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Som e L im it Theorem s for Kernel- Sm ooth Quan tile
Estimators
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Abstract　W eak convergence and strong consistency of the rem ainder term in the Bahadu r rep re2

sen tat ion of the samp le p - quan tile are estab lished. F rom the resu lts w e ob tain asymp to tic no r2

m ality and the law s of iterated logarithm fo r smoo th quan tile est im ato r.

Keywords　Bahadur rep resen tat ion, samp le quan tile, emp irical p rocess and quan tile p rocess.

Classif ica tion　AM S (1991) 62E20, 62G30öCCL O 212. 2, O 212. 7

1. In troduction

O ne characterist ic of the d ist ribu t ion tha t is of in terest is the quan t ile funct ion, w h ich is

u sefu l in reliab ility and m edica l stud ies.

Fo r the d ist ribu t ion funct ion F , the quan t ile funct ion is defined by

Q (p ) = inf{x : F (x ) Ε p }, 　 0 < p < 1.

A natu ra l est im ato r of the quan t ile funct ion Q (p ) is the sam p le quan t ile funct ion Q n defined

by

Q n (p ) = F n
- 1 (p ) = inf{x : F n (x ) Ε p },

w here F n ( (õ) is the em p irica l d ist ribu t ion funct ion (d. f. ).

T here are severa l nonparam etric est im ato rs of Q (p ) in the litera tu re. Fo r exam p le, the

sam p le quan t ile funct ion, F n
- 1 (p ) = inf{x : F n (x ) Ε p }, 0 Φ p Φ 1 has been stud ied, w here

F n (x ) is the em p irica l d ist ribu t ion funct ion based on the sam p le draw ing from popu lar d ist ri2
bu t ion funct ion F . [ 2 ] gave m any of the know n resu lts concern ing F n

- 1. A no ther app roach

has been to so lve F
�

n (x p ) = p fo r x p w here F
�

n (x ) =∫
x

- ∞
f n ( t) d tw ith f n ( t) being a kernel est i2

m ato r (see [7 ]). [ 9 ] stud ied a kernel- type est im ato r w h ich is the sm oo thed sam p le quan2
t ile funct ion F n

- 1 (p ) based on the kernel m ethod.

T he quan t ile funct ion of the em p irica l d ist ribu t ion is a step funct ion w ith jum p s co rre2
sponding to the ob serva t ion s. T he pu rpo se of th is paper is to p resen t a sm oo thed nonpara2
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m etric est im ato r fo r the quan t ile funct ion based on the kernel m ethod and ob ta in som e

asym p to t ic resu lts fo r the sm oo thed quan t ile est im ato r. F rom these resu lts, w e can estab lish

Bahadu r rep resen ta t ion fo r th is sm oo th quan t ile est im ato r w ith exact convergen t o rder and

exact con stan t in the o rder. [ 9 ] show ed tha t under genera l condit ion s th is est im ato r is

st rongly con sisten t, and it perfo rm s bet ter than the sam p le quan t ile funct ion in the sen se of

sm aller m ean squared erro r, part icu la rily w hen the size of sam p le is sm all.

N ow , fo r 0 < p < 1, define the kernel- type quan t ile funct ion est im ato r

Q
�

n (p ) = hn
- 1∫0

1

Q n ( t) k
t - p

hn
, d t = h n

- 1∑
n

i= 1
X ( i)∫

iön

( i- 1) ön
k

t - p
hn

d t, (1. 1)

w here X (1) , X (2) , ⋯, X (n) , ( i = 1, 2, ⋯, n - 1) are the o rder sta t ist ics of X 1, X 2, ⋯, X n and

k ( t) is a p robab ility den sity funct ion and h = hn is a sequence of band w id th.

L et U i be i. i. d. un ifo rm (0, 1) random variab les, and the un ifo rm em p irica l d ist ribu t ion

based on these reduced rv′s is then given by

G n (y ) =
1
n ∑

n

i= 1
I (U i Φ y ) , 　 y ∈ (0, 1).

w here I (õ) is the ind ica to r of (õ) . L et en ( t) deno te the co rresponding un ifo rm p rocess

en (y ) = n1ö2 (G n (y ) - y ) , 　0 < y < 1.

D efine qn , the inverse of G n , and the un ifo rm em p irica l p rocess u n by

qn (y ) = inf{ t: G n ( t) Ε y },

un (y ) = n1ö2 (y - qn (y ) ) , 　 0 < y < 1.

