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Abstract　 In th is paper, w e study som e catego ricit ies of reflex ivity and co reflex ivity.

T he m ain resu lts are as fo llow s: (1). A and C are a pa ir of equ iva len t ca tego ries. (2).

R eflex ivity and co reflex ivity can be ex tended as m en t ioned in the paper. T ho se can be

u sed to sim p lify and genera lize som e resu lts of [1- 4 ].
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1. Prel im inar ies

T he no t ion s of (co- ) reflex ivity w ere p ropo sed by E. J. T aft and D. E. R adfo rd in d ifferen t

w ay in 1973 (see [1- 3 ]). E. J. T aft m ain ly con sidered rela t ion s of dualiza t ion, w h ile D. E. R ad2
fo rd w o rked ou t som e condit ion s of fin iteness. N ow , tho se are st ill basic ob jects of study. W e are

m ain ly in terested in ca tego ricit ies of (co- ) reflex ivity and their app lica t ion s in th is paper.

T h roughou t the paper everyth ing take p lace over fixed field k . W e assum e readers know ba2
sic theo ry of Hopf a lgeb ras, so w e direct ly u se the no ta t ion and term ino logy of [4 ].

L et C be the ca tego ry of coa lgeb ras, A the ca tego ry of a lgeb ras. T hey are non- fu ll sub2
ca tego ries of k- m od. R eca ll tha t a m o rph ism f in k- m od is isom o rph ic, m on ic, ep iciff f of the

underlying set is b iject ive, in ject ive, su rject ive respect ively. How ever, there is lit t le d ifference

betw een ep ics and su rject ion s in A , so w e w o rk w ith A� , Cζ ra ther than A , C in sect ion 3.

A s in [4 ], defin ite tw o con travarian t functo rs:

C
F = () 3

A 　, 　A
G = () o

C
fo r A ∈O bA , and C ∈O bC, there are tw o natu ra l m ap s ΓCand ΦA such tha t (see [4 ]) :

ΦA : A → A o3 = FG (A ) , 　〈ΦA (a) , f 〉= 〈 f , a〉, 　 Π f ∈ A o, a ∈ A , (1. 1)
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ΓC: C → C 3 o = GF (C ) ,〈ΓC (c) , g〉= 〈 g , c〉, Π g ∈ C 3 , c ∈ C. (1. 2)

　　W e summ arize som e w ell- know n resu lts of [1- 3 ], w h ich w ill be u sed in the sequel.

D ef in it ion 1　 L et A be an a lg ebra.

(a)　 A is ca lled p rop er if ΦA is injective.

(b)　 A is ca lled w eak ly ref lex ive if ΦA is su rjective.

(c)　 A is ca lled ref lex ive if ΦA 　is bijective.

D ef in it ion 2　 L et C be a coa lg ebra

(a)　C is ca lled coref lex ive if ΓC is su rjective.

(b)　C is strong ly coref lex ive if C
3

is a lm ost noetherian.

Remark　 ΓC is a lw ays in ject ive.

L emma 1　 (a ) f ∈ Hom C (C , D ) is injective (su rjective) if f f
3 ∈Hom A (D 3 , C

3 ) is su rjective

( injective).

(b)　 If g∈ Hom A (A ,B ) is su rjective, then g
o∈ Hom C (B o,A

o) is injective.

( c) 　 L et B be p rop er and A w eak ly ref lex ive. If g ∈ Hom A (A , B ) is injective, then g
o∈

Hom C (B o,A
o) is su rjective.

(d ) 　 L et A and B be ref lex ive. g ∈ Hom A (A , B ) is injective (su rjective) if f g
o∈ Hom C

(B o,A
o) is su rjective ( injective).

Proof. 　See [1- 3 ].

2. Equiva len tness and Its Appl ica tion s

L et A 1 be the subca tego ry of A , con sist ing of reflex ive a lgeb ras, C1 the subca tego ry of C
, con sist ing of co reflex ive coa lgeb ras.

Theorem 1　 A 1 and C1 a re a p a ir of equ iva len t ca teg ory.

Proof. 　W e p roceed in tw o step s.

(1) 　W e w ill p rove there ex ist na tu ra l t ran sfo rm at ion Γ from iden t ity functo r 1C to p roduct

functo r GF = (　) 3 o :

1C～
Γ

GF　, 　Γ: C û→ ΓC , (2. 1)

　　w here ΓC is defin ited by (1. 2)

A lso , a na tu ra l t ran sfo rm at ion Φfrom 1A to FG= (　) o3 :

1A ～
Φ

FG　, 　Φ: A û→A , (2. 2)

w here ΦA is as (1. 1).

It is sufficien t fo r (2. 1) to verify the comm u ta t ive d igramm

C
ΓC

C 3 o

↓f ↓f 3 o

D
ΓD

D 3 o

.
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　　 In fact, Π c ∈ C , Π d ∈D , w e have

〈 f 3 oΓ C(c) , d 3 〉= 〈ΓC (c) , f 3 (d 3 )〉= 〈 f 3 (d 3 ) , c〉= 〈 d 3 , f (c)〉= 〈ΓD f (c) , d 3 〉

　　Sim ila rly, (2. 2) is verif ied.

