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cussed and some interesting results are obtained
Keywords meramorphic function, deficient value, quasi-def iciency.

Classif ication AM S(1991) 3D 35/CCL 0174 52}

1 Introduction and main results

In thispaper, w e use the notations as given in theN evanlinna theory [1]. LetS (r,f) denote

arbitrary quantity that satisfies
S(r,f) = o(T(r,f)) (ro>0),

w hich isnot necersiarily the sane at each time it occurs L etf be ameromorphic function on the
plane, andm be apositive integer. nm (r,a,f) andnwm (r, a, f ) denote the number of distinct zeros
of (f - a) , whosemultiplicities are less than and larger thanm in the |z | = r, regectively; the
quantityN m) (r,a,f) andN @ (r,a,f) are defined in usual manner from nm (r,a,f) and nm (r, a,
f). nm(r,a,f) andnwm(r,a,f) denote the number of zeros, with due count of multiplicities, of
(f - a) whosemulti plicities are less than and larger thanm in the |z | = r, regectively; the
quantityN m (r,a,f) andN @ (r, a,f) are defind in the usual manner from nm (r, a,f ) andna (r, a,
f).

On theother hand, we defineN evanlinna's quasi- deficiency of f with repect to a complex
number a (finite or infinite) by

G (af) = 1- ImNw(raf)/fT(i)] (2)

It isknown that from [2]
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0= d6(a,f) < dm(af) = 1, (2
and
> doaf) = 2(m+ 1) /m. (3
In the present paper, we consider the case that f isof finite order and the equality holds in
(3).
Theorem 1L etf be a transcendental meranorphic f unction w ith f inite order, if the equality holds
in (3) for ssnem , then for any k N ™ we have that
(i) oO(a,f) = Ofora C.
(i) M+ 16, f)=mdy(af)fora C, and z B(a,f) = 2.

asm =< k,

(i) G (0, f¥) =
{k+ u- [km/(m+ 1) Ju}Ak+ 1- [km/m + 1)]Ju} asm > k,
whereu= &) (0 ,f).

Corollary 1U nder the same assumptions as in Theoram 1, then

O (0,1 9) > k/(k+ 1. (4)
Theorean 2U nder the same assumption as in Theoran 1, then
6(0,f /') = Q (5)

2 Somel eanmas

Lanma 1 letf be a transcendental meramorphic f unction w ith f inite order, if the equality holds in
(3) for scnem , thenwehavethatforanya C
Nm(r,a,f) = Nm(r,af)+ S(rf),
Nwm(,af)= Mm+ N w(r,a,f)+ S(r,f), (*)
N (r,a,f) = T(r,f)+ S(r,f).
Proof First, it iseasy to see that foranya C
N (r,a,f) < [m/(m+ 1)JNm(r,a,f)+ [1/m+ 1)IN (r,a,f). (6)

By the second fundamental theoren w e have that

(p- 2T (r,f) < ZplN_(r,ai,f)+ s(r,f) = zpl[N_m)(r,ai,f)+ N w(r,a,f)]+ S(r,f)

< Zpl\l_m)(r,ai,f)+ [1/(m + 1)]ZPN<m(r,ai,f)+ s(r,f),
ie,
[1/(m + 1)]ZI[T(r,f)- N @(r,ai,f)]
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< sz_m)(r,ai,f)+ [2- mp/(m+ 1)]T (r,f) + S(r,f).

Obviously,
T(,f) =N (r,a,f)+ O(1) = Nw(r,a,f) + Nw(r,a,f)+ O(1).