In th is paper w e sha ll con sider the sm oo thed quan t ile p rocess

Βζn (p ) = n f (Q (p ) ) (Q�n (p ) - Q (p ) )

and the sm oo th Bahadu r- K iefer p rocess

R n (p ) = en (Q (p ) ) + Βζ (p ) , 　0 < p < 1. (1. 2)

　　[1 ] w as the first to invest iga te the d istance betw een the em p irica l and quan t ile p rocesses

in the case the sam p le is com ing from the un ifo rm U (0, 1) d ist ribu t ion . T he best resu lt con2
cern ing th is p rob lem , is due to [6 ], he p roved the sharpest o rder in th is d istance. In th is pa2
per w e con sider the d istance betw een the em p irica l and sm oo th quan t ile p rocesses fo r the

sam p le com ing from genera l d. f.

O u r m ain resu lts a re the fo llow ing theo rem s.

Theorem 1 S upp ose tha t F is tw ice d if f eren tiable on the neig hborhood of Q (p ) , f is con tinuous

and p ositive nea r Q (p ) and f ′is con tinuous on Q (p ) . L et k be a p robability d ensity f unction

w ith f in ite supp ort (- c, c) f or som e c > 0 and∫tk ( t) d t = 0. L et {h = hn , n Ε 1} be a sequence

of bandw id ths sa tisf y ing
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n h log h - 1 0　 and
nh

log h - 1  ∞ (1. 3)

as n ∞. T hen

lim P {n
1
4 f (Q (p ) )R�n (p ) Φ t} = 2∫

∞

0
5 ( t

u 1ö2 )N (0, p (1 - p ) )、(d u ).

w here 5 (õ) is S tand a rd norm a l d. f . and N (0, Ρ2) d enotes the norm a l d istribu tion w ith exp ec2
ta tion z ero and va rianceΡ2.

Theorem 2 S upp ose tha t f is con tinuously d if f eren tiable and p ositive on rea l line. L et k be a

p robability d ensity f unction w ith f in ite supp ort (- c, c) f or som e c > 0 and∫tk ( t) d t = 0. L et

{h = hn , n Ε 1} be a sequence of bandw id ths sa tisf y ing

n h log h - 1

( log log n) 3ö2  0　and
nh

log h - 1  ∞ (1. 4)

as n ∞. T hen

lim sup
n ∞

n1ö4 ( log log n) - 3ö4ûR
�

n (p ) û = 25ö43- 3ö4 (p (1 - p ) )
1
4 　 a. s. (1. 5)

f or p ∈ (0, 1) f ix ed.

Theorem 3 S upp ose tha t f is con tinuously d if f eren tiable and p ositive on rea l line. L et k be a

p robability d ensity f unction w ith f in ite supp ort (- c, c) f or som e c > 0 and∫tk ( t) , d t = 0. L et

{h = hn , n Ε 1} be a sequence of bandw id ths sa tisf y ing

n h
( log h - 1) 1ö2  0　 and

nh
log h - 1  ∞ (1. 6)

as n ∞.

If in addit ion, tha t 0 < inf0< x < 1 f (Q (x ) ) < ∞. T hen

lim sup
n ∞

n1ö4 ( log n) - 1ö2 ( log log n) - 1ö4 sup
0Φ p Φ 1

ûR
�

n (p ) û = 21ö4　a. s. (1. 7)

F rom the law of the itera ted logarithm fo r em p irica l p rocess w e imm edia tely get

Corollary 1 U nd er a ll the cond itions of T heorem 3 w e have

lim sup
n ∞

( n
2loglog n

) 1ö2 sup
0Φ p Φ 1

f (Q (p ) ) ûQ
�

n (p ) - Q (p ) û = 1　 a. s.

and

lim inf
n ∞

n
1
2 ( log log n)

1
2 sup

0Φ p Φ 1
f (Q (p ) ) ûQ

�
n (p ) - Q (p ) û = Π8- 1ö2　 a. s.
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2. Proof of the theorem s

Fo r conven ience of p resen ta t ion w e shall assum e th roughou t tha t qn (y ) = 0 fo r y Φ 0 and

un (y ) = 0 fo r y Ε 1. W e quo te som e strong app rox im at ion resu lts fo r the em p irica l p rocess,

w h ich are u sed in the p roofs of ou r theo rem s.

L et h = h n fo r sim p lity.

