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On Congruence Properties of Stirl ing- type Pa irs
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Abstract. 　　W e p rove som e congruence relat ions sat isfied by in tegral St irling2type pairs. T he re2
su lts set t le a quest ion po sed by H su [5 ]. In part icu lar, they ex tend know n congruence p ropert ies

of Stirling num bers of the first k ind and the second k ind.
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1. 　 In troduction

L et f ( t) and g ( t) be tw o fo rm al pow er series such tha t f (0) = g (0) = 0 and f (g ( t) ) =

g (f ( t) ) = t , i. e. , f and g are recip roca l. A Stirling2type pa ir, is u sua lly defined to be the

coefficien ts of the fo llow ing pow er type expan sion s

(f ( t) ) k

k !
= ∑

nΕ k

A 1 (n , k ) tn

n!
, 　　

(g ( t) ) k

k !
= ∑

nΕ k

A 2 (n , k ) tn

n!
.

　　 It is know n tha t a St irling- type pairA 1 (n , k ) , A 2 (n , k ) m ay also be characterized equ iv2

a len t ly by the o rthogonality ofA 1 (n , k ) and A 2 (n , k ) ; by the L agrange inversion fo rm u la be2

tw een f ( t) and g ( t) ; o r by the Sch lo
¨

m ilch2type fo rm u la rep resen t ing A 1 (õ, õ) linearly in

term s of A 2 (õ, õ) , and vise versa. See [ 5 ] fo r deta ils and o ther p ropert ies of St irling2type

pa irs.

L et f ( t) = ∑nΕ 1an tnön! , 　g ( t) = ∑nΕ 1bn tnön! w ith a1, a2, ⋯ ∈ Z , the ring of in te2

gers. T hen it is know n by L agrange′s inversion fo rm u la tha t b1, b2, ⋯∈ Z , and vise versa.

In th is case, w e have by H u rw itz′s lemm a [3 ] tha t

(f ( t) ) k ≡ (g ( t) ) k ≡ 0　 (m od k ! ).

T hu s w e have A 1 (n , k ) , A 2 (n , k ) ∈ Z.
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　　A s a un ified genera liza t ion of St irling num bers of the first and second k ind, the concep t

of St irling- type pair m ay be u sed to cover m any inverse rela t ion s of b ivaria te sequences, e.

g. , the St irling num bers of the first and second k inds, tangen t and arctangen t num bers [3 ],

St irling- Com tet num bers [6 ] etc. In tegra l St irling- pa irs en joy som e n ice arithm et ic p roper2
t ies. In [4 ], it w as show n tha t fo r a p rim e p and k , such tha t 1 < k < p Φ 2k - 1 there ho ld

the system of congruences

A 1 (p + j , k + j ) = A 2 (p + j , k + j ) ≡ 0　 (m od p ,

w here 0 Φ j Φ p - k .

It w as a lso guessed tha t (1) m ay no t be true under the so le rest rict ion 1 < k < p and

0 Φ j Φ p - k .

H ere w e shall an sw er th is quest ion in the negat ive, and p rove som e genera l congruences

fo r in tegra l St irling2type pa irs. In part icu la r, these resu lts reduce tonew congruence p roper2
t ites fo r St irling num bers of the first k ind and the second k ind.

2. 　M a in results

R ecall tha t the Bell po lynom ia l 5 n = 5 n (a1, a2, ⋯) m ay be defined by 5 0 = 1 and

∑
nΕ 0

5 n
tn

n!
= exp (a1 t +

t2

2!
+ ⋯). (2)

D efferen t ia t ing bo th sides of (2) w ith respect to t , and com pare the coefficien ts of tn w e get

5 n+ 1 = ∑
n

j= 0

n

j
5 n- j a j+ 1. (3)

N o tice tha t fo r p öû r,
p n

r
≡0 (m od p ) , and

p n

p i
≡

n

i
(mod p fo r n , i∈Z. W hen rep lace

n by p n in (3) , w e get

5 p n+ 1 ≡∑
n

j= 0

n

i
. (4)

　　T he fo llow ing lemm a is due to Carlitz [2 ], w h ich is a genera liza t ion of a p reviou s resu lt

of Bell [1 ].

