P n

p i
h
′
x i

= -
1
4

(4G kG
′
k )

P k
P nõ 1

x i
-

1
2

(2G
′
k )

P k
P n

1
1- x i

+
1
4

(G kG
′
k )

P k
P nõ 1

1- x i
+ (

- 2P kA k

P n
+ 1+

P k

P n
)

记Q (x ) =
1
4

(4G kG
′
k )

P k
P n (2x - 1) -

1
2

(2G
′
k )

P k
P nõx + (

- 2P kA k

P n
+ 1+

P k

P n
) x (1- x ) = 0. 有Q (0) < 0,

4Q ( 1
2

) = - (2G
′
k )

Α- 2A k Α+ 1+ Α, 其中 Α=
P k

P n
∈ (0, 1).

令Q
� (Α) = - (2G

′
k )

Α
- 2A k Α+ 1+ Α

Q
�″(Α) = - (2G

′
k )

Α
ln

2 (2G
′
k ) < 0, Q

� (Α)在[0, 1 ]严格上凸, 又Q
� (0) = 0, Q

� (1) = 2 (1- A k - G
′
k )

≥2 (1- A k - A
′
k ) = 0, 得Q

� (Α) > 0, 即Q ( 1
2

) = 0, 从而Q 恰有一根在 (0,
1
2

)内, 便有

a1= a2= ⋯= ak.

记 hζ (x ) = h (x , ⋯, x ) =
1
2

[1-
1
2

(2x ) Α
] [2 (1- x ) ]

Α
- [

1
2

+ Α( 1
2

- x ) ]
2

1
Αhζ′(x ) = (2x - 1) [4x (1- x ) ]

Α- 1
- [2 (1- x ) ]

Α- 1
+ 1+ Α- 2Αx

记右边为 P (Α) , 则

　　P ′(Α) = (2x - 1) [4x (1- x ) ]
Α- 1

ln [4x (1- x ) ]- [2 (1- x ) ]
Α- 1

ln [2 (1- x ) ]+ 1- 2x

　　P ″(Α) = (2x - 1) [4x (1- x ) ]
Α- 1

ln
2
[4x (1- x ) ]- [2 (1- x ) ]

Α- 1
ln

2 (2- 2x ) < 0.

故当 Α∈ (0, 1) , 有 P ′(Α) > P ′(1) = (2x - 1) ln [4x (1- x ) ]- ln (2- 2x ) + 1- 2x , 记上式右边为

q (x ) , 则

q′(x ) = 2ln [4x (1- x ) ]+ (2x - 1) 4- 8x
4x (1- x ) +

2
2 (1- x ) - 2

q″(x ) =
4x 3- 5X 2+ 1
[x (1- x ) ]2 > 0, 　x ∈ (0,

1
2

)

q′(x ) 严格递增, q′( 1
2

) = 0, 有 q′(x ) < 0, q (x ) 严格递减, q ( 1
2

) = 0, 有 q (x ) > 0, 即 P ′(1) > 0,

得 P ′(Α) > 0, P (Α)严格递增, P (Α) < P (1) = 0, 即 hζ′(x ) < 0, 得 hζ (x )严格递减, h (a1, ⋯, ak ) = hζ

(a1) > hζ ( 1
2

) = h ( 1
2

, ⋯,
1
2

) , 这与 (8)式矛盾, 从而 a1= ⋯= ak =
1
2

, 结论成立.

( ii)　a- 的 l (≥1)个分量为0, 不妨设 ak+ 1= ⋯= an= 0, 1≤n- k = l≤n- 1. 定义 Υ: [ 0,
1
2

]
k

→k
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Υ(x 1, ⋯, x k ) = g (x 1, ⋯, x k , 0, ⋯, 0) = (G′
k )

P k
P n - (1-

P kA k

P n
) 2

P n

2p i
Υ′

x i
=

- (G′
k )

Α

2 (1- x i)
+ 1- ΑA k≥- (G′

k )
Α
+ 1- ΑA k

记 Ω(Α) = - (G′
k )

Α
+ 1- ΑA k. 在[0, 1 ]严格上凸, 由 Ω(0) = 0, Ω(1) = - G

′
k + 1- A k = - G

′
k +

A
′
k≥0知 Ω(Α) > 0, Α∈ (0, 1) , 即 Υ′

x i
> 0, Υ严格递增, 有

Υ(x 1, ⋯, x k )≥Υ(0, ⋯, 0) = 0, 　Π (x 1, ⋯, x k )∈[0,
1
2

]k.

于是 (a1, ⋯, ak ) = (0, ⋯, 0). 结论成立. □
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W e ighted Fan Ky Inequal ity and Its Ref inem en ts

J iang T ianquan
(J in ing T eachers Co llege, J in ing)

Abstract

In the p resen t paper, a w eigh ted Ky Fan′s inequality is p roved, and its tw o refinem en ts

are a lso g iven.
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