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A Remark on the Inverse of Pr inc ipa l M atr ices by
Im pl ic it L U Factor iza tion
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Abstract　 W e p rove the invert ing fo rm u lar of the p rincipal subm atrix on a symm etric strongly

nonsingu lar m atrix by the imp licit LU facto rizat ion algo rithm.
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　　T he fo llow ing theo rem is sta ted in [1 ] concern ing the inverse of the p rincipa l subm atrix

of a g iven m atrix A bu t w ith a inco rrect p roof.

Theorem [ 1 ]　 L et p 1, p 2, ⋯, p k be the f irst k (k Φ n) sea rch vectors g enera ted by the im p licit L U

f actoriz a tion a lg orithm on the n by n sym m etric strong ly nonsing u la r m a trix A . T hen

∑
k

i= 1

p ip
T
i

aT
i p i

=
(A k , k ) - 1 0

0 0
, (1)

w here A k , k
is the k th p rincip a l subm a trix of A .

In th is no te w e p rove th is theo rem.

Proof D eno te A ≡ (a ij ) = (a1, a2, ⋯, an) T , A i = (a1, a2, ⋯, a i) . W e p rocced by induct ion.

Fo r k = 1 , from the im p licit LU facto riza t ion a lgo rithm [ 1 ], p 1 = e1 ∈R n . It fo llow s tha t

p 1p T
1

aT
1 p 1

=
(a11) - 1 0

0 0
=

(A 11) - 1 0

0 0
,

the theo rem is true fo r k = 1.

Fo r k = 2, H 2 = I - a1p T
1 öaT

1 p 1 = (h 21, e2, e3, ⋯, en) , w here h 21 = (0, - a12öa11, -

a13öa11, ⋯, - a{1n}öa 11) T , and p 2 = H T
2 e2 = (- a21öa11, 1, 0, ⋯, 0) T . T hu s∑

2

i= 1p ip
T
i öaT

i p i

is of the fo llow ing fo rm s
B 2 0

0 0
, w here B 2 ∈R 2×2 . It is enough to p rove tha t

∑
k

i= 1

p ip
T
i

aT
i p i

A k , k 0

0 0
=

I k 0

0 0
(2)
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ho lds fo r k = 2. Since
p 1p T

1

aT
1 p 1

A 2, 2 0

0 0
= (e1, (a12öa11) e1, 0, ⋯, 0) and p T

2 a1 = eT
2 H 2a1 = 0 ,

then

p 2p T
2

aT
2 p 2

A 2, 2 0

0 0
= p 2öaT

2 p 2 (p T
2A

2, 0) = (0, (- a12öa11) e1 + e2, 0, ⋯, 0). (3)

H ence w hen k = 2 , (2) is t rue.

A ssum e tha t the theo rem is true fo r i Φ k , w e p rove tha t it w ill st ill be va lid fo r i = k

+ 1. D eno te A k+ 1, k+ 1 =
A k , k aλk+ 1

aλT
k+ 1 ak+ 1, k+ 1

, and from assum ing the va lid ity fo r i Φ k , then

∑
k+ 1

i= 1

p ip
T
i

aT
i p i

A k+ 1, k+ 1 0

0 0
=

I k 0

0 0
+ ∑

k

i= 1

p ip
T
i

aT
i p i

0 aλk+ 1 0

aλT
k+ 1 ak+ 1, k+ 1 0

0 0 0

+
p k+ 1p T

k+ 1

aT
k+ 1p k+ 1

A k+ 1, k+ 1 0

0 0

≡ I + I I + I I I . Since the last (n - i) ( i Φ k ) com ponen ts of p i are zero , so I I = ∑
k

i= 1

p ip
T
i

aT
i p i

0 aλk+ 1 0

0 0 0
=

(A k , k ) - 1 0

0 0

0 aλk+ 1 0

0 0 0
=

0 (A k , k ) - 1aλk+ 1 0

0 0 0
, w here

(A k , k ) - 1aλk+ 1 (∈R k ) lies in the (k + 1) th co lum n. R eca ll tha t [ 1 ]

H k+ 1 = I -
I k 0

Aϖk (A k , k ) - 1 0
=

0 0

- Aϖk (A k , k ) - 1 I n- k

,

w here Aϖk is the m atrix com p rising the last n - k row s of A k . Since p k+ 1 = H T
k+ 1ek+ 1 = (-

aλT
k+ 1 (A k , k ) - 1, 1, 0, ⋯, 0) T , thu s I I =

0 - p k+ 1 + ek+ 1 0

0 0 0
. A pp lying p T

k+ 1a j = 0, j < k +

1 , then I I I = (0, p k+ 1, 0) , w here the vecto r p k+ 1 lies in the (k + 1) th co lum n. F rom above,

w e have

∑
k+ 1

i= 1

p ip
T
i

aT
i p i

(A k+ 1, k+ 1) 0

0 0
=

I k - p k+ 1 + ek+ 1 0

0 0 0
+

0 p k+ 1 0

0 0 0
=

I k+ 1 0

0 0
.

T he p roof is com p lete.

Remark F rom (3) it m ay be seen tha t the sta tem en t ‘F rom (6. 99) it fo llow s tha t p iu
T
i is a

m atrix w ho se elem en ts are a ll zero , save tha t on the in tersect ion of the ith row w ith the ith

co lum n, w h ich is equal to aT
i p i. ′in [1 ] is w rong.
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