L emma　　 L et p be a p rim e. T hen the f ollow ing cong ruences hold.

5 p + n ≡ (a1
p + ap ) 5 n + ∑

n

j= 1

n

j
ap + j 5 n- j (mod p ) , (5)

5 p r ≡ ap r

1 + ap r- 1

p + ⋯ + ap r　 (m od p ). (6)
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Theorem 1　　 L et p be a p rim e and 1 < k < p .

A 1 (p , k ) ≡A 2 (p , k ) ≡ 0　 (m od p ) ,

A 1 (p , 1) ≡ ap , 　A 1 (p , p ) ≡ a1; A 2 (p , 1) ≡ bp , A 2 (p , p ) ≡ b1.

Proof　 L et z be a com p lex indeterm ina te. D efine the po lynom ia l T n (z ) by

exp z f ( t) = ∑
nΕ 0

T n (z ) tn

n!
.

T hen it m ay be deduced from (1) tha t

exp z f ( t) = ∑
nΕ 0

T n (z ) tn

n!
= ∑

n, k

A 1 (n , k ) z k tn

n!
,

T n (z ) = ∑
n

k= 0
A 1 (n , k ) z k = ∑

n

k= 1
A 1 (n , k ) z k ,

w here the term fo r k = 0 has been deleted since A 1 (n , 0) = 0. M o reover,

T n (z ) = 5 n (z a1, z a2, ⋯).

　　T hu s w e have from (5) by let t ing n = 0 tha tA 1 (p , k ) ≡ 0 (mod p ) . T he rem ain ing parts

of the theo rem m ay be p roved by con sidering the funct ion g ( t) and A 2 (n , k ) , o r ju st by sym 2

m etry. □

Theorem 2　 L et p be a p rim e. T hen f or k w ith 1 < k < p , w e have

A 1 (p + j , k + j ) ≡A 2 (p + j , k + j ) ≡ 0　 (m od p ) ,

w here 0 Φ j Φ p - k .

Proof　By (5) , w e have

T p + j (z ) ≡ (a1
p z p + ap z )∑

j

i= 1
A 1 ( j , i) z i + ∑

j

r= 1

j

r
ap + j∑

j - r

s= 1
A 1 ( j - r, s) z s,

then fo r fixed j , w e have, by com paring the coefficien ts of tk w ith 1 Φ k Φ p + j tha t if j +

1 < k < p

A 1 (p + j , k ) ≡ 0　 (m od p ).

T he p roof m ay be com p leted by symm etry and by an obviou s tran sfo rm at ion.

F ina lly w e no te tha t it m ay be deduced from (6) tha t

Theorem 3　 L et p be a p rim e. If r Ε 0 , then

A 1 (p r, k ) ≡A 2 (p r, k ) ≡ 0　 (m od p ) , k ≠ p r, p r- 1, ⋯, p , 1.
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Remark　 T heo rem 2 an sw ers a quest ion of H su [ 5 ]. If f ( t) = ln (1 + t) , g ( t) = et - 1 ,

then T heo rem 2 reduces to know n congruences fo r St irling num bers of the first k ind and the

second k ind, see [6 ]. In th is case, T heo rem 3 ex tends know n congruences fo r St irling num 2
bers of the first and second k inds, see How ard [4 ] fo r o ther congruences.
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关于广义 St irling 数偶的同余性

于洪全　　王　毅
(大连理工大学数学科学研究所, 116024)

李　超　英
(武汉冶金科技大学基础部, 430071)

摘　　要

本文证明了广义 Stirling 数偶的一些同余性质, 从而回答了文[ 5 ]中的一个猜测. 这些结

果做为特例推广了已知的关于两类 Stirling 数的同余性质.
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