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Abstract In th is paper, w e study nearly strict convex ity and the best app rox im ation in nearly

strict ly convex spaces. W e p rove that a Banach space X is nearly strict ly convex if and on ly if all of

the subspaces of X are compact2sem i2Chebyshev subspaces. W e also show that T heo rem 6 in [10 ]

is false.
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　　 In 1960, Singer in troduced the k 2st rict ly convex Banach spaces and p roved tha t a Banach

space X is (k + 1) 2st rict ly convex if and on ly if a ll of the sub spaces of X are k 2sem i2Chebyshev

sub spaces. In 1988, Sekow sk i andStachu ra in troduced the nearly st rict ly convex Banach spaces

w ith the Ku ra tow sk i m easu re of non2com pactness. In the p resen t paper, w e discu ss the best ap2
p rox im at ion in nearly st rict ly convex Banach spaces. F irst w e give som e equ iva len t condit ion s fo r

nearly st rict convex ity and po in t ou t tha t nearly st rict convex ity m ay be lif ted to the Banach space

lp (X i) . T hen w e in troduce the com pact2sem i2Chebyshev space to p rove tha t a Banach space X is

nearly st rict ly convex if and on ly if every sub space of X is com pact2sem i2Chebyshev sub space. F i2
nally, w e discu ss con t inu ity of the m etric p ro ject ion in loca lly nearly un ifo rm ly convex Banach

spaces.

1.
　　L et X be a Banach space. W e w ill deno te the clo sed un it ba ll and un it sphere of X by U (X )

and S (X ) , respect ively.

Fo r a nonem p ty bounded set A in X , the Ku ra tow sk i m easu re of non2com pactness of A is

Α(A ) = inf{r: A is covered by a fin ite fam ily of sets of d iam eter less than　r}

It is clear tha t Α(A ) = 0 if and on ly if A is rela t ively com pact.

D ef in it ion 1[ 7 ]　 A B anach sp ace X is sa id to be nea rly strictly convex (N S C ) if the un it sp here
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S (X ) con ta ins no convex subset A w ith Α(A ) > 0.

　　Equ iva len t ly, w e have

D ef in it ion 1 ′[ 1 ]
A B anach sp ace X is sa id to be nea rly strictly convex if every convex subset of S (X )

is rela tively com p act.

R eca ll tha t a Banach space X is sa id to be k 2st rict ly convex if fo r any k + 1 elem en ts x 1, x 2,

⋯, x k+ 1 in S (X ) w henever ‖x 1 + x 2 + ⋯+ x k+ 1‖= k + 1, x 1, x 2, ⋯, x k+ 1 are linearly dependen t.

In [8 ], it is p roved tha t X is k 2st rict ly convex if and on ly if the un it sphere S (X ) con ta in s no con2
vex sub set of d im en sion b igger than k - 1. H ence k 2st rict ly convex space is nearly st rict ly con2
vex, bu t the converse is no t t rue.

D ef in it ion 2 L et X be a B anach sp ace. A p oin t x ∈S (X ) is ca lled a nea rly ex trem e p oin t of U (X )

if there d oes not ex ist noncom p act closed convex subset A in S (X ) such tha t x ∈A .

C learly, X is nearly st rict ly convex if and on ly if each po in t of S (X ) is a nearly ex trem e po in t

of U (X ) .

Theorem 1 L et X be a B anach sp ace and x 0 ∈S (X ) . T hen x 0 is a nea rly ex trem e p oin t of U (X ) if

and on ly if w henever f ∈S (X 3 ) and f (x 0) = 1 , the setA f = {x ∈S (X ) : f (x ) = 1} is com p act.

Proof Suppo se tha t x 0 is a nearly ex trem e po in t of U (X ) , f ∈S (X 3 ) and f (x 0) = 1 , then x 0 ∈

A f . O bviou sly, A f < S (X ) and A f is a clo sed convex set. So A f is com pact.

Conversely, suppo se tha t x 0 is no t a nearly ex trem e po in t of U (X ) , then there ex ists a non2
com pact clo sed convex sub set C in S (X ) such tha t x 0 ∈C . Since C ∩U 0 (X ) = 0ö, w here U 0 (X )

= {x ∈X : ‖x ‖ < 1} , by the separa t ion theo rem , there ex ists f in S (X 3 ) such tha t

sup
x∈U (X )

f (x ) Φ inf
x∈C

f (x ).