(2)　R estrict ion FûC1 is a f unctor f rom C1 to A 1. i. e. , C∈O b C1 im p lies F (C ) ∈O bA 1.

i. e. , ΦF (C ) is an isom o rph ism.

A ct ing F on the fo llow ing diagram

C
ΓC

GF (C ) ,

w e ob ta in

FG (F (C ) )
F (ΓC )

F (C ).

　　O n the o ther hand, w e have the inverse d igramm

F (C )
ΦF (C )

FG (F (C ) ) ,

and the equality

F (ΓC ) ΦF (C ) = 1F (C ) (2. 3)

ho lds. In fact, fo r any f ∈ F (C ) , x ∈ C , it is easy to verify the fo llow ing equat it ies:

〈 F (ΓC ) ΦF (C ) (f ) , x 〉= 〈ΦF (C ) (f )　, 　ΓC (x )〉= 〈 ΓC (x ) , f 〉= 〈 f , x 〉.

　　N o te ΓC is an isom o rph ism fo r any C ∈O b; C1. Fu rtherm o re, F (ΓC ) is an isom o rph ism , and

so is ΦF (C ) by (2. 3).

Sim ila rly, the rest rict ion G ûA 1 is a functo r fromA 1 to C1, and equality

G (ΦA ) ΓG (A ) = 1G (A ) (2. 4)

ho lds.

A ll ΓC and ΦA are isom o rph ism s, fo r any C∈ O b; C1, A ∈O b A 1, and w e have by (1) and

(2) ,

GF µ
Γ

1C1 (natu ra l isomo rph ism ) , (2. 5)

FG µ
Φ

1A 1 (natu ra l isom o rph ism ). (2. 6)

　　T h is com p letes the p roof.

In troduce som e app lica t ion s of theo rem 1. (1) A cco rd ing to theo rem , F is a b iject ion of Hom

C1 (C,D ) on to HomA 1 (D 3 , C
3 ) , w h ile G is a b iject ion of HomA 1 (A ,B ) on to H om C1 (B o,A

o).

T h is therefo re p roduces in terest ing resu lts: fo r any algeb ra m o rph ism f : D 3 → C 3 , there ex ists

a un ique coalgeb ra m o rph ism f 1: C →D such tha t f 1
3 = f ; and fo r any coalgeb ra m o rph ism g :

B o →A o , there ex ist a un ique a lgeb ra m o rph ism g 1: A →B such tha t g 1
o = g . In genera l, it is in2

co rrect (see [ 1 ]). M o reover, f ∈Hom C1
(C , D ) is in ject ive ( su rjet ive) iff F (f ) = f

3 ∈ Hom A 1

(D 3 , C
3 ) is su rject ive (in ject ive) , w h ile g∈ Hom A 1

(A ,B ) is in ject ive (su rject ive) iff G (g ) = g
o

∈ Hom C1
(B o, A

o) is su rject ive ( in ject ive). T h is is ex trem ly genera lizes P ropo sit ion 4. 1—4. 3 of

[1 ].
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　　 (2)　R ecall tha t (　) 3 and (　) o are a pa ir of ad jo in t functo rs, bu t the p roof is ra ther ind i2

rect, and diff icu lt to verify (see T heo rem 6. 0. 5 of [ 4 ]). U sing (2. 3) and (2. 4) , one p rove th is

theo rem by calcu la t ion, then ob ta in a concrete understand ing.

3. Exten siona l ity and Appl ica tion s

In th is sect ion, w e sligh t ly m odify A by A� , C by Cζ as fo llow s:

(1)　O bA
�

= O bA bu t Hom A� (A , B) = Hom k- mod (A ,B ) = Hom A� (A , B ).

(2)　O bCζ= O bC bu t H om Cζ (C ,D ) = Hom k- mod (C ,D ) = Hom C (A ,B ).

T herefo re, A� and Cζ are fu ll subca tego ries of k- m od, and a sequence is exact in A� o r Cζ
m ean s so is it in k- m od, no any confu sion betw een ep ics and su rject ion s, etc.

In m any catego ries, w e u sua lly study one p rob lem such tha t: fo r an exact sequence

0 → A 1 → A → A 2 → 0

if A 1 and A 2 sa t isfy condit ion s (P) , how abou tA ? If yes, the (P) is ca lled ex ten sionab le. Fo r ex2

am p le, a lm o st noetherian a lgeb ra and ra t iona l m odu le are ex ten sionab le ( see [2—4 ] ). W e w ill

p rove (co- ) reflex ivity is ex ten sionab le.

L emma 2　 (a)　F = (　) 3
is an ex act f unctor over Cζ.

(b)　G = (　) o
is lef t ex act f unctor over A�.

(c) 　L et 0→ A 1→ A → A 2→ 0 is an ex act sequence in A�. If A 1 is w eak ly reflex ive and A

p roper, then

0 → A o
2 → A o → A o

1 → 0

also exact.