Hence, from (7) we get

Zpl [Nm (r,ai,f) - Nm(r,a,f)]

<21(r,f) - m/(m + 1)2p [T(r,f)- Nm(r,a,f)]+ S(r,f),
Thus

r— oo

Hzp INm(r,anf) - Nw(r,a,f)]/T(rf)
<2-m/me DY (- ImiN a0/ (0]

p
= 2- m/(m+ 1)2 o (ai, ).
1
By the assumption, the equality holds in (3), and let p— « we obtain that
ImS (Nm(raf) - No(rnaf)l/m () <2- [m/m+ D]2M+ D/ml= 0,
o that foranya c, rIEO[Nm)(r,a,f) - Nm(r,a,f)]/T(r,f)=10, ie,
Nm(r,a,f) = Nm(r,a,f) + S(r, ).
Secondly, from (6) and the second fundamental theorem w e can get
p p
(p- 2T (rf) < [m/(m + 1)]ZNm>(r,ai,f) + 1/(m + 1)ZN (r,ai, f) + S(r,f).
—] —]

It follow s from this that

(p- =<pm/m+ 1) - [m/(m + 1)]21(11)(ai,f)

+ p/m+ 1) - [1/m+ 1)]215(ai,f),

[m/(m + 1)]216”>(ai,f) + [1/(m + 1)]215(ai,f) < 2,
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w e deduce from (3) that [1/(m + 1)]2 O(a,f) = 0. Thusforanya C,d(a,f)= 0, i
e,N (r,a,f) = T(r,f) + S(r,f). Finaly, from (7) we have that

m+ D@p- 2T(r,f) < (m+ 1)2p [Nm(r,a,f) + N@(r,a,f)]+ S(r,f).

It follow s from this that

Zp INw(r,a,f)- M+ LN @(r,a,f)]

szpN_m)(r,ai,f)+ [2m + 1) - mp]T(r,f) + S(r,f).
H ence

r—> oo

|i’nzp ([N m(r,a,f)- M+ 1)’\l_(m(r,ai,f)]/r(r,f)
szp rI;rro]’[l\l_m)(r,ai,f)/‘l'(r,f)]+ 2m+ 1) - mp

p
= mp - mz o (r,a,f)+ 2m+ 1) - mp.
—1
By the assumption, the equality holds in (3), and let p— e we get
rImz (IN@w(r,a,f) - (Mm+ N w(r,a,f)]/T(r,f))
<2m+ 1) - m[2m+ 1)/Mm]= 0,

It is show s that foranya C
Nwm(,af)= Mm+ 1N w(r,a,f)+ S(r,f).

This completes the proof of lenma l O

Leanma 2L etf be ameranorphic f unction w ith f inite order, if the equality holds in (3),

then
I[N (rf)/T(rf)]= 1 (8)
and
]m['\l_(r,f)ﬁ(r,f)]: 1- [m/m+ 1]Ju (9)
Proof (8) isan mmediate consequenceof (* ). Next, it iseasy to see that from (6)
MmN ()T (rf)]< 1- [m/(n+ 1]y, (10)
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butw e can get that from (*)
I [N (r, ) /T (r,f)] = I (Nm(r.f) + N (r,f)]/7(r,f))

= J.'l:E_([N_m)(r,f)+ 1/(m+ N @(r,f) + S(r,f)1/T(r,f))

= Im(Nm(r,f) + 1/m+ DN (r,f) - 1/m + DNm(r,f) + S(r,f)1/T(r,f))

r— oo

= lmmMm/(m+ DNm (r,f) + 1/m+ DT (r,f) + S(r,f)]1/T(r,f))

r— oo

1- [m/m+ 1)]Ju (12)
Combining (10) with (11) we get (9).

%

Lemma 3®'L etf be ameranorphic f unction, if the equality holds in (3), then

Tl %  (k+ 1- [km/m + 1) Ju)T(r,f). (12)

3 The proof of theorem

Proof of Theoran 1 (i) isan mmediate consequance of (* ).
(i) By (6) we have that foranya C,
N (r,a,f) < [m/(m+ 1)JNm(r,a,f)+ [1/m+ 1)IN (r,a,f).
Hence
MmN (ra,0)/T ()] = [m/m+ D]ImNw(ra,)/T )]+ 1/m+ D),
ie,
mdoy(a,f) < (m+ 1)O(a,f). (13)
On the other hand, w e can deduce from (*) that
T(,f)+ s(r,f)=N(r,a,f) = Nm(r,a,f) + N w(r,a,f)
=M+ N (r,a,f) - mNm(r,a,f)+ S(r,f),

1+ m[Nm(r,a,f)/T(r,f)]= m+ 1IN (r,a,f)/T(r,f)]+ S(r,f)/T(r,f).

