
Journal of M athem atical Research & Expo sit ion

V o l. 17, N o. 4, 489- 495, N ov. 1997

Som e Properties of M erom orph ic Function s with M ax imal
Quasi-D ef ic iency Sum

Ξ

Q iu Gand i
(D ep t. of M ath. , N ingde T eachers′Co llege, N ingde 352100)

J iang Z haolin
(D ep t. of M ath. , L inyi T eachers′Co llege, Shandong 276005)
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1. In troduction and ma in results

In th is paper, w e u se the no ta t ion s as g iven in the N evan linna theo ry [1 ]. L et S (r, f ) deno te

arb it ra ry quan t ity tha t sa t isf ies

S (r, f ) = o (T (r, f ) )　 (r ∞) ,

w h ich is no t necersia rily the sam e at each t im e it occu rs. L et f be a m erom o rph ic funct ion on the

p lane, and m be a po sit ive in teger. nλm ) (r, a , f ) and nλ(m (r, a , f ) deno te the num ber of d ist inct zero s

of (f - a) , w ho se m u lt ip licit ies are less than and larger than m in the ûz û Φ r , respect ively; the

quan t ity N{ m ) (r, a , f ) and N{ (m (r, a , f ) a re defined in u sua l m anner from nλm ) (r, a , f ) and nλ(m (r, a ,

f ). nm ) (r, a , f ) and n (m (r, a , f ) deno te the num ber of zero s, w ith due coun t of m u lt ip licit ies, of

(f - a) w ho se m u lt i p licit ies are less than and larger than m in the ûz û Φ r , respect ively; the

quan t ity N m ) (r, a , f ) andN (m (r, a , f ) a re defind in the u sua lm anner from nm ) (r, a , f ) and n (m (r, a ,

f ) .

O n the o ther hand, w e define N evan linna′s quasi- deficiency of f w ith respect to a com p lex

num ber a (fin ite o r infin ite) by

∆m ) (a , f ) = 1 - lim
r ∞

[N{ m ) (r, a , f ) öT (r, f ) ]. (1)

It is know n tha t from [2 ]
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0 Φ ∆(a , f ) Φ ∆m ) (a , f ) Φ 1, (2)

and

∑∆m ) (a , f ) Φ 2 (m + 1) öm . (3)

　　 In the p resen t paper, w e con sider the case tha t f is of f in ite o rder and the equality ho lds in

(3).

Theorem 1 L et f be a transcend en ta l m erom orp h ic f unction w ith f in ite ord er, if the equa lity hold s

in (3) f or som e m , then f or any k ∈N +
w e have tha t

( i)　 ∆(a , f ) = 0 f or a ∈C .

( ii)　 (m + 1) ( (a , f ) = m ∆m ) (a , f ) f or a ∈C , and∑( (a , f ) = 2.

( iii)　 ∆m ) (∞, f (k) ) =
1 as m Φ k ,

{k + u - [km ö(m + 1) ]u}ö{k + 1 - [km ö(m + 1) ]u} as m > k ,

w here u = ∆m ) (∞, f ) .

Corollary 1 U nd er the sam e assum p tions as in T heorem 1, then

∆m ) (∞, f
(k) ) > kö(k + 1). (4)

Theorem 2 U nd er the sam e assum p tion as in T heorem 1, then

∆(0, f öf ′) = 0. (5)

2. Som e L emma s

L emma 1 let f be a transcend en ta l m erom orp h ic f unction w ith f in ite ord er, if the equa lity hold s in

(3) f or som e m , then w e have tha t f or any a ∈C

N m ) (r, a , f ) = N{ m ) (r, a , f ) + S (r, f ) ,

N (m (r, a , f ) = (m + 1)N{ (m (r, a , f ) + S (r, f ) , (3 )

N (r, a , f ) = T (r, f ) + S (r, f ).