It fo llow s tha t fo r every y in C w e have

‖f ‖ = sup
x∈U (X )

f (x ) Φ inf
x∈C

f (x ) Φ f (y ) Φ ‖f ‖ = 1.

T herefo re f (y ) = 1. T hu s C < A f , so A f is no t com pact. □

Theorem 2 L et X be a B anach sp ace. T hen the f ollow ing sta tem en ts a re equ iva len t.

(1)　X is nearly st rict ly convex.

(2)　 Fo r every x in X and each ∆> 0 , the set {y ∈X : ‖x - y‖= ∆} does no t con ta in non2
com pact clo sed convex sub set.

(3)　Fo r every f in S (X 3 ) , the set A f = {x ∈ S (X ) : f (x ) = 1} is com pact.

(4)　 Fo r any sequence {x n} in S (X ) , if ‖x 1 + x 2 + ⋯ + x k‖ = k fo r a ll in teger k Ε 1 ,

then {x n} is rela t ively com pact.

Proof (1) Ζ (2) It is t rivia l.

(1) Ζ (3) It fo llow s from T heo rem 1.

(1) ] (4) Suppo se tha t X is nearly st rict ly convex. L et {x n} be a sequence in S (X ) and ‖x 1

+ x 2 + ⋯ + x k‖ = k fo r a ll in teger k Ε 1. Choo se f k , k = 1, 2, ⋯ , such tha t f k ( 1
k

(x 1 + x 2 +
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⋯ + x k ) ) = 1. It is easy to see tha t f k (x i) = 1 fo r 1 Φ i Φ k . Since U (X ±) is w eak3 com pact,

{f k } has w eak3 clu ster po in ts. L et f be a w eak3 clu ster po in t of {f k }. N ow by f k (x n) = 1 fo r a ll

k Ε n , w e have f (x n) = 1. T herefo re f ∈ S (X 3 ) and x n ∈A f . By the equ iva lency of (1) and

(3) , A f is a com pact set, hence {x n} is rela t ively com pact.

(4) ] (3) Suppo se tha t f ∈ S (X 3 ) and {x n} < A f . T hen fo r every k , f ( 1
k

(x 1 + x 2 + ⋯ +

x k ) ) =
1
k

(f (x 1) + f (x 2) + ⋯ + f (x k ) ) = 1. O bviou sly f ( 1
k

(x 1 + x 2 + ⋯ + x k ) ) Φ ‖f ‖‖

1
k

(x + x 2 + ⋯ + x k )‖ = ‖ 1
k

(x 1 + x 2 + ⋯ + x k )‖ Φ 1 , w h ich im p lies tha t ‖x 1 + x 2 + ⋯

+ x k‖ = k fo r a ll k . T hu s {x n} is rela t ively com pacet, so A f is a com pact set. □

Theorem 3 L et X be a B anach sp ace. T hen X is nea rly strictly convex if and on ly if every sep a rable

subsp ace of X is nea rly strictly convex.

Proof W e need on ly to p rove the sufficiency. Suppo se tha t X is no t nearly st rict ly convex, then

there ex ists a noncom pact clo sed convex set in S (X ) . T hu s w e can p ick ou t a linearly indepen2
den t set {x n}∞

n= 1 from C such tha t {x n}∞
n= 1 is no t rela t ively com pact. L etM = span ({x n}∞

n= 1) , then

M is a separab le sub space of X and co ({x n}∞
n= 1) < S (M ) . O bviou sly, co ({x n}∞

n= 1) is no t com pact,

w h ich con trad icts the fact tha tM is nearly st rict ly convex. □

　　L et {X i} be a sequence of Banach spaces and 1 Φ p < ∞. T he direct sum of these spaces in

the sen se of lp is defined as fo llow s

lp (X i) = {x = (x 1, ⋯, x i, ⋯) : x i ∈X i, i = 1, 2, ⋯, and∑
∞

i= 1
‖x i‖p < ∞},

and

‖x ‖ = (∑
∞

i= 1
‖x i‖p ) 1öp.

　　 It is know n tha t lp (X i) is a Banach space and ( lp (X i) ) 3 = lq (X 3
i ) , w here

1
p

+
1
q

= 1.

M o reover, fo r x = (x 1, ⋯, x i, ⋯) in lp (X i) , f = (f 1, ⋯, f i, ⋯) in lq (X 3
i ) , w e have

f (x ) = ∑
∞

i= 1
f i (x i).

