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Abstract　L et G be a non- mono idal group , E be a no rm al subsem igroup of G such that E 2 = E and

1G ∈öE . T hen w e can define a part ia l o rder in G by set t ing E as the po sit ive cone, and G becom es

a part ia lly o rdered group. T hen w e can study bo th the group G and pow er group Гon G w ith iden ti2
ty E by the o rder. T he structu re of G is clear if the o rder is m ax im al and the pow er group Гon G

can be expanded to be of quasi- quo tien t type if G is la t t ice o rdered.
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1. In troduction

L et G be an arb it ra ry group , a ll non- em p ty sub sets of G fo rm a m ono id P (G ) under the

sub set m u lt ip lica t ion. A subgroup Гof P (G ) is ca lled a pow er group on G , and G , the genera t2
ing group of Г. If N is a no rm al subgroup of G then GöN is a pow er group on G , w ho se ele2
m en ts are co sets ofN and m u lt ip lica t ion can be done by their rep resen ta t ives, tha t is aN õ bN =

abN . Does every pow er group on G behave in th is w ay, o r is it of quo t ien t type? T he an sw er is

yes if G is a to rsion group [ 6 ]. Bu t there ex ists ano ther im p ro tan t type of pow er group s w h ich is

no t of quo t ien t type: L et E be a non- em p ty sub set of G sa t isfying E = E 2 = E. E = {e1e2ûe i ∈

E } , and H , a subgroup of N G (E ) = {g ∈G ûg - 1E g = E } , then Г= {hE ûh ∈H } is a pow er

group on G w h ich is no t of quo t ien t type if E is no t a subgroup of G . Fo r exam p le, rep lacing G

by Q + , the m u lt ip lica t ive group of po sit ive ra t iona l num bers, and E by Z + , the set of a ll po si2
t ive in tegers, w e get a pow er group Г= {qZ + ûq ∈Q + } , in w h ich q1Z + õ q2Z + = q1q2Z + , bu t

Гis no t of quo t ien t type becau se its elem en ts are no t co sets of any subgroup of Q + . How ever,

th is new type of pow er group s does no t go m uch fu rther than the quo t ien t one- it ‘‘look s like"

quo t ien t, so w e call it quasi2quo t ien t. O f cau se, a pow er group of quo t ien t type is a lso of quasi

- quo t ien t type. T hu s com es ano ther quest ion: Is the type of every pow er group on G quasi2
quo t ien t? T he an sw er is no in genera l. Bu t w e have such a resu lt in [7 ], tha t if the iden t ity 1G

of G is con ta ined in E , the iden t ity of pow er group Гon G , then Гis of quasi2quo t ien t type.

T hat m akes the group theo ret ica l p roperty P w o rthw h ile to study, w here P is tha t every non2
em p ty sub set E of G sa t isfying E 2 = E con ta in s 1G . A group G is ca lled m ono ida l if it has the

p roperty P . So the type of every pow er group on a m ono ida l group is certa in ly quasi2quo t ien t.

U nfo rtuna tely, m ono ida lity is a fa irly rest rict ive p roperty. It has been p roved tha t in a qu ite
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la rge class of group s, m ono ida lity is equ iva len t to being to rsion - by - cyclic - by - fin ite.

Even the group Z © Z is no t m ono ida l [5 ]. So there are p len ty of group s such tha t som e pow er

group s on w h ich m ay no t be of quasi- quo t ien t type. Fo r exam p le, let G = Z © Z and A r =

{ (x , y ) û 2 x + y > r, x , y ∈ Z , r ∈R }. T hen Г= {A rû r ∈R } is a pow er group on G w ith

iden t ity E = A 0 no t con ta in ing (0, 0) and group opera t ion A r1 + A r2 = A r1+ r2 . T h is pow er group

Гon G = Z © Z is no t of quasi- quo t ien t type since if r is an irra t iona l num ber o ther than m 2

+ n (m , n ∈ Z ) , then A r can no t be exp ressed in the fo rm A r = (x r, y r) + E w ith (x r, y r) ∈ Z