Proof F irst, it is easy to see tha t fo r any a ∈C

N{ (r, a , f ) Φ [m ö(m + 1) ]N{ m ) (r, a , f ) + [1ö(m + 1) ]N (r, a , f ). (6)

　　By the second fundam en ta l theo rem w e have tha t

(p - 2) T (r, f ) < ∑
p

i= 1
N{ (r, a i, f ) + S (r, f ) = ∑

p

i= 1
[N{ m ) (r, a i, f ) + N{ (m (r, a i, f ) ] + S (r, f )

Φ ∑
p

i= 1
N{ m ) (r, a i, f ) + [1ö(m + 1) ]∑

p

i= 1
N (m (r, a i, f ) + S (r, f ) ,

i. e. ,

[ 1ö(m + 1) ]∑
p

i= 1
[T (r, f ) - N (m (r, a i, f ) ]
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Φ ∑
p

i= 1
N{ m ) (r, a i, f ) + [2 - m p ö(m + 1) ]T (r, f ) + S (r, f ). (7)

O bviou sly,

T (r, f ) Ε N (r, a , f ) + O (1) = N m ) (r, a , f ) + N (m (r, a , f ) + O (1).

H ence, from (7) w e get

∑
p

i= 1
[N m ) (r, a i, f ) - N{ m ) (r, a i, f ) ]

Φ 2T (r, f ) - m ö(m + 1)∑
p

i= 1
[T (r, f ) - N{ m ) (r, a i, f ) ] + S (r, f ) ,

T hu s

lim
r ∞∑

p

i= 1
[N m ) (r, a i, f ) - N{ m ) (r, a i, f ) ]öT (r, f )

Φ 2 - m ö(m + 1)∑
p

i= 1

(1 - lim
r ∞

[N m ) (r, a i, f ) öT (r, f ) ])

= 2 - m ö(m + 1)∑
p

i= 1
∆m ) (a i, f ).

By the assum p tion, the equality ho lds in (3) , and let p  ∞w e ob ta in tha t

lim
r ∞∑ ( [N m ) (r, a , f ) - N{ m ) (r, a , f ) ]öT (r, f ) ) Φ 2 - [m ö(m + 1) ] [2 (m + 1) öm ] = 0,

so tha t fo r any a ∈ c, lim
r ∞

[N m ) (r, a , f ) - N{ m ) (r, a , f ) ]öT (r, f ) = 0 , i. e. ,

N m ) (r, a , f ) = N{ m ) (r, a , f ) + S (r, f ).

Secondly, from (6) and the second fundam en ta l theo rem w e can get

(p - 2) T (r, f ) Φ [m ö(m + 1) ]∑
p

i= 1
N m ) (r, a i, f ) + 1ö(m + 1)∑

p

i= 1
N (r, a i, f ) + S (r, f ).

It fo llow s from th is tha t

(p - 2) Φ pm ö(m + 1) - [m ö(m + 1) ]∑
p

i= 1

∆m ) (a i, f )

+ p ö(m + 1) - [1ö(m + 1) ]∑
p

i= 1
∆(a i, f ) ,

i. e. ,

[m ö(m + 1) ]∑
p

i= 1
∆m ) (a i, f ) + [1ö(m + 1) ]∑

p

i= 1
∆(a i, f ) Φ 2,
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w e deduce from (3) tha t [1ö(m + 1) ]∑∆(a , f ) Φ 0. T hu s fo r any a∈C , ∆(a , f ) = 0 , i.

e. , N (r, a , f ) = T (r, f ) + S (r, f ) . F ina ly, from (7) w e have tha t

(m + 1) (p - 2) T (r, f ) Φ (m + 1)∑
p

i= 1
[N{ m ) (r, a i, f ) + N{ (m (r, a i, f ) ] + S (r, f ).

It fo llow s from th is tha t

∑
p

i= 1
[N (m (r, a i, f ) - (m + 1)N{ (m (r, a i, f ) ]

Φ m∑
p

i= 1
N{ m ) (r, a i, f ) + [2 (m + 1) - m p ]T (r, f ) + S (r, f ).

H ence

lim
r ∞∑

p

i= 1

( [N (m (r, a i, f ) - (m + 1)N{ (m (r, a i, f ) ]öT (r, f )

Φ m∑
p

i= 1
lim
r ∞

[N{ m ) (r, a i, f ) öT (r, f ) ] + 2 (m + 1) - m p

= m p - m∑
p

i= 1

∆m ) (r, a i, f ) + 2 (m + 1) - m p.

