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Abstract In this paper, we study some categoricities of reflexivity and coreflexivity.
Themain resultsare asfollows (1). A and C are apair of equivalent categories (2).
Reflexivity and coreflexivity can be extended asmentioned in the paper. Those can be
used to simplify and generalize some resultsof [1- 4]
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1 Preliminaries

The notionsof (co- ) reflexivity were proposed by E J Taft and D. E Radford in different
way in 1973 (see [1- 3]). E 1 Taftmainly considered relationsof dualization, w hileD. E Rad-
ford worked out some conditionsof finiteness Now, those are still basic objectsof study. W e are
mainly interested in categoricitiesof (co- ) reflexivity and their applications in thispaper.

Throughout the paper everything take place over fixed field k. W e assume readers know ba-
sic theory of Hopf algebras, o w e directly use the notation and tem inology of [4].

L et C be the category of coalgebras, A the category of algebras They are non- full sub-
categories of k- mod Recall that amorphisn f in k- mod is isomorphic, monic, epiciff f of the
underlying set is bijective, injective, surjective regectively. How ever, there is little difference
betw een epics and surjectionsin A , swework with AV,CNrather than A ,C in section 3

A sin [4], definite two contravariant functors

F=0" G= Q°

C A . A C
forA  ODbA , andC ObC, there are two naturalmaps 'tand G such that (see [4]):
G:A oA = FGA), G(@),f = f,a, Vi A°a A, (11
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n.c-c°=GF(C), N(c),g = g,c, Vg C',c C 12

W e summarize somewell- known resultsof [1- 3], whichwill be used in the sequel
Definition 1 L etA bean algebra

(a) A iscalled proper if G is injective

(b) A iscalledweakly ref lexive if G is surjective

(c) A iscalled ref lexive if G is bijective
Definition 2 L et C be a coalgebra

(a) C iscalled coref lexive if Tt is surjective

(b) C isstrongly coref lexive if C is almost noetherian
Remark T isalays injective
Lenma 1 (a) f Homc(C,D) isinjective (surjective) iff f Homa (O ,C") is surjective
(injective).

(b)) If g Homa (A,B) issurjective, theng® Homc B°,A°) is injective

(¢c) LetB beproper and A weakly relexive If g Homa (A,B) isinjective, then g°
Homc (B °,A°) is surjective

(d) LetA andB berelexive g Homa (A,B) isinjective (surjective) iff g° Homc
B°,A°) issurjective (injective).
Proof. See[1- 3]

2 Equivalentnessand ItsApplications

L et A :be the subcategory of A , consisting of reflexive algebras, C: the subcategory of C
, oonsisting of coreflexive coalgebras
Theorem 1 A :and C:area pair o equivalent category.
Proof. W eproceed in wo steps

(1) Wewill prove there exist natural transformation "from identity functor 1c to product

functorGF = () °:
1c nGF , ncl- n, (21
w here 't is definited by (1 2)
A l®, anatural transformation Cfrom 1a to FG= ( )°":
1A EFG , CA loa, (2 2
whereG isas (1 1).
It is sufficient for (2 1) to verify the commutative digranm
c — c'°
L f LT

D —— D
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Infact, V.c C, Vd D, wehave

f ' °Ndc) ,d” = M) ,f (M) = £ d),c= d,f = NBf(),d

Smilarly, (2 2) isverified

(2) Restriction F |c, isa functor fran Cito A+ i e, C ObC:impliesF (C) ODbA
i e, G isan immorphisn.

A cting F on the follow ing diagram

&
C— GF(C),
w e obtain
F('t)
FG(F (C)) F (C).
On the other hand, we have the inverse digramm
F©) " FG(F (),
and the equality
F (rl)?;t(c) = 1 (2 3

holds In fact, for any f F(C),x C, it iseasy to verify the follow ing equatities
FM)Go(f) , x = Gof) , Mtx) = ntx) ,f = f,x.
Note 't isan immorphisn foranyC  Ob; C. Furthemore, F (t) isan ismorphisn, and
o isGe by (2 3).
Similarly, the restriction G IA 1isafunctor fromA : to Ci, and equality
G(G) tw = lew (2 4)
holds

A1l Tt and G are isomorphisns, forany C  Ob; Ci,A Ob A 1, andwe have by (1) and
(2),

n
GF Z=1¢:(natural isomorphisn ), (2 5)

FG élAl(natural isomorphisn ). (2 6)

This completes the proof.