　　Fu rtherm o re, if every X i is st rict ly convex then lp (X i) (1 < p < ∞) is st rict ly convex. Fo r

nearly st rict convex ity, w e have the sim ila r resu lt

L emma 1[ 5 ]
L et {X i} be a sequence of B anach sp ace, and 1 < p < ∞. T hen a subset K in lp (X i) is

com p act if and on ly if

( I )　 K is closed and bound ed ;

( I I ) 　 g iven any Ε > 0 , there ex ists an n0 = n0 (Ε) ( d ep end ing on ly on Ε) such tha t

(∑
∞

i= n+ 1‖x i‖p ) 1öp < Εf or a ll x = (x 1, ⋯, x i, ⋯) ∈ K w henever n Ε n0 ;

( I I I )　 L et p i: lp (X i)  X i be a m app ing w ith p i (x ) = x i f ora ll x = (x 1, ⋯, x i, ⋯) in lp (X i) ,

then p i (K ) is com p act f or a ll i Ε 1.
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Theorem 4 L et {X i} be a sequence of nea rly strictly convex B anach sp aces and 1 < p < ∞. T hen

lp (X i) is nea rly strictly convex.

Proof Choo se any f in ( lp (X i) ) 3 , f = (f 1, ⋯, f i, ⋯) , w here f i ∈ X 3
i , and ‖f ‖q =

(∑
∞

i= 1‖f i‖q) 1öq = 1, 1öp + 1öq = 1. By T heo rem 2, w e need on ly to p rove tha t the set A f =

{x ∈ S ( lp (X i) ) : f (x ) = 1} is com pact.

( I)　 It is eviden t tha t A f is clo sed and bounded.

( II)　 Fo r every x ∈A f , x = (x 1, ⋯, x i⋯) , w e have

1 = f (x ) = ∑
∞

i= 1

f i (x i) Φ ∑
∞

i= 1

‖f i (x i)‖ Φ ∑
∞

i= 1

‖f i‖‖x i‖ Φ ‖f ‖q‖x ‖ = 1. (3 )

N ow , let b = (b1, ⋯, bi, ⋯) , a = (a1, ⋯, a i, ⋯) , w here bi = ‖f i‖, a i = ‖x i‖ , then b ∈ lq, a

∈ lp , ‖b‖ = ‖a‖ = 1 and b (a) = 1.

Since lp is st rict ly convex, a is the on ly po in t a t w h ich b ach ieves its no rm. T hu s the no rm of

the ith2coo rd ina te of any elem en t of A f is a i .

N ow fo r any Ε> 0 , by (∑
∞

i= 1a
p
i ) 1öp = 1 , there is an n0 = n0 (Ε) , such tha t

(∑
∞

i= n+ 1
ap

i ) 1öp < Ε, 　　 n Ε n0.

It fo llow s tha t fo r a ll x = (x 1, ⋯, x i, ⋯) in A f , w e have

(∑
∞

i= n+ 1

úx iú p ) 1öp < Ε, 　　 n Ε n0.

　　 ( III)　By (3 ) , fo r every x = (x 1, ⋯, x i, ⋯) in A f and every i , w e have

f i (x i) = ú f iúúx ú = bia i.

If bi = 0 , then f i = 0 , so by (3 ) x i = 0. T herefo re p i (A f ) = {0} w h ich is a com pact set. If bi

≠ 0 , then f i ≠ 0 and x i ≠ 0. Fo r conven ience, let g i = (1öbi) f i , then

g i (x iöa i) = 1, g i ∈X 3
i and úg iú = 1.

T hu s g i ∈S (X 3
i ) and x iöa i ∈A g i

. Since X i is nearly st rict ly convex, A g i is a com pact set. Con se2
quen t ly p i (A f ) is a com pact sub set of X i becau se of p i (A f ) is exact ly the set a iA g i

.

To sum up , by L emm a 1, lp (X i) is nearly st rict ly convex. □

Corollary L et {X i} be a sequence of B anach sp aces and {k i} be a sequence of p ositive in teg ers. If X i

is k i 2strictly convex f or each i and 1 < p < ∞ , then lp (X i) is nea rly strictly convex.

Remark[ 10 ]　 N ow w e po in t ou t tha t the fo llow ing resu lt is fa lse.

