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Abstract  In this paper, we discuss relations betw een optimal stopping problensover tree sets and
partially ordered sets, prove that there isa 1- 1 corregpondence betw een then and < every optimal
strategy can be obtained in the set of optimal control variables
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In 1966, Haggstrom first introduced control variable to discussoptimal stopping problem sover tree sets™The
study of thisproblem had remained at a standstill untill 1983 G F. L avler and R. 1 V anderbei discussed optimal
stopping problem s over partially ordered sets using the theory of multi- parameter stochastic processes A fter-
wards, in 1994, W riter proved the equivalence of optimal strategy and adm issible strategy ' In thispaper, we dis-
cuss relations betw een optimal stopping problam sover tree sets and partially ordered sets and proved that every
optimal strategy can be obtained in the set of optimal control variables

Let (Q T,P) beacomplete probability pace, N = {0,1,2, }, and (S, =) be apartially
ordered set asin [2] LetZss,,u U(s),s S, andZs,s S, be integrable random variables
withA " conditions'@ich that Zsu [ u,Zs s whereU (s) is the set of direct succesorsofs Zs
is called the stopping reward at sand Zs. the running revard from stou. s s S} isthein-
creasing family of sub- 0- algeberasof T generated by rew ard processes

LetA = {(as,a1, ,a):a= 0 a S,a+1 Uf(a), 0= i=<j,j N}. A partial order
< isdefinedonA asfollows Ifa= (ao, a1, ,a) andb= (bo,b1, ,b) areelamentsofA , then

a=< bifandonly if j = kandai= biforalli =< j. Itfollowsthat (A, <) isatree set For anya
= (ao,a, ,a) A, ZaisdefinedbyZ.= >, 0Za.a,,+ ®Za, wherex (0, 1) iscalled the
discount factor. Let T a= 0o{Zn:b=<a, b A} The ideasand notations in the follow ing theorem
can be referred to [1], [2], [3] The set of all control variableson (A, <) isdenoted byz and
the set of all strategieson (S, =) by T.

Theoren  There isa 1- 1correﬂoondence¢belweenz and T, andEZ:= EZ (Ht)) for every t

s
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Corollary Under the same condition o the theorem, for given optimal strategy T~ T, there

exists an gptimal control variable t Z such that EZ¢ = EZ (T 7).

Proof of Theoram For any t Z , we define a correpondence $bn Z as follow s

(G, @, ,0G) (W = (ac,a1, ,a) and &(w = G(w, k> j on {t= a= (as, a1, ,a)}

T= inf{k: &(0) = G+ 1(W}
WegetHt) = T= ((&),D. First, weprovethat §¥t) T. Forn N ands S, we have

{0?1: S}:b' {tz (bo,bl, ,bn-1,S)} Fs

VLTI
Hence, onisa stoppingpointon (S, <) and it isobviousthat 6 < Gi+1. To show that g1 | ¢,
it is needed to prove that for anyu inS , we have {s+1= u}n {h=s} | sfor eachsinS.

Ifu= s, then

{G+1=u} n {Gh= g} = {t= (ao,a1, ,an 1,88 Fs
s A |

lfu> s, thenu U (s) = {s,s, ,s and

{Gw1=8}n {G= s = aa a {t= (@a, ,a 1,58)}

= {t= ai} Fs

a= (aga;, .4, 1.9.3p.ay, .3, g
whereai = (ao,a1, ,an1,55),1<i=<gq. ItfollowsthatT = ((&),D T andclearly Pisa
single corregpondence
Now weprove that forany T T thereisat T such that®t) = T. SupposethatT =

((®), 1) isagiven strategy. L et

Bo= {7= j} n {(®, &, ,0)=a= (a,a, ,a)}

Bi= {(® 6, ,0,0.1) = ak},ak= (a0, ,a,a),a Ul(a)= {a, ,a}

Bg 1= Q\i:qOBi,
thenBi [4,i= 0,1, ,g+ 1,Bin Bj= B i# j and ?:;B i= Q In the viewv of actualities, the in-
formation before the point w hich the know n path has reached is conditionally independent of the
information contained in the know n path W e have

PB:|F}P{Bi|F}= PBB;|Fa}=0, i# |

LetCi= {P{B;|F~}> 0}, 0< i< g+ 1 thenCin C;= Bas i# j. Letmi= P{B:|F a}, thenm,

g+ 1

= OandZmi: 1, o thatm?= mi. Hence, mi= 1{Ci}. It showsthat{Ci,0< i< q+ 1} is
i= 0

F a- measured cutting to QandBi= Cia s By completeness, Biis |- .- measured fori= 0,1,
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,q+ 1. Now wedefinet(w) = a= (ao, a1,

B«

,a;) onBo, then {t= a}=Bo

F.and {t= a}=

Fa k=12 ,9 FromP{T< o}=1,weknow P{t A} = 1. Hencet Zand itis
clear that {t) = T andEZ:= EXt) = ET.
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