L emma 1 If nhö( log h - 1)  ∞ as n ∞ , then w e have

sup
0Φ y Φ p

sup
û tûΦ h

ûK (y + t, n) - K (y , n) û = O ( (n h log h - 1) 1ö2)　 a. s. (2. 1)

w here d ef ine K (s, t) = 0 as s Φ 0 and s Ε 1.

Proof See [3 ] T heo rem 1. 15. 2.

L emma 2 A ssum e tha t the reg u la rity cond itions in T heorem 1a re sa tisf ied , then w e have

sup
0Φ y Φ 1

sup
ûsûΦ h

ûun (y + s) - un (y ) û = O ( (h log h - 1) 1ö2) a. s. (2. 2)

Proof F rom [3 ] T heo rem 4. 5. 3, w e have

　　　　n - 1ö2 sup
0< y Φ p

sup
ûsûΦ h

ûu n (y + s) - un (y ) û

　　　　 Φ n - 1ö2 sup
0< y Φ p

sup
ûsûΦ h

ûu n (y + s) - n - 1ö2K (y + s, n) û

　　　　 + n - 1ö2 sup
0< y Φ p

ûu n (y ) - n - 1ö2K (y , n) û

　　　　 + n - 1 sup
0< y Φ p

sup
ûsûΦ h

ûK (y + s, n) - K (y , n) û

　　　　 : = A 1 + A 2 + A 3 (2. 3)

w here

A 2 = O (n - 3ö4 ( log n) 1ö2 ( log log n) 1ö4)　 a. s.

Fo r sufficien t ly la rge n , w e ob ta in

A 1 Φ n - 1ö2 sup
0Φ y Φ p

ûu n (y ) - n - 1ö2K (y , n) û = O (n - 3ö4 ( log n) 1ö2 ( log log n) 1ö4) a. s.

By L emm a 1, w e ob ta in

A 3 = O ( (n - 1h log h - 1) 1ö2) a. s.

T hu s the resu lt of L emm a 2 fo llow s from the boundedness of A 1,A 2,A 3.

L emma 3 [ [ 8 ] Th. 1A ]　 S upp ose tha t k ( t) is a bound ed in teg ra l f unction on rea l line and

lim û tû ∞û tk ( t) û = 0. D ef ine g n (x ) =∫- ∞

x

g ( t) an
- 1k

t - x
an

d t. T hen a t every p oin t x of con ti2

nu ity of g (õ)

lim
n ∞

g n (x ) = g (x )∫
∞

- ∞
k ( t) d t,

as g (x ) is un if orm con tinuous, then the equa lity above hold s true un if orm ly on x .
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Proof s of Theorem 1 and Theorem 2 L et qn (p ) = inf{s: G n (s) Ε p } = F (Q n (p ) ) , and Qδ
n (p )

= Q (qn (p ) ). Fo r sufficien t ly la rge n , w e can w rite

ûR
�

n (p ) - R n (p ) û= n1ö2f (Q (p ) ) h - 1∫
1

0
Q n ( t) k

p - t
h

d t - Q n (p )

= n1ö2f (Q (p ) ) ∫
c

- c
[Q (qn ( t) ) - Q (qn (p ) ) ]

1
h

k
p - t

h
d t

= n1ö2f (Q (p ) ) ∫
c

- c

1
f (Q (p ) ) [qn ( t) - qn (p ) ]

1
h

k
p - t

h
d t

+∫
c

- c
[qn ( t) - qn (p ) ]2 f ′(Q (Νt) )

f 3 (Q (Νt) )
1
h

k
p - t

h
d t .

= I 1 (p ) + I 2 (p ). (2. 4)

w here Νt lies betw een qn (p - h t) and qn (p ).

By L emm a 2. 1 and the fact tha t∫y k (y )、d y = 0 , w e have

I 1 (p ) = ∫
c

- c
(un (p - h t) - un (p ) ) k ( t) d t Φ sup

û tûΦ c
ûu n (p - h t) - un (p ) û∫

c

- c
k ( t) d t

= sup
û tûΦ ch

ûu n (p + t) - un (p ) û = O ( (h log h - 1) 1ö2) 　 a. s. (2. 5)