Hence

1+ m Im[Nw(raf)/7(rnf)]< (m+ 1) Im[N (r,af)/7 ()],

Mm+ 1)0(a,f) <mdw(af). (14)
Combining (13) with (14) deduce that for anya C
m+ 1)0(a,f) = mdw(a,f).
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It follow s from thisand (3) that
> 0@f)= [m/(m+ DIy dolaf) =2
(iii) Itiseasy to seefromNm (r,f ¥) = 0 (m < k) that
Gy(o,f¥) =1 m=<k
W henm > k, since
1 [N (£ ) /T (97 = Tim [N (r, 1) /T (1) ]

< I[N (r, 1) /T () TIm [T (r6) /T (r, 1 9)]

= (1- uw/(k+ 1- [km/(m + 1)]u). (15)
Next, note thatm > kandNm (r,a,f) = Nm(r,a,f) + S(r,f), it followsfrom this that
Nm(r,a,f%) = Nm(r,a,f) + S(r,f).
Hence
L [Nw (r, £ %) /T (%)= m[Nm(r,f) + S(r,f)1/T(rf"Y)

r— oo r- oo

= Im [N w (r, £) /T (r,£) ]I [T (r,f) /T (r,f )]

By L enma 3we get

I[N (1t ) /T (1 9)]1= (1- w)/Ak+ 1- [kn/m + 1)]u}. (16)
Combining (15) with (16) we have that

Im[Nw (rf®)/T(rf")]= 1- wAk+ 1- [km/m+ 1)Ju}.
Hence

G (0,1 9) = {k+ u- [km/(m+ 1)Ju}Ak+ 1- [km/@m + 1)]u} (17)
Proof of Corollary 1L et

g() = {k+ u- [km/Mm+ 1 ]Ju}fk+ 1- [km/(m+ 1)]Ju}, O0=u=1 (18)

T hen

,()_{[1— km/(m+ 1)]/A(k+ 1- [ + + + + - +
g= {((k+ 1- [km/m + 1)]u)}

=[1+ k/m+ D]/k+ 1- [km/m + 1)]Ju), O0< u< 1

Thusg (u) isa increasing function on the [0, 1], hence
g(u) > g(0) = k/(k+ 1).
From (17) we deduce mmediately that (4) is true

Proof of Theorem 2Letg = 1/f , obviously
z o (a,f) = Z o (a,g), and & (0,f) = & (0, g).

Therefore
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Y dnlag) =y daf)= 2m+ 1)/m,
by L enma 3w e get

T(r,g) {2- [m/m+ 1)]dy(0,9)}T(r,g) = {2- [m/m + 1)1 (0,)}T (r,f).

(19)
Sinceg' = - f'/?, henceT (r,g') = T(r,f'/f) + T(r,f) + S(r,f).
From (19) w e deduce that for sufficiently large r
T(rf'/f)=T(r,g)- T(r,f)- s(r,f)={1- [m/(m+ 1)1 (0,f)}T (r,f).
(20)

Noting that f isameromorphic function w ith finite order, hence
m(r,f'/f) = s(r,f). (2D
Combining (20) with (21) we get that
6(0,f A= lm[m (r,f'/£)/T (r,f'/£)]

<lms(r,f)/([1- @/ + )& (0,F)IT(r,f))

<lms(r,f)/([1/m+ DIT(r,f)) = Q

This completes the proof of theoram 2
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