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Abstract　　 In th is paper, w e p rove tha t, as con stan t m ean cu rva tu re hyper2
su rfaces, the isoparam etric hypersu rfaces M in S 4 (1) can be characterized by

their (st rongly) spectrum.
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1. In troduction

T he iso spectra l p rob lem is an im po rtan t p rob lem in the theo ry of R iem ann ian geom etry.

Genera lly speak ing, the an sw er to the iso spectra l p rob lem s is nega t ive. T he first coun ter ex2
am p le w as con structed by J. M ilno r [ 8 ]. T herefo re, the study of th is p rob lem is d ivided in to

tw o direct ion s. O ne is to con struct new coun ter exam p les, w h ich have been stud ied by V ign2
eras[ 10 ]and Ikeda [ 7 ]. T he o ther is to g ive an affirm at ive an sw er fo r som e specia l R iem ann ian

m an ifo lds. In th is respect, Berger[ 1 ] , Pa tod i[ 9 ] have done som e fundam en ta l and p rofound

w o rk s.

In th is paper, w e study the la t ter p rob lem fo r the hypersu rfaces in sphere S 4 w ith con2
stan t m ean cu rva tu re. L etM be a sm oo th, com pact and o rien ted R iem ann ian m an ifo ld of d i2
m en sion n . By∧p (M ) w e deno te the space of d ifferen t ia l fo rm s of degree p w ith rea l coeffi2
cien ts, p = 0, 1,⋯, n . Spec p(M ) the spectrum of the L ap lace opera to r act ing on ∧p (M ) .

Donnelly [ 4 ] p roved tha t the to ta lly geodesic subm an ifo ld in n dim en siona l sphere can be char2
acterized by the spectrum Spec 0(M ) and its m in im ality. H asegaw a [ 6 ] show ed tha t there are

m any concrete m in im al subm an ifo lds in sphere, such as V eronese m an ifo ld, can be charac2
terized by their spectrum. L u Zh iqin and Chen Zh ihua [ 5 ] p roved tha t ifM is a m in im al hyper2
su rface in S n+ 1 (1) , Specp (M ) = Specp (S n (1) ) and (n , p ) ≠ (6, 1) o r (6, 5) , thenM = S n (1)

. W e know tha t there are m any isoparam etric hypersu rfaces in S 4 (1) , w h ich have been char2
acterized by con stan t m ean and sca la r cu rva tu res in S 4 (1) ( see [ 2 ]). It ′s na tu ra l to ask:

w hether these hypersu rfaces can be characterized by their spectrum ? T he an sw er is:
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Theorem L etM be a hyp ersu rf ace in S 4 (1) w ith constan t m ean cu rva tu re h (h ≠ 0) , M 0 be an

isop a ram etric hyp ersu rf ace in S 4 (1) w ith the sam e m ean cu rva tu re h . If Specp (M ) =

Specp (M 0) (p = 0, 1) , then M = M 0 .

2. Prel im inar ies

Suppo seM is a 3- d im en siona l com pact, connected, sm oo th hypersu rface in S 4 (1) . L et

R , Rϖ, Θdeno te the R iem ann cu rva tu re ten so r, R icci cu rva tu re ten so r and sca la r cu rva tu re of

M respect ively. R ijk l deno te com ponen ts of R (a sim ila rly w ay of Rϖ ). Gau ss equat ion s reads

R ij k l = ∆ik ∆j l - ∆il∆jk + h ikh j l - h ilh j k , (1)

w here ∆ij is K ronecher sym bo l, h ij is com ponen t of the second fundam en ta l fo rm s of M in

S 4 (1) . Fo r a fixed po in t x 0 ∈M , w e can choo se a p roper o rthono rm al fram e e1, e2, e3 such

tha t (h ij ) a re d iagonal a t x 0 , say

h ij = Κi∆ij.