Theorem L et {X i} be a sequence of Banach spaces and let {k i} be a sequence of po sit ive in tegers

such tha t k = sup {k 1, k 2, ⋯} < ∞. If X i is k i 2st rict ly convex fo r each i and 1 < p < ∞ , then

lp (X i) is k 2st rict ly convex.

In fact, under the condit ion s of th is T heo rem w e can on ly conclude tha t lp (X i) is nearly

st rict ly convex.
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Exam ple L et X = { (x , y ) : x , y ∈R and ú (x , y ) ú = ûx û + ûy û} and X i = X fo r each i . O bviou sly,

X i is 22st rict ly convex, bu t l2 (X i) is no t 22st rict ly convex. In fact, take z 1, z 2 and z 3 in l2 (X i) such

tha t

z 1 = ( (1, 0) , (0, 1) , 0, ⋯) ,

z 2 = ( (1ö2, 1ö2) , (1, 0) , 0,

z 3 = ( (0, 1) , (1ö2, 1ö2) , 0, ⋯).

　　O bviou sly, úz 1ú = úz 2ú = úz 3ú = 2 , úz 1 + z 2 + z 3ú = 3 2 . How ever, z 1, z 2, z 3 is no t

linearly dependen t. Since a1z 1 + a2z 2 + a3z 3 = 0 im p lies a1 + a2ö2 = 0, a3 + a2ö2 = 0 and a1 + a3ö2

= 0 , so a1 = a2 = a3 = 0.

D ef in it ion 3 [ 7 ]　 L et X be a B anach sp ace. A p oin t x ∈S (X ) is ca lled a nea rly sm ooth p oin t of X if

Α({f ∈ S (X 3 ) : f (x ) = 1}) = 0. X is sa id to be nea rly sm ooth if every p oin t of S (X ) is a nea rly

sm ooth p oin t of X .

Fo llow ing the p roof of T heo rem 4, w e have

Theorem 5 If {X i} is a sequence of nea rly sm ooth B anach sp aces and 1 < p < ∞ , then lp (X i) is

nea rly sm ooth.

2.

L et X be a Banach space andM be a sub space of X . Fo r x in X , set

PM (x ) = {z ∈M : úx 2z ú = in f
x∈M

úx 2y ú}

PM (x ) is the set of a ll elem en ts of the best app rox im at ion to x from M . O bviou sly, PM (x ) is a

bounded convex set, bu t PM (x ) m ay be em p ty. T he sub spaceM is ca lled a p rox im ina l sub space of

X if fo r every x ∈X , PM (x ) is nonem p ty, andM is ca lled a Chebyshev sub space of X if fo r every

x ∈X , PM (x ) is a sing leton.

L et d im PM (x ) deno te the d im en sion of PM (x ) . W e say tha tM is a k 2sem i2Chebyshev sub2
space (respect ively a k 2Chebyshev sub space) , w here k is a nonnegat ive in teger, if fo r any x in X ,

w e have - 1 Φ d im PM (x ) Φ k ( respect ively, 0 Φ dim PM (x ) Φ k ) ; a 02sem i2Chebyshev sub space

is a lso ca lled a sem i2Chebyshev sub space, and 02Chebyshev sub space is the Chebyshev sub space.

I. Singer had p roved tha t X is (k + 1) 2st rict ly convex if and on ly if a ll sub spaces of X are k 2sem i2
Chebyshev sub spaces [ 8 ]　. Part icu la rly, X is st rict ly convex if and on ly if fo r each sub spaceM of X

and each x ∈X , PM (x ) con ta in s a t m o st one elem en t.

N ow , w e study the rela t ion s betw een nearly st rict convex ity and the best app rox im at ion.

D ef in it ion 4 L et X be a B anach sp ace. A subsp aceM of X is sa id to be a com p act2sem i2Cheby shev

subsp ace of X , if f or every x ∈ X , PM (x ) is a com p act set; M is sa id to be a com p act2Cheby shev

subsp ace of X , if f or every x ∈X , PM (x ) is nonem p ty and com p act.

O bviou sly, k 2sem i2Chebyshev space ( respect ively k 2Chebyshev space ) is com pact2sem i2
Chebyshev space (respect ively com pact2Chebyshev space).
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L emma 2 [ 8 ]　 L et X be a B anach sp ace and M be a subsp ace of X . L et x ∈X öM , y ∈M . T hen y

∈ PM (x ) if and on ly if there ex ists f in S (X 3 ) , such tha t

f (m ) = 0, 　　m ∈M

and

f (x 2y ) = úx 2y ú.