Proof. 　Fo r any linear m ap h: V 1 → V 2 w here V i is vecto r space, the equalit ies

Kerh 3 = ( Im h ) ⊥ 　 Im h3 = (Kerh ) ⊥

ho ld. H ence, (a) is va lid. (c) ho lds by (b) and by L emm a 1 (c). W e p rove (b) in tw o step s.

(1)　L et 0 → A 1

f
A

g
A 2 → 0 be exact. In o rder p rove left exact sequence

0 → A 3
2

g o

A o
f o

A 1
o

it is enough to verify Ker f
o= Im ; g

o. N o te f o is rest rict ion of f 3 over A o , then

Kerf o = Ker; f 3 ∩ A o = ( Im f ) ⊥∩ A o.

　　 (2)　Since g o is the rest rit ion of g 3 over A o
2 , then

Im g o = g 3 (A 3
2 ) = g 3 (A 3

2 ∩ A o
2) < Im g 3 ∩ A o. (3. 1)

　　O n the o ther hand, fo r any ao ∈ Im g 3 ∩A o , there ex ists b3 ∈ A 2
3 sa t isfying

g 3 (b3 ) = ao, J < Kerao < A ,
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　　w here J is a cofin ite idea of A . It is easy to see

g (J ) < Kerb3 .

　　Since g is su rject ion, g (J ) is a lso cofin ite idea of A 2 . H ence, b3 ∈ A 2
o , i. e.

g 3 (A 3
2 ) ∩ A o < g o (A o

2) = Im g o. (3. 2)

By (3. 1) - (3. 2) , the equalit ies　　

Im g o = Im g 3 ∩ A o = (Ker; g ) ⊥∩ A o.

　　F ina lly, w e reach the fo llow ing equalit is

Kerf o = Kerf 3 ∩A o = ( Im f ) ⊥∩ A o = (Kerg ) ⊥∩ A o = Im g o.

Theorem 2　 L et 0→ C 1→ C→ C 2→ 0 be an ex act sequence in Cζ.

(a)　If C 1 and C 2 a re strong ly coref lex ive, then so is C.

(b)　S upp ose C 2 is coref lex ive, then C 1 coref lex ive Ζ C coref lex ive. In p a rticu la r, coref lex iv 2

ity is ex tensionable.

Proof　 (a) Since (　) 3 is an exact functo r, then

0 → C 2
3 → C 3 → C 3

1 → 0 (3. 3)

a lso exact. (a) ho lds due to ex ten siona lity of a lm o st noetherian a lgeb ras.

(b)　 In (3. 3) , C 3
2 is reflex ive by T heo rem 1, and C 3

1 is a lw ays p roper (see[4 ] 6. 0. 3).

U sing L emm a 2 (c) and (2. 1) ,w e ob ta in the fo llow ing comm u ta t ive d iagam :

0 → C 1 → C → C 2 → 0

↓ΓC1 ↓ΓC ↓ΓC2

0 → C 3 o
1 → C 3 o → C 3 o

2 → 0

.

　　N o te ΓC2 is an isom o rph ism. ΓC isom o rph ism Ζ ΓC1 isom o rph ism by Sho rt F ive L emm a, i. e. C

co reflex ive Ζ C 1 co reflex ive.

T h is com p letes the p roof.

In dual, w e have ano ther theo rem.

　Theorem 3　 L et ex act sequence

0 → A 1 → A → A 2 → 0

keep s ex actness und er action of G = (　) o.

(a)　If A 1 and A 2 a re p rop er ( w eak ly ref lex ive ) , then so is A .

(b)　If any tw o of A 1, A 2 and A a re ref lex ive, then so is the th ird.

In part icu la r, ( w eak ly ) reflex ivity is ex ten sionab le.

T h is p roof is dua l to the p roof above, so w e om it it.
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T heo rem 2—3 can be u sed to genera lize and sim p lify som e resu lts of [1- 3 ]. Som e p ropo sit ion s

in [1- 3 ], w h ich are ra ther d iff icu lt p roven, becom e obviou s here. W e cite exam p les, (1). 　 If

C 1 and C 2 are ( st rongly ) co reflex ive, then so is C 1 Ý C 2 . (2). 　 IfA 1 and A 2 are p roper ( w eak ly

) reflex ive, then so isA 1 Ý A 2 . D ue to the sho rtage of space w e don′t g ive exam p les any m o re.

T h is w o rk w as part ia lly done w h ile the au tho r w as visit ing D epartm en t of M athem atics, Ky2

o to U n iversity. the au tho r w ou ld like to thank P rofesso r M. J im bo fo r h is ho sp ita lity and

gu idences.
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关于 (余) 反射的范畴性质及其应用

潘　庆　年
(广东惠州大学数学系, 惠州516015)

摘　要

　本文研究了 (余)反射的范畴性质及应用, 得到的主要结果如下: (1) 余反射余代数范畴和反射代

数范畴是等价的. (2) 反射和余反射都具有可扩张性. 使用这些结果可以用来推广和化简了[ 1—

4 ]等人的部分工作.
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