© Z = G . Bu t em bedding G in Gϖ = R © R , and set t ing Aϖr = { (x , y ) ∈Gϖû 2 x + y > r, r

∈ R } , w e get a pow er group #ϖon Gϖw here #ϖ = {Aϖrû r ∈R } sa t isfying A r = Aϖr ∩G , #ϖ≌ # and

the type of #ϖ is quasi- quo t ien t. Genera lly, let G be a subgroup of Gϖ , and # , #ϖ be pow er group

on G , Gϖ respect ively, if Aϖ Aϖ ∩G is an isom o rph ism from #ϖ to # , then #ϖ is ca lled an expan2
sion of # . Can any pow er group be expanded to be of quasi- quo t ien t type? T h is is w hat the

paper w ill dea l w ith.

L etG no t be m ono ida l, E be a non- em p ty sub set of G such tha t 1G ∈öE , E 2 = E and G =

N G (E ) , then G can be part ia lly o rdered by defin ing P = {1G } ∪ E as its po sit ive cone. In tha t

case, w e can study bo th group s G and # by the o rder. A dop t ing the no ta t ion in [ 1 ], by p o 2
group , f o - g roup l - g roup and O - g roup w e m ean part ia lly o rdered, fu lly o rdered, la t t ice-

o rdered and fu lly o rderab le group respect ively. L et # be a pow er group on G w ith iden t ity E ,

then every elem en tA of # am m a has a low er bound in G (see L emm a 2). A nd if every elem en t of

# has a g. l. b. in G , then # is of quasi2quo t ien t type (see L emm a 3). So, if G can be em bedded

in a com p lete l 2group G , then # can be expanded to be of quasi2quo t ien t type. How ever, an l

- g roup can be em bedded in a com p lete l 2group if and on ly if it is A rch im edean, and an

A rch im edean group m u st be A belian [ 3 ]. T hu s, the l - g roup s w h ich can be em bedded in a com 2
p lete l 2group are very lim ited. Bu t the com p leteness tu rn s ou t to be unnecessary fo r pow er

group expan sion since w e have p roved in th is paper tha t if G is an l 2group , then any pow er

group # on G w ith iden t ity E as the po sit ive cone of G po ssesses an expan sion #ϖ w h ich is of

quasi2quo t ien t type (T heo rem 2). It has a lso been ab ta ined in th is paper tha t if the iden t ity E is

m ax im al and no rm al, then the p o 2group G is dericted, and there ex ists a no rm al subgroup N of

G such tha t GöN is an O 2group (T heo rem 1) , w h ich yield imm edia tely a co ro lla ry tha t an a2
belian group is an O - g roup if and on ly if it is to rso in2free.

2. Partia l orders and power groups

In th is paper, w e study on ly tho se pow er group s w ho se iden t ity does no t con ta in the iden2
t ity of its genera t ing group.

L et # be a pow er group on G and E , the iden t ity of # . Since 1G ∈öE and E 2 = E , an o rder

Φ in G can be defined by set t ing its po sit ive cone P = {1G} ∪ E , i. e. , a Φ b if and on ly if a - 1b

∈ P , w h ich is ca lled o rder E o r o rder # . T he o rder is left iso tone, i. e. , a Φ b im p lies ca Φ cb

fo r any a , b, c in G . If E is no rm al in G , then the o rder E is a lso righ t iso tone and G becom es a

p o 2group w ith o rder E . Since E 2 = E , fo r any e ∈ E there ex ists e′∈ E such tha t 1G < e′<

e , thu s o rder E is den se in G .
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Conversely, if G is an o rder den se p o 2group and E is the set of a ll st rict ly po sit ive ele2
m en ts of G , then 1G ∈öE and E 2 = E . So , there ex ists a pow er group on G w ith iden t ity E .

U pon the fact, w henever ta lk ing abou t pow er group on an o rder den se p o - g roup , w e alw ays

m ean th is k ind of pow er group s th roughou t th is paper.

