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Abstract　W e consider the discrete Sch roβdinger operato r act ing on l
2 ( Z) w ith the po ten2

t ia lV n , the sequence consist ing of k + 1 sym bo ls: {0, 1, 2, ⋯, k} , and p rove that it ex2
h ib its pu rely con t inuous spectrum.
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1. In troduction

W e study one- d im en siona l d iscrete Sch roβdinger opera to r act ing on l2 ( Z) :

(H U ) n = U n+ 1 + U n- 1 + ΚV nU n (1)

w here V n is a sequence con sist ing of k + 1 sym bo ls: {0, 1, ⋯, k }. V ariou s such one dim en siona l

m odels have been invest iga ted [ 1, 2, 3 ] , nam ely w ith random o r a lm o st period ic po ten t ia l. A lso ,

m uch w o rk s have been devo ted to studying the Sch roβdinger opera to r w ith a po ten t ia l genera ted by

the F ibonacci sequence. T he discovery of quasi- crysta ls g ives physica l grounds to study of such

k ind of po ten t ia l w h ich can be though t as one - d im en siona l m odel[ 4, 5, 6 ]. In [ 1 ], Kohm o to,

Kadanoff and T ang p ropo sed a m odel w here V n is g iven by

V n = ςA (nΞ + Η) (2)

w here ςA is the characterist ic funct ion of an in terva lA on the circle and the argum en t of ςA has to

be understood m odu lo 1. W here Ξw as the go lden m ean, A w as the in terva l (- Ξ3, Ξ2 ] and Ηw as

0. T hese au tho rs con jectu red tha t the spectra l m easu re is singu lar con t inuou s. In th is paper, w e

show tha t the opera to r (1) w ith the po ten t ia l V n , con sist ing of k + 1 sym bo ls: {0, 1, 2, ⋯, k} ,

exh ib its pu rely con t inuou s spectrum.

2. Nota tion and Result

2. 1　O n con t inued fract ion expan sion s
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　　Since w e w ill m ake an ex ten sive u se of the con t inued fract ion expan sion (CFE) of the irra2
t iona l num ber, w e m u st first reca ll som e basic no ta t ion. A ny irra t iona l num ber Ξ> 0 can be w rit2
ten in a un ique w ay as

Ξ = a0 +
1

a1 +
1

a2 + ⋯

= [a0; a1, a2, ⋯ ], (3)

w here the in tegers a i′s are ca lled the part ia l quo t ien ts of CFE. If w e trunca te th is expan sion, w e

ob ta in a sequence of ra t iona l app rox im an ts

1

a1 +
1

a2 + ⋯ +
1
a i

=
p i

q i
(4)

ca lled the p rincipa l convergen ts of the CFE. T heir num era to rs and denom inato rs bo th obey linear

recu rsive rela t ion s as

p i = a ip i- 1 + p i- 2, 　q i = a iq i- 1 + q i- 2. (5)

In addit ion, w e have fo r i Ε 0

p iq i+ 1 - p i+ 1q i+ 1 = 1. (6)

2. 2　Sequences genera ted by a circle m ap

L et u s first define characterist ic funct ion w ith ∃ a g iven num ber betw een 0 and 1:

ς∃ (x ) = In t (x ) - In t (x - ∃) =
1 if 0 Φ F rac (x ) < ∃ ,

0 if ∃ Φ F rac (x ) < 1.
. (7)

H ere In t (x ) and F rac (x ) = x - In t (x ) deno te in teger and fract iona l parts of x , respect ively. It

is easily seen tha t ςA (x ) is a 1- period ic funct ion. Con sider sequence {ς∃ (nΞ+ Η) } , con sist ing of

tw o sym bo ls 0 and 1. T h is sequence m ay also be genera ted by a circle m ap , nam ely un it circum 2
ference, as show n by F ig. 1

