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On Spectral Character ications of Isoparametr ic
Hyper surfaces in S*
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Abstract In thispaper, we prove that, as constant mean curvature hyper-
surfaces, the isparanetric hypersurfacesM in S*(1) can be characterized by
their (strongly) spectrum.
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1 Introduction

The isogpectral problen isan important problan in the theory of Riemannian geometry.
Generally gpeaking, the anaver to the isogectral problam sisnegative The first counter ex-
anplew as constructed by 1 M ilnor'®. Therefore, the study of thisproblen is divided into
two directions One isto construct new counter exanples, w hich have been studied by V ign-
eras'”and Ikedal”. Theother is to give an affinative ansver for sme gecial Riemannian

1 patodi'® have done some fundamental and profound

manifolds In this regpect, Berger
works

In this paper, we study the latter problem for the hypersurfaces in sphereS*w ith con-
stant mean curvature L etM be a snooth, compact and oriented Rienannian manifold of di-
mensionn. By "M ) we denote the pace of differential form sof degreep w ith real coeffi-
cients, p= 0,1, ,n. Spec™ ) the pectrun of theL aplace operator actingon "M ).
Donnelly'*
acterized by the pectrum Spec M ) and itsminimality. Hasegava® showed that there are

many concrete minimal submanifolds in gphere, such asV eronese manifold, can be charac-

proved that the totally geodesic submanifold in n dimensional ohere can be char-

terized by their gectrum. L u Zhigin and Chen Zhihua'® proved that ifM isaminimal hyper-
surface inS™ ' (1), Spe® M ) = Fec®(S"(1)) and (n,p) # (6, 1) or (6,5), thenM = S"(1)
. W eknow that there aremany isoparametric hypersurfaces inS*(1) , w hich have been char-
acterized by constant mean and scalar curvatures in S*(1) (see [2]). It' s natural to ask:
w hether these hypersurfaces can be characterized by their gpectrum? The anaer is

* Received Sep. 21, 1994

— 496 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Theorem L etM be a hypersurf ace in S*(1) w ith constant mean curvatureh(h # 0), M o be an
ispparametric hypersurface in S*(1) with the same mean curvature h. If Spec®M ) =
Sec’Mo) (p= 0,1) , thenM = Mo.

2 Prelim inar ies

SupposeM isa 3- dimensional compact, connected, snooth hypersurface inS*(1). L et
R,R, P denote the Riemann curvature tenor, Ricci curvature tensor and scalar curvature of
M regpectively. Riu denote componentsof R (a smilarlyway of R ). Gauss equations reads

Rikw= Ok&i- &Ok+ hikhji- hihg, (1)
w here &; is Kronecher symbol, hj is component of the second fundamental forms of M in
S*(1). For afixed pointxo M , we can choose a proper orthonomal frane e1, e, e such
that (h;;) are diagonal at xo, say
hij = A
Leth= z hi= A+ X+ Xbemean curvatureofM , S = z hi = XA+ X+ A the square
length of the second fundanental form, thenwe have

Riw= (L+ AXA) (&b - &idi) (2
Ri= [2+ hA- AA]G, (3)
P= 6+ h*- S (4)

BecauseM iscompact, forp= 0,1,2,3, we let
SecM ) = {0=< Xp < Ap=< 1t + o}
For these discrete eigenvalues, w e have theM inak shisundaram-Pleijel asymptotic formula

0

Y e (AT 2 (a0p + apt+ azptf+ ), (t>0°)

here the coefficientsaxp, k= 0, 1, 2w ere calculated by Patodi in [9] asfollow s

aop = s vol( ), (5)

anp = j‘;ﬁ : {1 MJ’ pav, ©)
P p- M

azp :J'M @@P)P+ c(p) R+ cp) R Pav, @

w here dv denotes the volume elanent ofM and

_41|3 4|1 .
Cl(p)—72p- 6p- ;
23 a1 i
)= 18°u+ 2[9- !J
13 a1
Cs(p) = 180 o T 12 o - )
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I
here{J is understood to be zerowhen | < Oorqg< Oorl< q.
Finally, we still need a result below:

Theoram A (Chang'® or Cheng andW an'®) The hypersurf ace inS*(1) w ith constantmean and

scalar curvature are isgparametric

3 The Proof of Theoram

BecauseM is a hypersurface in S*(1) with constant mean curvatureh from (2)- (4) we
get
R[P=25%- 2% X+ an*- 45+ 12, (8)
[R[P= n’*s + Yy A- 2y N+ 12- 4s (9)
where % X, > X’ are snooth coeffecients globally defined functionsonM . SinceM o is an
isoparametric in S*(1) with const ant mean curvatureh. W e know thatM o has the constant
principal curvatures X (1< i < 3). L et Po, Ro, Roand Sodenote regectively the scalar curva-
ture, Ricci curvature tensor, Curvature tensor and the sguare of the length of the second
fundamental form ofM o. Then fo= 6+ h’- So, |Ro[*= 2h’So+ S ) 20y (N)°+
12- 480, R = 2s5- 2y (X)*+ 4h*- 4So+ 12andSo= > ()% Letac,andax,be
the coefficients of the asymptotic expansion of M inak shisundaran- Pleijel corregponding to
M andM o repectively. Since Spec™ ) = Spec M o) forp= 0,1, we haveax, = ai,fork=
0,1, 2from the asymptotic expansion formula Thus, by (5)- (7), we have
volM ) = volM o), (10)

IM Pdv :IM Podvo, (11)
J’M (@(P) P+ c(p) [RP+ clp) [R[Ddv

= " (Cl(p)pg"' Cz(p) |R~o |2+ Cs(p) |Ro|2)dVo (12

113 1 . N
Herewe have used 6| p # - foranyp = 0,1,2,3in (3 5). Substituting (4), (8)
and (9) into (12) and making use of (10), (11), we haveforp = 0,1
J.M[(Cl(p) + 2c3(p))S®+ (c2(p) - 203(p))z N - 202(p)hz X]dvo

=J’M0[(c1(p)+ 2c3(p))So+ (c2(p) - 2c:(p)) Yy (N)*- 2c2(p)hy (X)°Idve (13)
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and
ISdM :I SodM o (14)
M MO

SinceM andM o are 3- dimensional hypersurfaces in S*(1) w ith constant mean curvatureh ,
direct computation show s that:

4__1.4 4 3 _ 2 1.
22\.— 6h+3h22\ h's + 7S5

and

Yy (O)i= ']6‘h4+ —g“hz (N)*- h’s + —;‘s%

Put than in (13), weobtain

(e (p) + ém(p) + 03(p))J’MSZdM I S2aM o)

i (§c2(p) + '§C3(p))hIMz X Iz (X¥)%M o) = O, (15)
p=01
Forh# Oand
¢ (0) + %CZ(o) + () - %02(0) ; ‘2‘03(0) i1 4
det 2 N 072+ 30 * O
¢ (0) + —'ZLC2(1) ta) - Za- Te@

the equations (15) exists unique olution:

J'Mszdlvl = S3volM o),

IMZ Xdv = > (X)3vol (M o).

By using (14), the first equation in (16) and Schw arz inequality, w e get
Sovol (M o) :IMSdM < J’Mssz )%J’MdM )2 = Sovol M o).

(16)

Hence

S= So
ThusM is a constant mean curvature hypersurface in S*(1) with constant scalar curvature
Theoran A mplies thatM isan iooparanetric hypersurface Therefore, M has constant prin-
cipal curvatures and satiefies

ZA“: > (W) k=123

Regardless of a difference of pemutational order, it iseasy to see that A = X,i= 1,2,3
ThisprovesM = M o.

— 499 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



References

[1] M. Berger, P. Gauduchon et E M azet, L e Spactred ' uneV ariete riemannienne, L ect Notes inM ath Springer- V er-
lag, 194(1974).

[2] S Chang, A closed hypersurf acew ith constant scalar and mean curvature inS is isgpparametric, Comm in A nalysis and Ge-
ometry, 1(1993), 71- 10Q

[3] Q.M. Cheng and X. R. W an, Hypersurfaces & sace formM (c) with constant mean curvature, L ect Notes 2, First
M SJ, International Research Institute on Geometry and Global A nalysis, Jgpan 1993, 327- 347

[4] H. Donnelly, Spectral invariants o the second variation gperator, lllinoisd M ath , 21(1977), 185- 189

[5] Z Q. Lu and Z H. Chen, On the pectrun o the laplacian on minimal hypersurf ace  a gphere, Chinese A dvances in
M ath , 21: 3(1992).

[6] T. Hasegava, Spectral geanetry o closed minimal submanif olds in a gpace f om, real and canplex, KodaiM ath J , 3
(1980), 224- 252

[7]1A. Ikeda, On spherical pace f ormsw hich are isopectral but not isametric, J M ath  Soc , Japan 35(1983), 437- 404

[8]a M ilnor, Eigenvalues d thel aplace gperator o certain manif olds, P N. A. S, 51: 4(1964), 542

[9]U. K. Padati, Curvatureand the f undamental solution o the heat gperator, J. IndianM ath Soc , 34(1970), 269- 285

[10]M. Vigneras, V ariete rignannianne isop ectrales et nonisotriques, Ann of M ath , 112(1980), 21- 32

84

( , 212003)

() , M = Mo.

— 500 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