Introduce some app licationsof theorem 1 (1) A coording to theorem, F is a bijection of Hom
C:(C,D) onto HomA 1@ ",C"), whileG is a bijection of HomA, 1 (A ,B) ontoH anC:B °,A °).
This therefore produces interesting results for any algebramorphisnf: D~ - C’, there exists
a unique coalgebramorphisn f 11 C - D such thatf:" = f ; and for any coalgebramorphisn g:
B° - A°, thereexist aunigue algebramorphisn gi:A - B such thatg:= g. In general, it isin-
correct (see [1]). Moreover, f Homc,(C,D) is injective (surjetive) iff F(f)=f "  Homa,
O ",C’) is surjective (injective), whileg Homa, (A ,B) is injective (surjective) iff G(g)= g°

Homc, B °,A°) is surjective (injective). This isextramly generalizes Proposition 4 1—4 3 of

[1]
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(2) Recall that ( )" and ( )°are apair of adjoint functors, but the proof is rather indi-
rect, and difficult to verify (see Theorem 6 Q 5of [4]). Using (2 3) and (2 4), one prove this

theorem by calculation, then obtain a concrete understanding
3 Extensionality and Applications

In this section, w e slightly modify A by AN Chby 6asfoll0ws
(1) ObAV=ObA but Hom& (A . B)= Homk maa(A ,B) D Homg (A, B).
(2) obC=0bC butH e (C,D)= Homi maa(C,D) D Homc (A ,B).
Therefore, AV and Gare full subcategoriesof k- mod, and a sequence is exact in AN or 6
means 2 is it in k- mod, no any confusion betw een epics and surjections, etc
In many categories, w e usually study one problan such that: for an exact sequence
0O-A:1-A -A2-0
if A1 andA 2 satisfy conditions (P), how aboutA ? If yes, the (P) iscalled extensionable For ex-
anple, amost noetherian algebra and rational module are extensionable ( see [2—4] ). W ew ill
prove (co- ) reflexivity is extensionable
Lemma2 (a) F= ( ) isan exact functor over CN
(b) G= ( )°isld t exact f unctor over AV
() Let0O>A15 A - Az2- 0isan exact sequence in AN If A1isweakly reflexive and A
proper, then
0-AZ A AT O
al exact
Proof. For any linearmap h: V1 — V2whereV i isvector ace, the equalities
Kerh” = (imh) mh™ = (Kerh)
hold Hence, (a) isvalid (c) holdsby (b) and by Lenmal (c). Weprove (b) in two steps

f g9
(1) LetO- A: A A2 - Obeexact Inorder prove left exact sequence

go fo
AO

0-A: AL
it is enough to verify Ker f °= m; g° Notef °is restriction of f = overA°, then
Kerf°= Ker;f " n A°= (Imf) n A°
(2) Sinceg’is the restrition of g~ overA$, then
mg°= g Az2)=9g A2 n A3 C Img nA° 31
On theother hand, foranya® Img  n A°, thereexistsb™ A satisfying
g (b)) = a° J C Kera®CA,
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w hereJ isa cofinite ideaof A . It iseasy to see

g@) C Kerb".
Sinceg is surjection, g (J) isal® cofinite ideaofA.. Hence, b° A2’ ie
g A2) n A°Cg’(A3) = mg" (32

By (3 1)- (3 2), the equalities
img°= mg n A°= (Ker;g) n A°
Finally, we reach the follow ing equalitis
Kerf°= Kerf " n A°= (Imf) n A°= (Kerg) n A°= mg°

Theoran 2 Let0- Ci— C— Cz2- 0 bean exact sequence in 6

(a) If Ciand Czarestrongly coref lexive, then so isC.

(b) SupposeC: is coref lexive, then Cicore lexive <C coref lexive In particular, coref lexiv-
ity is ex tensionable
Proof (a) Since ( )  isan exact functor, then

0-C -C -Ci -0 (33

alo exact (a) holds due to extensionality of aimost noetherian algebras

(b) In (3 3), Cz isreflexive by Theoran 1, andC: isawaysproper (see[4] 6 Q 3).

U singLenma 2 (c) and (2 1) ,we obtain the follow ing commutative diagam:

0O - Ci. - C - C - 0
L L n L n,
0 - Ci° - Cc° - ¢C2° - 0

Note ', isan isomorphisn. 't isomorphisn <t, issmomhisn by Short FiveL enma, i e C
ocoreflexive <C1 coreflexive

This completes the proof.

In dual, we have another theorem.

Theorem 3 L et exact sequence
0O-A1-A A2 0

kesp's exactness under action o G= ( )°

(a) If Arand Azareprogper (weakly ref lexive ), then so isA.

(b) If any wod A1, Azand A are rd lexive, then so is the third.

In particular, (weakly ) reflexivity is extensionable

Thisproof is dual to the proof above, sweomit it
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Theoren 2—3 can be used to generalize and simplify some resultsof [1- 3] Some propositions
in [1- 3], which are rather difficult proven, become obvious here W e cite examples, (1). If
C:andC:are ( strongly ) coreflexive, then 20 isC:@® C.. (2). IfA:andAareproper (weakly
) reflexive, then 0 isA1® A2. Due to the shortage of spacew e don't give exanples any more
Thiswork waspartially donew hile the authorw as visiting D epartment of M athean atics, Ky-
oto U niversity. the author would like to thank Professor M. Jmbo for his hogitality and

guidences
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