L emma 3 [ 8 ]　 L et X be a B anach sp ace and M be a subsp ace of X , if x ∈X öM , and A < M , then

A < PM (x ) if and on ly if there ex ists f in S (X 3 ) , such tha t

f (m ) = 0, 　　 m ∈M ,

f (x 2y ) = úx 2y ú , 　　 y ∈A .

Theorem 6 L et X be a B anach sp ace and M be a subsp ace of X . T hen M is com p actsem i2Cheby shev

subsp ace if and on ly if there d oes not ex ist x ∈X , f ∈S (X 3 ) , and a sequence {x n} inM w h ich is

non2rela tively com p act and linea rly ind ep end en t, such tha t

( I )　 f (m ) = 0, 　　 m ∈M ,

and

( I I )　 f (x ) = úx ú = úx 2x nú , 　　n = 1, 2, ⋯.

Proof Suppo se on the con tray tha t there ex ist f ∈ S (X 3 ) , x ∈ X and a non2rela t ively com pact

and linearly independen t set {x n} inM such tha t ( I) and ( II) ho ld. T hen x ∈öM , since o therw ise,

by ( I) , f (x ) = 0 , and by ( II) , x = 0. A gain by 0 = f (x 2x 1) = úx 2x 1ú , w e have x - x 1 = 0 ,

therefo re x 1 = 0 w h ich con trad icts the linearly independency of {x n}. By L emm a 2, w e ob ta in

tha t {x n} < PM (x ) . T hu s, PM (x ) is no t com pact w h ich con trad icts w ith the fact tha tM is a com 2
pact2sem i2Chebyshev sub space.

Conversely, suppo se tha tM is no t com pact2sem i2Chebyshev sub space, then there ex ists y in

X öM such tha t PM (y ) is no t com pact (no te tha t fo r any y inM , PM (y ) is com pact). T hu s w e can

choo se a non- rela t ively com pact and linearly independen t set {y n} in PM (y ) . Set

x = y - y 1, x 1 = y 2 - y 1, ⋯, x n = y n+ 1 - y 1, ⋯,

then x ∈öM and PM (x ) = PM (y - y 1) = PM (y ) - y 1 = 0, x 1, x 2, ⋯}. L etA = {0, x 1, x 2, ⋯} , by

L emm a 3, there is an f in S (X 3 ) , such tha t

f (m ) = 0, 　　 m ∈M ,

and

f (x ) = úx ú = úx - x nú , 　　 n = 1, 2, ⋯

w h ich con trad icts the assum p tion of sufficiency.

Theorem 7 L et X be a B anach sp ace, then X is nea rly strictly convex if and on ly if a ll subsp aces of

X a re com p act2sem i2Cheby shevsubsp aces.
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Proof N ecessity. L et X be nearly st rict ly convex andM be a sub space of X . IfM is no t a com pact2
sem i2Chebyshev space, then there ex ists x in X such tha t PM (x ) is no t com pact. Since PM (x ) is a

convex set and fo r every y ∈PM (x ) , úx - y ú = d (x ,M ) = ∆w here ∆> 0 , hence the set {z ∈X :

úx - z ú = ∆} con ta in s the noncom pact convex set PM (x ) . By the nearly st rict convex ity of X ,

th is is im po ssib le.

Sufficiency. Fo r any f in S (X 3 ) , w e need on ly to p rove tha t A f = {x ∈S (X ) : f (x ) = 1} is

com pact.

N ow suppo se tha tA f is no t em p ty. L et H = {x ∈X : f (x ) = 1} , then A f < H , infx∈H úx ú =

1 and fo r x in H , úx ú = 1 if and on ly if x ∈A f . T ake x 0 in A f and setM = H - x 0 . T henM is

a m ax im al sub space of X , andM is the nu ll space of f . L et g = - f , then fo r each u ∈A f , w e

have

g (- x 0 - (u - x 0) ) = 1 = úuú = ú - x 0 - (u - x 0) ú.

By L emm a 2, u - x 0 ∈ PM (- x 0) , w h ich im p liesA f - x 0 < PM (- x 0) . SinceM is a com pact-

sem i- Chebyshev space, PM (- x 0) is com pact, hence A f is a lso com pact. T h is p roves tha t X is

nearly st rict ly convex.