　　By the C r 2inequality, w e have

I 2 (p ) Φ 2n - 1
2∫[un ( t) - un (p ) ]2 û f ′(Q (Νt) ) û

f 3 (Q (Νt) )
1
h

k
p - t

h
d t

+ 2n
1
2∫[ t - p ]2 û f ′(Q (Νt) ) û

f 3 (Q (Νt) )
1
h

k
p - t

h
d t. (2. 6)

　　U sing L emm a 1 and L emm a 2 w e ob ta in tha t the first in tegra t ion of (2. 6) is no t grea ter

than

n - 1
2 sup

0< t< 1
ûu n ( t) - un (p ) û 2∫û f ′(Q (Νt) ) û

f 3 (Q (Νt) )
1
h

k
p - t

h
d t

= O (n - 1
2 h log h - 1)　 a. s.

it then fo llow s from L emm a 2 tha t

∫t - p
h

2 û f ′(Q (Νt) ) û
f 3 (Q (Νt) )

1
h

k
p - t

h
d t f ′(Q (p ) )

f 3 (Q (p ) )∫t2k ( t) d t.

　　H ence the th ird in tegra t ion of (2. 6) is no t grea ter than O (n
1
2 h 2). T hu s w e ob ta in tha t

I 2 (p ) = O (n - 1ö2h log h - 1 ∨ n1ö2h 2)　 a. s. (2. 7)

　　Since n h log h - 1 0 (n ∞) , then w e have

n
1
4 I 1 (p )  0　 a. s. 　 and　n

1
4 I 2 (p )  0　 a. s.

By T heo rem 1 of [4 ] w e imm edia tely ob ta in T heo rem 1.

Since

n h log n
( log log n) 3ö2  0　and　 nh

log h - 1  ∞,
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as n ∞, w e ob ta in from (2. 5) and (2. 7) tha t

n1ö4 ( log log n) - 3ö4 I 1 0　 a. s. (2. 8)

and

n1ö4 ( log log n) - 3ö4 I 2 0　a. s. (2. 9)

T hu s, it fo llow s from (2. 4) , (2. 5) and (2. 7) tha t

n1ö4 ( log log n) - 3ö4ûR�n (p ) - R n (p ) û 0　 a. s. (2. 10)

T herefo re, T heo rem 2 fo llow s from (2. 10) and [6 ] T heo rem 1.

Proof of Theorem 3W e can p rove T heo rem 3 by the sam e argum en t u sed in the p roof of T he2
o rem 2, w e m ay w rite

sup
0Φ p Φ 1

ûR�n (p ) - R n (p ) û Φ sup
0< p Φ 1

I 1 (p ) + sup
0< p Φ 1

I 2 (p ). (2. 11)

By assum p tion (1. 14) and 0 < inf0Φ x Φ 1 f (Q (x ) ) < ∞, w e have

sup
0Φ p Φ 1∫û f ′(Q (Νt) ) û

f 3 (Q (Νt) ) k ( t) d t Φ sup
0Φ p Φ 1

û f ′(Q (p ) ) û
f 3 (Q (p ) ) < ∞.

　　By L emm a 1, it fo llow s tha t

sup
0Φ p Φ 1

I 2 (p ) Φ n - 1
2 sup

0Φ p Φ 1
sup
û tûΦ c

ûqn (p - h t) - qn (p ) û 2f (Q (p ) )∫- c

c û f ′(Q (Νt) ) û
f 3 (Q (Νt) ) k ( t) d t

= O (n - 1
2 h log h - 1 ∨ n1ö2h 2)　 a. s.

　　By L emm a 1, w e ob ta in

sup
0Φ p Φ 1

I 1 (p ) Φ sup
0Φ p Φ 1

sup
û tûΦ ch

ûun (p + t) - un (p ) û = O ( (h log (nöh ) ) 1ö2)　 a. s.

　　Since

n h log h - 1

log n
 0　 and　 nh

log h - 1  ∞,

w e ob ta in

n1ö4 ( log n) - 1ö2 ( log log n) - 1ö4 sup
0Φ p Φ 1

I 1 (p )  0　 a. s.

and

n1ö4 ( log n) - 1ö2 ( log log n) - 1ö4 sup
0Φ p Φ 1

I 2 (p )  0　 a. s.

T herefo re, w e have

n1ö4 ( log n) - 1ö4 ( log log n) - 1ö4 sup
0Φ sΦ 1

ûR�n (p ) - R n (p ) û 0 　a. s. (2. 12)

[3 ] T heo rem 5. 2. 2, the resu lt of T heo rem 3 fo llow s from (2. 12)
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