L et Φ 1 and Φ 2 are o rders in set G , then o rder Φ 2 is ca lled an ex ten sion of o rder Φ 1 if a Φ 1b

a lw ays im p lies a Φ 2b fo r any a , b ∈ G . O bviou sly, any o rder is its ow n ex ten sion, the trivia l

ex ten sion. A n o rder is m ax im al if it has on ly the trivia l ex ten sion.

L emma 1 T here ex ists a m ax im a l ord er in a non - m onoid a l g roup am ong the ord ers d ef ined by

p ow er g roup s on it.

Proof L et G be a non- m ono ida l group. D eno te

S = {X Α G û1G ∈öX , X 2 = X }.

By Zo rn ′s L emm a, there ex ists a m ax im al elem en t E in S , w h ich is desired. □

Theorem 1 L et # be a p ow er g roup on G such tha t the ord er # is m ax im a l. L etN = {n ∈GûnE =

E n = E } , the rep resen ta tive set of the id en tity E of # . If G = N G (E ) , then

(1)　N coincid es w ith the m ax im a l subg roup of G such tha t N ∩ E = 0ö;

(2)　N is m onoid a l;

(3)　G is a d ericted g roup ;

(4)　GöN is an O 2g roup.

Proof (1) It is obviou s tha tN is a subgroup of G andN ∩E = 0ö. L et K be a subgroup of G sa t2
isfying K ∩ E = 0ö. Since (K E ) 2 = K 2E 2 = K E and E Α K E , it fo llow s tha t K E = E o r 1G ∈

K E by the m ax im ality of E . If 1G = ke w ith k ∈ K and e ∈ E , then k - 1 ∈ K ∩ E con tra rying

to K ∩ E = 0ö. T herefo re K E = E and K Α N .

(2) If N po ssesses a non- em p ty sub set E 1 such tha t E 2
1 = E 1 and 1G ∈öE 1 , then E 3 = E ∪

E 1 a lso has the p roperty, a con trad ict ion.

(3) L et g ∈G be a fixed elem en t. D eno te

T = ∪ g iE　　 (0 Φ i < + ∞) ,

then T 2 = T and E Α T . W e cla im tha t g ∈ E E - 1 w here E - 1 = {e- 1ûe ∈ E }. Suppo se it is

fa lse, then g E is no t a sub set of E and E ≠T , tha t fo rces 1G ∈T by the m ax im ality of E . T hen

there ex ists a po sit ive in teger n such tha t 1G ∈ g nE . Since g nE = g nE õ E , so E Α g nE . Sim i2
la ry, there ex ists a po sit ive in teger k such tha t E Α g - kE fo r g - 1 ∈öE E - 1 . F rom E Α g nE , w e

conclude tha t E = E k Α (g nE ) k = g {nk}E and from E Α g - kE , E Α g - nkE , so g nkE = E . Bu t

1G ∈ g nkE , tha t is im po ssib le.

T herefo re, g ∈ E E - 1 = E - 1E fo r a ll g ∈G . A co rd ing to C liffo rd [ 2 ], G is a dericted group.

(4)　 Fo r any g ∈G , n ∈N , ng E = g - 1ng E = g - 1 (nE ) g = g - 1E g = E , so N ü G . A nd

the o rder induced in N is t rivia l by (1) , so N is convex.
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　　By facto ring ou t N w e can assum eN = 1. Fo r any g ∈G , either g E Α E o r g - 1E Α E by

the p roof of (3) , i. e. , either g - 1 ∈ L (E ) o r g ∈ L (E ) w here L (E ) is the set of a ll low er

bounds of E . T ak ing L (E ) - 1 to be the po sit ive cone, w e m akes G in to an f o 2group. □

A s a co ro lla ry, w e can now easily ob ta in L evi′s T heo rem [4 ].

Corollary (L evl)　 A n abelian g roup is an O - g roup if and on ly if it is torsion2f ree.