L et h = ∑ h ii = Κ1 + Κ2 + Κ3 be m ean cu rva tu re ofM , S = ∑h 2
ij = Κ2

1 + Κ2
2 + Κ2

3 the square

leng th of the second fundam en ta l fo rm , then w e have

R ij k l= (1 + ΚiΚj ) (∆ik ∆j l - ∆il∆jk ) (2)

R� ij = [2 + hΚi - ΚiΚj ]∆ij , (3)

Θ= 6 + h 2 - S. (4)

　　Becau seM is com pact, fo r p = 0, 1, 2, 3 , w e let

Spec (M ) = {0 Φ Κ0, p Φ Κ1, p Φ ⋯↑ + ∞}.

Fo r these d iscrete eigenvalues, w e have the M inak sh isundaram 2P leijel asym p to t ic fo rm u la

∑
∞

i= 0
e- Κi, p t～ (4Πt) - 3

2 (a0, p + a1, p t + a2, p t2 + ⋯) ,　 ( t 0+ )

here the coefficien ts ak , p , k = 0, 1, 2w ere ca lcu la ted by Patod i in [9 ] as fo llow s:

a0, p =
3

p
vo l (M ) , (5)

a1, p =
1
6

3

p
-

1

p - 1 ∫M Θd v , (6)

a2, p =∫M (c1 (p ) Θ2 + c2 (p ) ûR
�û 2 + c3 (p ) ûR û 2) d v , (7)

w here d v deno tes the vo lum e elem en t ofM and

c1 (p ) =
1

72
3

p
-

1
6

1

p - 1
;

c2 (p ) = -
1

180
3

p
+

1
2

1

p - 1
;

c3 (p ) =
1

180
3

p
-

1
12

1

p - 1
,
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here
l

q
is understood to be zero w hen l < 0 o r q < 0 o r l < q .

F ina lly, w e st ill need a resu lt below :

Theorem A (Chang [ 2 ] o r Cheng andW an [ 3 ]) T he hyp ersu rf ace in S 4 (1) w ith constan t m ean and

sca la r cu rva tu re a re isop a ram etric.

3. The Proof of Theorem

Becau seM is a hypersu rface in S 4 (1) w ith con stan t m ean cu rva tu re h from (2) - (4) w e

get

ûR û 2 = 2S 2 - 2∑Κ4
t + 4h 2 - 4S + 12, (8)

ûR
�û 2 = h 2S + ∑Κ4

i - 2h∑Κ3
i + 12 - 4S. (9)

w here∑Κ4
i ,∑Κ3

i are sm oo th coeffecien ts g loba lly defined funct ion s on M . Since M 0 is an

isoparam etric in S 4 (1) w ith con st an t m ean cu rva tu re h . W e know tha tM 0 has the con stan t

p rincipa l cu rva tu res Κ0
i (1 Φ i Φ 3) . L et Θ0, R�0, R 0 and S 0 deno te respect ively the sca la r cu rva2

tu re, R icci cu rva tu re ten so r, Cu rva tu re ten so r and the square of the length of the second

fundam en ta l fo rm ofM 0 . T hen Θ0 = 6 + h 2 - S 0, ûR
�

0û 2 = 2h 2S 0 + ∑ (Κ0
i ) 4 - 2h∑ (Κ0

i ) 3 +

12 - 4S 0, ûR û 2 = 2S 2
0 - 2∑ (Κ0

i ) 4 + 4h 2 - 4S 0 + 12 and S 0 = ∑ (Κ0
i ) 2 . L et ak , p and a0

k , p be

the coefficien ts of the asym p to t ic expan sion of M inak sh isundaram - P leijel co rresponding to

M andM 0 respect ively. Since Spec p(M ) = Specp (M 0) fo r p = 0, 1 , w e have ak , p = a0
k , p fo r k =

0, 1, 2 from the asym p to t ic expan sion fo rm u la. T hu s, by (5) - (7) , w e have

vo l (M ) = vo l (M 0) , (10)