F ig 1

L et u s define an in term edia te labelling sequence on the circle (un it circum ference). A se2
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quence L n is associa ted w ith the sequence of num bers Αn = F rac (Η+ nΞ) by the ru le

L n =

k , if0 Φ Αn < x 1,

k - 1, ifx 1 Φ Αn < x 2,

� 　　�

1, ifx k- 1 Φ Αn < x k ,

0, ifx k Φ Αn < 1,

(8)

w here 0 < x 1 < x 2 < ⋯ < x k < 1. T h is sequence con sists of k + 1 sym bo ls: 0, 1, 2, ⋯, k . A nd

it m ay also be genera ted by a circle m ap (nam ely un it circum ference) , as show n by F ig. 2. T he

sequence {ς∃ (Η+ nΞ) } is recovered by choo sing k = 1, x 1 = ∃

F ig 2

2. 3　R esu lts

W e study discrete Sch roβdinger opera to rs (1). In the fo llow ing theo rem sV n is the sequenceL n

in (8) , Ξ an irra t iona l num ber. W e u se the no ta t ion H (Η, Κ) to take in to accoun t the dependence

of H on Κand Η.

Theorem　 F or L ebesque a lm ost every Ξ and f or any x 1, x 2, ⋯, x k (0< x 1< x 2< ⋯< x k ) , then f or

L ebesque a lm ost every the sp ectra l m easu re of H (Η, Κ) is con tinuous f or any va lue of Κ. }

3. L emma s and Proof of Theorem

L emma 1　 L et U be a solu tion of the eig enva lue equa tion H U = EU and supp ose tha t there ex ists an

in teg er r such tha t V n+ ir= V n f or i= - 1, 1 and 0< nΦ r (H yp othesis H 1) , then w e have f or a ll E :

m ax (‖Y - r‖, ‖Y r‖, ‖Y 2r‖) Ε ‖Y 0‖ö2, (9)

w here Y n is the vector (U n ,U n+ 1) T.

Proof　 Fo r any so lu t ion U of H U = EU one can w rite

U n+ 1 + U n- 1 + ΚV nU n = EU n.

By the u se of t ran sfer m atrices, w e have

Y n = T (n) Y n- 1, (10)

w here
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Y n =
U n

U n+ 1

, 　T (n) =
0 1

- 1 E - ΚV n

. (11)

L et

M (n) = T (n) T (n - 1)⋯ T (1) , (12)

then

Y n = M (n) Y 0. (13)

H ypo thesis H 1 im p lies tha t

Y r = M (r) Y 0

Y 0 = M (r) Y - r

Y 2r = M (r) Y r

. (14)

Since the determ inan t ofM (r) is 1, the m atrixM (r) sa t isf ies:

M 2 (r) - tr (M (r) ) õ M (r) + I = 0, (15)

w here tr (õ) is the trace of m atrix (õ) , I is 2 × 2 un it m atrix.

i)　　T he case û t r (M (r) ) û Φ 1.

A pp ly the characterist ic equat ion (15) to any vecto r x ∈C2, and take the no rm , th is yields

‖x ‖ = ‖tr (M (r) )M (r) x - M 2 (x ) x ‖ Φ ‖M (r) x ‖ + ‖M 2 (r) x ‖.

L et x = Y 0 =
U 0

U 1

, and con sider equalit ies (14) , one gets

‖Y 0‖ Φ 2M ax{‖Y r‖, ‖Y 2r‖}. (16)

　　ii)　T he case û tr (M (r) ) û > 1.

T he equat ion (15) im p lies tha t

M (r) =
1

tr (M (r) )M
2 (r) +

1
tr (M (r) ) I.

Fo r any x ∈C2, w e have

M (r) x =
1

tr (M (r) )M
2 (r) x +

1
tr (M (r) ) x.

T ake the no rm

‖M (r) x ‖ = ‖ 1
tr (M (r) )M

2 (r) x +
1

tr (M (r) ) x ‖ Φ ‖M 2 (r) x ‖ + ‖x ‖.