Proof L et G be a to rsion- free abelian group. If G is m ono ida l, then, by [5 ], G ≌ Z , an f o -

g roup. W h ile G is non- m ono ida l, let N , E be defined as in T heo rem 1. N ow GöN is an O -

g roup and N is m ono ida l, therefo re N ≌ Z o r {1G} , w h ich resu lt in tha t G is a lso an O 2group ,

becau se the class of O - g roup s is clo sed w ith respect to fo rm ing ex ten sion. □

L emma 2 L et # be a p ow er g roup on G , then every elem en t of # has a low er bound in G w ith re2
sp ect to the ord er # .

Proof L et A ∈ # , andA in be the inverse ofA in # , then A inA = E . T ak ing an elem en t a′∈A in

, w e get a′A Α A inA = E , i. e. , A Α (a′) - 1E . T herefo re (a′) - 1 < a fo r a ll a ∈ A , thu s

(A in) - 1 Α L (A ) . 　 □

L emma 3 L et # be a p ow er g roup on G , then # is of quasi2quotien t typ e if each elem en t of # has

a g. l. b. in G . T h is cond ition is a lso necessa ry w hen G is an l 2g roup w ith resp ect to ord er # .

Proof L et A ∈ # , and a3 is a g. l. b. ofA , then A Α a3 E . By L emm a 2, (A in) - 1 Α L (A ) , so

a3 Ε (a′) - 1 fo r a ll a′∈A in . T herefo re (a3 ) - 1 ∈L (A in) and (a3 ) - 1E Β A in , tha t im p lies a3 E

Α A . N ow a3 E = A and a3 is a rep resen ta t ive of A .

If G is an l - g roup and A = a3 E , then a3 ∈L (A ) and a3 ∨ c ∈L (A ) fo r any c ∈L (A )

. Suppo se a3 ∨ c > a3 , then a3 ∨ c ∈ a3 E = A , so A ∩L (A ) ≠ 0ö. Bu t tha t is im po ssib le

becau se A = A E , w h ich m ean s tha t there is no m in im al elem en t in A . H ence a3 ∨ c = a3 and

a3 is a g. l. b. of A .

3. Expan sion of power groups

By L emm a 3, if G is a com p lete l 2group , then every pow er group on G is of quasi2quo t ien t

type. T herefo re, if a p o 2group can be em bedded in a com p lete l 2group , then the pow er group

on it can be expanded to be of quasi2quo t ien t type. Bu t, actua lly, the com p leteness is no t nec2
essary by the fo llow ing

Theorem 2 L et # be a p ow er g roup on G and G be an l 2g roup w ith resp ect to ord er # , then # ex2
p and s to a p ow er g roup of quasi- quotien t typ e.

Proof L et G be an o rder- den se l 2group. A non2em p ty sub set X of G such tha t U (X ) ≠ 0öasso2
cia tes w ith a sub set X = L U (X ) , w hereU (X ) and L (X ) a re the sets of upper and low er bounds

in G of X respect ively. It is easy to check the fo llow ing p ropert ies:

(1)　X Α X # ,

(2)　 (X # ) # = X # ,

(3)　X Α Y im p lies X # Α Y # .
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L et

M = {X # û0ö≠X Α G , U (X ) ≠ 0ö}.

and define a com po sit ion 3 in M as

X # 3 Y # = (X # Y # ) # ,

w here X # Y # is the set of a ll x y w ith x ∈X # , y ∈Y # . A pp lying (1) - (3) , one can check tha t

M is a com p lete l 2m ono id w ith iden t ity 1#
G = L U (1G ) and set inclu sion as its part ia l o rder.

L et Gϖ deno te the subgroup ofM con sisted of a ll its un its and define

5 : g  g # = L U (g )

fo r g ∈ G , then 5 is an o 2m onom o rph ism from G to M , and Gϖ is the D edek ind ex ten sion of

G [ 1, 3 ] .

