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On Congruence Properties of Stirling-type Pair s

Yu H ongquan W ang Yi
(Inst of M ath Scis , DalianU niv. of Tech , 116024)

L i Chaoying
(Dept of Basic Courses, W uhan U niv. of M etallurgy Tech ,)

Abstract W eprove some congruence relations satisfied by integral Stirling-typepairs The re-
sults settle a question posed by Hsu [5]  In particular, they extend know n congruence properties
of Stirling numbersof the first kind and the second kind
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1 Introduction

Letf (t) and g (t) be wo formal pow er series such thatf (0) = g(0) = Oandf (g (1)) =
g(f (t)) =t, ie,fandgarereciprocal A Stirling-type pair, is usually defined to be the
coefficients of the follow ing pow er type expansions

E0) ZkAl(n,k)Jrl L@ﬁn—k: Y A=K ;’7

k! n!’
It isknow n that a Stirling- typepairA 1(n, k), A 2(n, k) may also be characterized equiv-
alently by the orthogonality of A 1(n, k) andA 2(n, k) ; by theL agrange inversion formula be-

tween f (t) and g (t) ; or by the Schlomilch-type formula representingA 1(*, *) linearly in
temsofAz(*, *), and vise versa See [5] for details and other properties of Stirling-type
pairs

Letf (=% _ant'/nl, gt = > . bt"/nl with a1, a., Z, the ring of inte-
gers Then it isknown by L agrang€e's inversion formula that b, be, Z, and vise versa
In this case, we have by Humw itzZ's lenma [3] that

(fF ()= (g() =0 (modk!).

Thuswe haveA :1(n,k), Az2(n,k) Z.
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A s aunified generalization of Stirling numbersof the first and second kind, the concept
of Stirling- type pairmay be used to cover many inverse relations of bivariate sequences, e
g , the Stirling numbersof the first and second kinds, tangent and arctangent numbers [3],
Stirling- Comtet numbers [6] etc Integral Stirling- pairsenjoy some nice arithmetic proper-
ties In [4], itwas shown that foraprinep andk, such that1< k< p < 2k- 1there hold
the systan of congruences

Ailp+ j,k+ j)=Az0p+ jk+ j)= 0 (modp,

where0 = j < p- k.

Itwas also guessed that (1) may not be true under the ole restriction 1< k < p and
0 j=p- k.

Herew e shall anawv er this question in the negative, and prove some general congruences
for integral Stirling-type pairs In particular, these results reduce tonev congruence proper-
tites for Stirling numbersof the first kind and the second kind

2 M ain results

Recall that theBell polynomial @ = & (a1, a:;, ) may be defined by @ = land

1 £
Zoq)ﬂn! = exp (ait + o t ). (2
D efferentiating both sidesof (2) with respect to t, and compare the coefficientsof t'w e get
"In
D= d. ja+ 3
1 ZO A jaje s (3
. pn pn n .
N otice that forp/|r,{r J = 0 (modp) , and oi = {J (mod p forn,i Z. W hen replace
| |

nbypnin (3), we get

Qi1 = Zno j (4)

The follow ing lenma is due to Carlitz [2], which is a generalization of aprevious result
of Bell [1]

L enma Letp beaprime Then the follav ing congruences hold.
“In
qlb+n = (alp + ap)q)n + Z . ap+j(Dq. j(mOd p), (5)
=1
Bz al + al T4 + a’ (mod p). (6)
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Theorean 1 Letpbeaprimeand 1< k< p.
Ai(p,k) = Az(p,k) = 0 (mod p),
Ai(p,1) = a, Ailp,p) = a; Az2(p,1) = by, Az(p,p) = bu

Proof L etz beacomplex indeterminate Define the polynomial T« (z) by
_ 1
exp zf (1) = ZOTn(z) o
Then itmay be deduced from (1) that

op 21 () = To(2) L ZAl(n,k)zk‘ﬂ

n!’

Tn(z) = XnoA 1(n, k) z* = anA 1(n, k) z%,

w here the tem for k = 0 has been deleted sinceA 1(n, 0) = 0. M oreover,
Tn(z) = D(za1, zaz, ).

Thuswe have from (5) by lettingn= OthatAi(p,k) = O(mod p). The ramaining parts
of the theoren may be proved by considering the function g (t) andA 2(n, k) , or just by sym-
metry. O
Theoran 2 Letp beaprime Thenforkwithl< k<

Ailp+ jk+ j)=Azlp+ jk+ j)
where0= j < p- k.

, We have
0 (modp),

n o

Proof By (5), we have
j N Ll = .
Teei(2) = (a2 + apZ)ZlAl(J,I)z + ZU apuZlAl(J - 1,97,
then for fixed j , we have, by comparing the coefficients of twithl< k< p+ jthatifj+
1< k< p
Ai(p+ j,k) = 0 (modp).
The proof may be completed by symmetry and by an obvious transformation
Finally w e note that it may be deduced from (6) that
Theoren 3 Letp beaprime If r= 0, then
Ai(p',k) = A2(p',k) = 0 (modp), k#z p,p~*% ,p,1
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Renark Theoram 2 ansversa questionof Hsu [5] Iff () = In(1+ t), g(t) = €- 1,
then Theorean 2 reduces to know n congruences for Stirling numbersof the first kind and the
second kind, see [6] In thiscase, Theoren 3 extends know n congruences for Stirling nun-
bersof the first and second kinds, see How ard [4] for other congruences
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