Remark In fact, w e can p rove tha t PM (- x 0) = A f - x 0 . L et y = u - x 0 ∈M and y ∈PM (- x 0)

, then, by L emm a 2, there ex ists h ∈ S (X 3 ) such tha t

h (m ) = 0, 　m ∈M ,

and

h (- x 0 - y ) = h (- x 0 - (u - x 0) ) = ú - x 0 - (u - x 0) ú = úuú.

Since u ∈H , úuú Ε 1. O n the o ther hand, h (- x 0 - y ) = h (- x 0) Φ úhúú - x 0ú = 1. H ence

úuú = 1. T herefo re, u ∈A f , and th is im p lies y ∈A f - x 0 . T hu s PM (- x 0) < A f - x 0 . By the

p roof of T heo rem 7, w e ob ta in PM (- x 0) = A f - x 0 .

Theorem 8 L et X be a B anach sp ace. T hen X is ref lex ive and nea rly strictly convex if and on ly if

every subsp ace of X is com p act2Cheby shev sp ace.

Proof T h is fo llow s from T heo rem 7 and the fact tha t X is reflex ive if and on ly if every sub space of

X is p rox im ina l space.

L et {X i} be a sequence of Banach spaces, X = lp (X i) and 1 < p < ∞. L etM be a sub space

of X and let

M i = {x i ∈X i: x = (x 1, ⋯, x i, ⋯) ∈M },

then M i is a sub space of X i . In [ 6 ], it w as p roved tha t M is a sem i2Chebyshev ( respect ively,

Chebyshev) sub space of X if and on ly if fo r each i, M i is a sem i- Chebyshev ( respect ively,

Chebyshev) sub space of X i . Sim ila rly, w e have the fo llow ing

Theorem 9 L et X = lp (X i) , 1 < p < ∞. If M is a subsp ace of X and M i is the sam e as above. T hen

(I )　M is a com p act2sem i2Cheby shev subsp ace of X if and on ly if f or each i, M i is a com p act2
sem i2Cheby shev subsp ace of X i .
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( I I ) 　M is a com p act- Cheby shev subsp ace of X if and on ly if f or each i,M i is a com p act-

Cheby shev subsp ace of X i .

3.

F ina lly, w e study a class of nearly st rict ly convex spaces and con t inu ity of m etric p ro ject ion.

In 1980, H uff in troduced the nearly un ifo rm ly convex (NU C) Banach spaces w h ich is an im 2
po rtan t genera liza t ion of un ifo rm ly convex spaces. R ecen t ly, Ku tzarova and Bo r2L uh L in stud ied

the loca liza t ion of NU C, and defined the loca llynearly un ifo rm ly convex (LNU C) Banach spaces.

D ef in it ion 5[ 3 ] [ 4 ]
A B anch sp ace X is sa id to be loca lly nea rly un if orm ly convex (L N U C ) if f or ev2

ery Ε> 0 and every x in U (X ) . there ex ists ∆ = ∆(x , Ε) > 0 , such tha t f or any sequence {x n} in

U (X ) w ith sep (x n) > Εthen co ({x } ∪ {x n}) ∩ (1 - ∆) ∪ (X ) ≠ 0ö,w here sep (x n) = infn≠m úx n -

x m ú.

In [3 ], it w as p roved tha t every loca lly k 2un ifo rm ly ro tund (L k2U R ) space is LNU C. T he

L k- U R spaces w as in troduced by F. Su llivan [ 9 ].

Theorem 10 If X is LNU C, then X is nea rly strictly convex.

Proof A ssum ing tha t X is no t nearly st rict ly convex, then there ex ists f in S (X 3 ) such tha t A f =

{x ∈S (X ) : f (x ) = 1} is no t com pact. T herefo re there ex ists a sequence {x n} in A f and Ε> 0 such

tha t sep (x n) = infn≠m úx n - x m ú > Ε. Since A f is a convex set, thu s fo r any ∆ > 0 , co ({x 1} ∪

{x n}∞
n= 2) ∩ (1 - ∆) ∪ (X ) = 0ö,w h ich con trad icts the hypo thesis of th is T heo rem.

L etM be a Chebyshev sub space of X , then fo r each x in X , PM (x ) is a sing leton. Set y =

PM (x ) , then PM is a opera to r from X toM . T he opera to r PM is ca lled the m etric p ro ject ion onM

.

Theorem 11 L et X be LNU C and M be a Cheby shev subsp ace of X . T hen the m etric p rojection PM is

con tinuous.