L et E , Eϖ be the sets of a ll st rict ly po sit ive elem en ts of G , Gϖ respect ively. Since G is o rder2
den se, E 2 = E and 5 (E ) 3 5 (E ) = 5 (E ) . C la im Gϖ is a lso o rder2den se, i. e. , Eϖ3 Eϖ = Eϖ. In

fact, if X # = 1#
G , there ex ists x ∈X # such tha t x ≮ 1G . N ow 1#

G < {x ∨ 1G ) # = {x , 1G }# <
X # and {x ∨ 1G ) # ∈ 5 (E ) , so Eϖ = 5 (E ) 3 Eϖ Α Eϖ3 Eϖ.

L et # be a pow er group on G w ith iden t ity E , fo r each A ∈ # assign an

Aϖ = 5 (A ) 3 Eϖ = {a# 3 X # ûa ∈A , X # ∈ Eϖ}.

Since 5 (E ) Α Eϖ and 5 (A ) = 5 (A E ) = 5 (A ) 3 5 (E ) , w e get 5 (A ) = 5 (G ) ∩Aϖ. T hu s,

A  Aϖ is an isom o rph ism from # to #ϖ = {AϖûA ∈ # } , and #ϖ is an expan sion of # .

W e need to p rove tha t #ϖ is of quasi- quo t ien type. It is sufficien t to show tha t every ele2
m en t of #ϖ has a g. l. b. in Gϖ by L emm a 3. Becau seAϖ = 5 (A ) 3 Eϖ , w hat w e rea lly need to show

is tha t 5 (A ) has a g. l. b. in Gϖ fo r any Aϖ ∈ #ϖ.

By L emm a 1, L (A ) ≠ 0öso (L (A ) ) # ∈M . If a ∈A , then a ∈UL (A ) , tha t im p lies a#

= L (a) Β L UL (A ) = (L (A ) ) # , therefo re (L (A ) ) # is a low er bound of 5 (A ) in M . O n the

o ther hand, if X # Α a# ho lds fo r a ll a ∈A and som e X # ∈M , so does x Φ a fo r a ll x ∈X # ,

a ∈A , hence X # Α L (A ) . N ow w econclude tha t X # = (X # ) # Α (L (A ) ) # , so L (A ) ) # is a

g. l. b. of 5 (A ) inM .

T h is last step is to show (L (A ) ) # ∈ Gϖ. By L emm a 2, (A in) - 1 Α L (A ) , so (L (A ) ) # õ
(L (A in) ) # Β L (A ) õ L (A in) Β (A in) - 1 õ A - 1 = (A õ A in) - 1 = E - 1 , therefo re
(L (A ) ) # 3 (L (A in) ) # = ( (L (A ) ) # õ (L (A in) ) # ) # Β (E - 1) # = 1#

G . O n the o ther hand,

L (A )L (A in) Α L (A A in) = L (E ) = 1#
G im p lies tha tL ( (A ) ) # 3 (L (A in) # = (L (A ) õ L (A in) ) # Α

(1#
G ) # = 1#

G . T hu s, (L (A in) # is the inverse of (L (A ) ) # and (L (A ) ) # ∈Gϖ , the resu lt fo llow s.
□

N ow , every elem en tAϖ of #ϖ can be exp ressed in the fo rm Aϖ = (L (A ) ) # 3 Eϖ. Expecia lly, if

A = aE , then (L (A ) ) # = a# and Aϖ = a# 3 Eϖ.
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幂群与序关系

杨　文　泽
(云南教育学院数学系, 昆明650031)

摘　　要

　　设G 为非m ono ida l 群, E 是它的正规子集, 满足 E 2 = E 并且 1G ∈öE . 利用 E 作为正锥, 可

以在G 上定义一个偏序, 并且G 成为一个偏序群. 这样就可以利用这个序关系同时研究群G 以

及G 上的以 E 为单位元的幂群. 当 E 是极大子半群时, 得到G 的一个结构定理; 在G 是格序群的

条件下, G 上的幂群 # 可以膨胀为一个拟商群.
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