∫M Θd v =∫M 0

Θ0d v 0, (11)

∫M (c1 (p ) Θ2 + c2 (p ) ûR�û 2 + c3 (p ) ûR û 2) d v

=∫M 0

(c1 (p ) Θ2
0 + c2 (p ) ûR

�
0û 2 + c3 (p ) ûR 0û 2) d v 0. (12)

H ere w e have u sed
1
6

3

p
≠

1

p - 1
fo r any p = 0, 1, 2, 3 in (3. 5). Sub st itu t ing (4) , (8)

and (9) in to (12) and m ak ing u se of (10) , (11) , w e have fo r p = 0, 1

∫M [ (c1 (p ) + 2c3 (p ) )S 2 + (c2 (p ) - 2c3 (p ) )∑Κ4
i - 2c2 (p ) h∑Κ3 ]d v 0

=∫M 0

[ (c1 (p ) + 2c3 (p ) )S 2
0 + (c2 (p ) - 2c3 (p ) )∑ (Κ0

i ) 4 - 2c2 (p ) h∑ (Κ0
i ) 3 ]d v 0. (13)
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and

∫M S dM =∫M 0

S 0dM 0. (14)

SinceM andM 0 are 3- d im en siona l hypersu rfaces in S 4 (1) w ith con stan t m ean cu rva tu re h ,

d irect com pu ta t ion show s tha t:

∑Κ4
i =

1
6

h 4 +
4
3

h∑Κ3
i - h 2S +

1
2

S 2,

and

∑ (Κ0) 4
i =

1
6

h 4 +
4
3

h∑ (Κ0
i ) 3 - h 2S +

1
2

S 2
0.

Pu t them in (13) , w e ob ta in

(c1 (p ) +
1
2

c2 (p ) + c3 (p ) ) (∫M S 2dM -∫M 0

S 2
0dM 0)

- ( 2
3

c2 (p ) +
8
3

c3 (p ) ) h (∫M∑Κ3
i dM -∫M 0
∑ (Κ0

i ) 3dM 0) = 0, (15)

　　　　　　　　　　　p = 0, 1.

Fo r h ≠ 0 and

det
c1 (0) +

1
2

c2 (0) + c3 (0)　 -
2
3

c2 (0) -
8
3

c3 (0)

c1 (0) +
1
2

c2 (1) + c3 (1)　 -
2
3

c2 (1) -
8
3

c3 (1)
= -

1
9

( 1
72

+
1

360
) ≠ 0,

the equat ion s (15) ex ists un ique so lu t ion:

∫M S 2dM = S 2
0vo l (M 0) ,

∫M∑Κ3
i dM = ∑ (Κ0

i ) 3vo l (M 0).
(16)

By u sing (14) , the first equa t ion in (16) and Schw arz inequality, w e get

S 0vo l (M 0) =∫M S dM Φ (∫M S 2dM )
1
2 (∫M dM )

1
2 = S 0vo l (M 0).

H ence

S = S 0.

T hu sM is a con stan t m ean cu rva tu re hypersu rface in S 4 (1) w ith con stan t sca la r cu rva tu re.

T heo rem A im p lies tha tM is an isoparam etric hypersu rface. T herefo re, M has con stan t p rin2
cipa l cu rva tu res and sa t iefies

∑
i

Κk
i = ∑i

(Κ0
i ) k ,　 k = 1, 2, 3.

R egard less of a d ifference of perm u ta t iona l o rder, it is easy to see tha t Κi = Κ0
i , i = 1, 2, 3.

T h is p rovesM = M 0 .
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S 4中 等 参 超 曲 面 的 谱 刻 画

王　建　田
(江苏镇江师专数学系, 212003)

摘　　要

　　本文证明了如果 S 4中的具常平均曲率 h的超曲面M 与其具平均曲率 h 的等参超曲面M 0

(强)等谱,则M = M 0 .
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