Proof L et x , x n ∈X and x n x . If x ∈M , it is easy to see tha t PM (x n)  PM (x ) . If x ∈öM , then

d (x ,M ) > 0 becau seM is a clo sed sub space. By the p roof of T heo rem 1 in [9, p 632 ], w e m ay as2
sum e tha t úx ú = 1 and PM (x ) = 0 and w e need on ly to show tha t PM (x n)  0. In fact, it is suffi2
cien t to show tha t {PM (x n) } is rela t ively com pact becau se if {PM (x n) } has a sub sequence w h ich

converges to y , then by un iqueness of the best app rox im at ion, y = 0. M o reover, it is eviden t

tha t {PM (x n) } is rela t ively com pact if and on ly if {x - PM (x n) } is rela t ively com pact.

Suppo se tha t {x - PM (x n) } is no t rela t ively com pact, then there ex ist Ε> 0 and a sub se2
quence of {x - PM (x n) } 2fo r conven ience w e deno te it aga in by {x - PM (x n) } , such tha t

sep (x - PM (x n) ) = sep (PM (x n) ) = inf
n≠m

úPM (x n) - PM (x m ) ú > Ε.
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Since

úx ú Φ úx - PM (x n) ú Φ úx - x nú + úx n - PM (x n) ú Φ úx - x nú + úx nú 1,

hence úx - PM (x n) ú 1.

Fo r and in teger k Ε 1, c0, c1, ⋯, ck Ε 0, c0 + c1 + ⋯ + ck = 1 and n1, n2, ⋯, nk , w e have

úc0x + c1 (x - PM (x n1
) ) + ⋯ + ck (x - PM (x nk

) ) ú

Φ c0úx ú + c1úx - PM (x n1
) ú + ⋯ + ck úx - PM (x nk

) ú

and

úc0x + c1 (x - PM (x n1
) ) + ⋯ + ck (x - PM (x nk

) ) ú

= úx - [c1PM (x n1
) + ⋯ + ckPM (x nk

) ]ú Ε úx ú = 1,

w h ich im p lies tha t

lim
n1, ⋯, nk ∞

úc0x + c1 (x - PM (x n1
) ) + ⋯ + ck (x - PM (x nk

) ) ú = 1.

T hu s fo r any ∆> 0 , there ex ist N (∆) such tha t fo r any in teger k Ε 1 and c0, c1, ⋯, ck Ε 0, c0 + c1

+ ⋯ + ck = 1 w henever n1, ⋯, nk Ε N (∆) , w e have

úc0x + c1 (x - PM (x n1
) ) + ⋯ + ck (x - PM (x nk

) ) ú > 1 - ∆.

T herefo re w e have sep (x - PM (x n) ) ∞
n= m > Ε, and

co ({x } ∪ {x - PM (x n) }∞
n= m ) ∩ (1 - ∆) ∪ (X ) = 0ö,

w here m Ε N (∆) . T h is con trad icts the hypo thesis tha t X is LNU C.

L emma 4[ 6 ]
L et X = lp (X i) , 1 < p < ∞ and letM be a Cheby shev subsp ace of X . If M i = {x i ∈X :

x = (x 1, ⋯, x i, ⋯) ∈M } and PM i is the m etric p rojection of X i onM i , then PM is con tinuous if and

on ly if f or each i, PM i is con tinuous.

Theorem 12 L et {X i} be a sequence of LNU C sp aces, X = lp (X i) and 1 < p < ∞. If M is a Cheby 2
shev subsp ace of X , then PM is con tinuous.

Proof L et x
(n) = (x

(n)
1 , ⋯, x

(n)
i , ⋯) , x = (x 1, ⋯, x i, ⋯) in X and x

(n)  x . T hen f or each i, x
(n)
i  x i

in X i . B y T heorem 2 in [6 ], M i is a Cheby shev subsp ace of X i , and by T heorem 11, PM i is con tinu2
ous a t p oin t x i . U sing L em m a 4, w e obta in tha t PM is con tinuous a t p oin t x . T h is com p letes the

p roof of th is T heorem .
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近 严 格 凸 与 最 佳 逼 近
南朝勋　 宋寿柏

(安徽师范大学数学系, 　芜湖 241000)

摘　 要

本文研究近严格凸与最佳逼近的关系. 证明了Banach 空间 X 是近严格凸的当且仅当 X 的每

个子空间是紧- 半- 切比晓夫空间.
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