By the assum p tion, the equality ho lds in (3) , and let p  ∞w e get

lim
r ∞∑ ( [N (m (r, a , f ) - (m + 1)N{ (m (r, a , f ) ]öT (r, f ) )

Φ 2 (m + 1) - m [2 (m + 1) öm ] = 0,

It is show s tha t fo r any a ∈C

N (m (r, a , f ) = (m + 1)N{ (m (r, a , f ) + S (r, f ).

T h is com p letes the p roof of lemm a 1. □

L emma 2 L et f be a m erom orp h ic f unction w ith f in ite ord er, if the equa lity hold s in (3) ,

then

lim
r ∞

[N (r, f ) öT (r, f ) ] = 1 (8)

and

lim
r ∞

[N{ (r, f ) öT (r, f ) ] = 1 - [m ö(m + 1) ]u. (9)

Proof (8) is an imm edia te con sequence of (3 ) . N ex t, it is easy to see tha t from (6)

lim
r ∞

[N{ (r, f ) öT (r, f ) ] Φ 1 - [m ö(m + 1) ]u , (10)
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bu t w e can get tha t from (3 )

lim
r ∞

[N{ (r, f ) öT (r, f ) ] = lim
r ∞

( [N{ m ) (r, f ) + N{ (m (r, f ) ]öT (r, f ) )

= lim
r ∞

( [N{ m ) (r, f ) + 1ö(m + 1)N (m (r, f ) + S (r, f ) ]öT (r, f ) )

= lim
r ∞

( [N{ m ) (r, f ) + 1ö(m + 1)N (r, f ) - 1ö(m + 1)N m ) (r, f ) + S (r, f ) ]öT (r, f ) )

= lim
r ∞

(m ö(m + 1)N{ m ) (r, f ) + 1ö(m + 1) T (r, f ) + S (r, f ) ]öT (r, f ) )

Ε 1 - [m ö(m + 1) ]u. (11)

Com b in ing (10) w ith (11) w e get (9).

L emma 3[ 3 ]
L et f be a m erom orp h ic f unction , if the equa lity hold s in (3) , then

T (r, f
(k) )～ (k + 1 - [km ö(m + 1) ]u ) T (r, f ). (12)

3. The proof of theorem

Proof of Theorem 1 ( i) is an imm edia te con sequance of (3 ) .

( ii)　By (6) w e have tha t fo r any a ∈C ,

N{ (r, a , f ) Φ [m ö(m + 1) ]N{ m ) (r, a , f ) + [1ö(m + 1) ]N (r, a , f ).

H ence

lim
r ∞

[N{ (r, a , f ) öT (r, f ) ] Φ [m ö(m + 1) ] lim
r ∞

[N{ m ) (r, a , f ) öT (r, f ) ] + 1ö(m + 1) ,

i. e. ,

m ∆m ) (a , f ) Φ (m + 1) ( (a , f ). (13)

O n the o ther hand, w e can deduce from (3 ) tha t

T (r, f ) + S (r, f ) = N (r, a , f ) = N m ) (r, a , f ) + N (m (r, a , f )

= (m + 1)N{ (r, a , f ) - m N{ m ) (r, a , f ) + S (r, f ) ,

i. e. ,

1 + m [N{ m ) (r, a , f ) öT (r, f ) ] = (m + 1) [N{ (r, a , f ) öT (r, f ) ] + S (r, f ) öT (r, f ).

H ence

1 + m lim
r ∞

[N{ m ) (r, a , f ) öT (r, f ) ] Φ (m + 1) lim
r ∞

[N{ (r, a , f ) öT (r, f ) ],

i. e. ,

(m + 1) ( (a , f ) Φ m ∆m ) (a , f ). (14)

Com b in ing (13) w ith (14) deduce tha t fo r any a ∈C

(m + 1) ( (a , f ) = m ∆m ) (a , f ).
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It fo llow s from th is and (3) tha t

∑( (a , f ) = [m ö(m + 1) ]∑∆m ) (a , f ) = 2.

( iii)　 It is easy to see from N m ) (r, f
(k) ) = 0 (m Φ k ) tha t

∆m ) (∞, f
(k ) ) = 1,　　m Φ k.