L et x = M - 1 (r) Y 0 and con sider equalit ies (14) , one gets

‖Y 0‖ Φ 2M ax{‖Y r‖, ‖Y - r‖}. (17)
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T hu s L emm a 1 is a con sequence of (16) and (17).

L emma 2　 F or a lm ost every Ξ there ex ists f or a lm ost every Ηa sequence rn (Η) f or w h ich the H y2

p othesis H 1 of L em m a 1 is f u lf illed.

Proof　 L et
p n

qn
be the n th p rincipa l convergen t of the CFE of the irra t iona l num ber Ξ so tha t one

gets

qn+ 1 = anqn + qn- 1, 　p n+ 1 = anp n + p n- 1,

w here an is the n th part ia l quo t ien t of CFE of Ξ. T he ra te of convergence of the
p n

qn
to Ξ is g iven by

ûΞ -
p n

qn
û Φ û p n+ 1

qn+ 1
-

p n

qn
û =

1
qnqn+ 1

Φ 1
anq2

n
. (18)

N ow the set E (n) of va lue of Ηsuch tha t H ypo thesis H 1 is fu lf illed w ith r = qn is g iven by

E (n) = E 1 (n) ∩ E 2 (n) ∩⋯∩ E k (n) = ∩
k

i= 1
E i (n) ,

E i (n) = {Η: inf
0< m Φ qn

(ûF rac (m Ξ + Η) - x iû ) > qnûΞ -
p n

qn
û},

(19)

w here x i ( i = 1, 2, 3, ⋯, k ) a re the endpo in ts in (8) , see F ig. 2. Indeed, (19) exp resses the fact

tha t F rac (m Ξ + Η) fo rm in [1, qn ] m u st be d istan t from x i by at least the phase sh ife co rrespond2

ing to a tran sla t ion of ± qn in o rder to en su re the exact repet it ion of the po ten t ia l con sidered in

L emm a 1. C learly w e have

Λ(E i (n) ) Ε 1 - 2q2
nûΞ -

p n

qn
û , (20)

w here Λ is the L ebesgue m easu re on [0, 1 ], thu s u sing (18) :

Λ(E (n) ) Ε 1 - 2 (k + 1) q2
nûΞ -

p n

qn
û Ε 1 -

2 (k + 1)
an

. (21)

N ow , it is know n [7 ] tha t fo r a. e. Ξone gets:

lim sup
n→∞

an = + ∞, (22)

w h ich yields tha t

lim sup
n→∞

Λ(E (n) ) = 1,

w hence

Λ( lim sup
n→∞

E (n) ) = 1.

Con sequen t ly, fo r a. e. Ξ , there ex ists fo r Λa. e. Ηan infin ite sequence rk (Η) = qnk
(Η) such tha t H 1

is fu lf illed.

Proof of Theorem　 It suffices to show tha t any so lu t ion U of the eigenvalue equat ion H U = EU

canno t decay a t infin ity.
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　　F rom L emm a 2 w e know tha t there ex ists, fo r a. e. Ξ and fo r a. e. Η, an infin ite increasing

sequence rn sa t isfying the H ypo thesis H 1 of L emm a 1. In th is case m ax (‖Y - rn
‖, ‖Y rn

‖,

‖Y 2rn
‖) does no t tend to o as n tend to + ∞ , therefo re H (Η, Κ) canno t have eigenvecto rs in l2

(Z) fo r a. e. Ηand all Κ.
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一类 Sch roβd inger 算子的连续谱测度

商　朋　见
(北方交通大学应用数学系, 北京 100044)

摘　　 要

　　考虑 l2 ( Z)上的离散 Sch roβdinger 算子, 其势V n 是一个由 k + 1 个符号 {0, 1, 2, ⋯, k} 构成的

序列. 证明了它具有纯连续谱.
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