W hen m > k , since

lim
r ∞

[N{ m ) (r, f
(k) ) öT (r, f

(k) ] Φ lim
r ∞

[N{ m ) (r, f ) öT (r, f
(k) ) ]

Φ lim
r ∞

[N{ m ) (r, f ) öT (r, f ) ] lim
r ∞

[T (r, f ) öT (r, f
(k) ) ]

= (1 - u ) ö(k + 1 - [km ö(m + 1) ]u ). (15)

N ex t, no te tha t m > k and N m ) (r, a , f ) = N{ m ) (r, a , f ) + S (r, f ) , it fo llow s from th is tha t

N{ m ) (r, a , f
(k ) ) = N{ m ) (r, a , f ) + S (r, f ).

H ence

lim
r ∞

[N{ m ) (r, f
(k) ) öT (r, f

(k) ) ] = lim
r ∞

[N{ m ) (r, f ) + S (r, f ) ]öT (r, f
(k ) )

Ε lim
r ∞

[N{ m ) (r, f ) öT (r, f ) ] lim
r ∞

[T (r, f ) öT (r, f
(k) ) ].

By L emm a 3 w e get

lim
r ∞

[N{ m ) (r, f
(k ) ) öT (r, f

(k ) ) ] Ε (1 - u) ö{k + 1 - [km ö(m + 1) ]u}. (16)

Com b in ing (15) w ith (16) w e have tha t

lim
r ∞

[N{ m ) (r, f
(k ) ) öT (r, f

(k ) ) ] = (1 - u) ö{k + 1 - [km ö(m + 1) ]u}.

H ence

∆m ) (∞, f
(k ) ) = {k + u - [km ö(m + 1) ]u}ö{k + 1 - [km ö(m + 1) ]u}. (17)

Proof of Corollary 1 L et

g (u ) = {k + u - [km ö(m + 1) ]u}ö{k + 1 - [km ö(m + 1) ]u},　　0 Φ u Φ 1. (18)

T hen

g′(u) =
{[1 - km ö(m + 1) ]ö(k + 1 - [km ö(m + 1) ]u) + [km ö(m + 1) ] (k + u - [km ö(m + 1) u ]) }

{ (k + 1 - [km ö(m + 1) ]u) }

= [1 + kö(m + 1) ]ö(k + 1 - [km ö(m + 1) ]u) ,　　0 < u < 1.

T hu s g (u ) is a increasing funct ion on the [0, 1 ] , hence

g (u ) > g (0) = kö(k + 1).

F rom (17) w e deduce imm edia tely tha t (4) is t rue.

Proof of Theorem 2 L et g = 1öf , obviou sly

∑∆m ) (a , f ) = ∑∆m ) (a , g ) , and ∆m ) (0, f ) = ∆m ) (∞, g ).

T herefo re
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∑∆m ) (a , g ) = ∑∆m ) (a , f ) = 2 (m + 1) öm ,

by L emm a 3 w e get

T (r, g′)～ {2 - [m ö(m + 1) ]∆m ) (∞, g ) }T (r, g ) = {2 - [m ö(m + 1) ]∆m ) (0, f ) }T (r, f ).

(19)

Since g′= - f ′öf 2 , hence T (r, g′) Φ T (r, f ′öf ) + T (r, f ) + S (r, f ) .

F rom (19) w e deduce tha t fo r sufficien t ly la rge r

T (r, f ′öf ) Ε T (r, g′) - T (r, f ) - S (r, f ) Ε {1 - [m ö(m + 1) ]∆m ) (0, f ) }T (r, f ).

(20)

N o ting tha t f is a m erom o rph ic funct ion w ith fin ite o rder, hence

m (r, f ′öf ) = S (r, f ). (21)

Com b in ing (20) w ith (21) w e get tha t

∆(0, f öf ′) = 　lim
r ∞

[m (r, f ′öf ) öT (r, f ′öf ) ]

Φ lim
r ∞

S (r, f ) ö( [1 - (m ö(m + 1) ) ∆m ) (0, f ) ]T (r, f ) )

Φ lim
r ∞

S (r, f ) ö( [1ö(m + 1) ]T (r, f ) ) = 0.

T h is com p letes the p roof of theo rem 2.
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具 最 大 拟 亏 量 和 的 亚 纯 函 数 的 某 些 性 质
邱　淦　亻弟

(宁德师专数学系, 福建宁德352100)

江　兆　林
(临沂师专数学系, 山东276005)

摘　　要

本文讨论具最大拟亏量和的亚纯函数的性质,得到一些有趣的结果.
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