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Abstract　 In th is paper, w e discuss rela t ions betw een op tim al stopp ing p rob lem s over tree sets and

part ia lly o rdered sets, p rove that there is a 1- 1 co rrespondence betw een them and so every op tim al

stra tegy can be ob tained in the set of op tim al con tro l variab les.
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In 1966, H aggstrom first in troduced con tro l variab le to discuss op tim al stopp ing p rob lem s over tree sets [1 ]. T he

study of th is p rob lem had rem ained at a standst ill un t ill 1983 G. F. L aw ler and R. J. V anderbei discussed op tim al

stopp ing p rob lem s over part ia lly o rdered sets u sing the theo ry of m u lt i- param eter stochast ic p rocesses [2 ]. A fter2
w ards, in 1994, W riter p roved the equ ivalence of op tim al stra tegy and adm issib le stra tegy [3 ]. In th is paper, w e dis2
cuss rela t ions betw een op tim al stopp ing p rob lem s over tree sets and part ia lly o rdered sets and p roved that every

op tim al stra tegy can be ob tained in the set of op tim al con tro l variab les.

L et (8 , T , P ) be a com p lete p robab ility space, N = {0, 1, 2,⋯} , and (S , Φ ) be a part ia lly

o rdered set as in [ 2 ]. L et Z s, u , u ∈U (s) , s∈ S , and Z s, s∈ S , be in tegrab le random variab les

w ith A + condit ion s [ 3 ]such tha t Z s, u∈F u , Z s∈F s, w hereU (s) is the set of d irect successo rs of s. Z s

is ca lled the stopp ing rew ard a t s and Z s, u the runn ing rew ard from s to u . F s, s∈ S } is the in2
creasing fam ily of sub- Ρ - a lgeberas of T genera ted by rew ard p rocesses.

L et A = { (a0, a1,⋯, a j ) : a0 = 0, a i∈ S , a i+ 1∈U (a i) , 0 Φ i Φ j , j ∈N }. A part ia l o rder

Μ is defined on A as fo llow s: If a = (a0, a1,⋯, a j ) and b = (b0, b1,⋯, bk ) a re elem en ts of A , then

a Μ b if and on ly if j Φ k and a i = bi fo r a ll i Φ j . It fo llow s tha t (A , Μ ) is a t ree set. Fo r any a

= (a0, a1,⋯, a j ) ∈A , Z a is defined by Z a = 6
j - 1

i= 0 ΑiZ a i, a i+ 1 + Αj Z a i
, w here Α∈ (0, 1) is ca lled the

d iscoun t facto r. L et T a= Ρ{Z b: bΜa , b∈ A }. T he ideas and no ta t ion s in the fo llow ing theo rem

can be referred to [1 ], [ 2 ], [ 3 ]. T he set of a ll con tro l variab les on (A , Μ ) is deno ted by 6 and

the set of a ll st ra teg ies on (S , Φ ) by T.

Theorem　 T here is a 1- 1 corresp ond ence Υbetw een 6 and T , and E Z t = E Z (Υ( t) ) fo r every t∈

6 .
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Corollary　 U nd er the sam e cond ition of the theorem , f or g iven op tim a l stra tegy T
3 ∈T , there

ex ists an op tim a l con trol va riable t
3 ∈6 such tha t E Z t3 = E Z (T

3 ).

Proof of Theorem　 Fo r any t∈ 6 , w e define a co rrespondence Υon 6 as fo llow s:

(Ρ0, Ρ1,⋯, Ρj ) (Ξ) = (a0, a1,⋯, a j )　and　Ρk (Ξ) = Ρj (Ξ) , k > j　on　{ t = a = (a0, a1,⋯, a j ) }

Σ= inf{k: Ρk (Ξ) = Ρk+ 1 (Ξ) }.

W e get Υ( t) = T = ( (Ρk ) , Σ) . F irst, w e p rove tha t Υ( t)∈T. Fo r n ∈ N and s∈ S , w e have

{Ρn = s} = ∪
b0, b1,⋯, bn- 1

{ t Λ (b0, b1,⋯, bn- 1, s) }∈F s.

H ence, Ρn is a stopp ing po in t on (S , Φ ) and it is obviou s tha t Ρn Φ Ρn+ 1 . To show tha t Ρn+ 1∈F Ρn
,

it is needed to p rove tha t fo r any u in S , w e have {sn+ 1= u}∩{Ρn= s}∈F s fo r each sin S .

If u = s , then

{Ρn+ 1 = u}∩ {Ρn = s} = ∪
a0, a1,⋯, an- 1

{ t = (a0, a1,⋯, an- 1, s}∈F s.

　　 If u > s , then u ∈U (s) = {s1, s2,⋯, sq} and

{Ρn+ 1 = si}∩ {Ρn = s} = ∪a0, a1,⋯, an- 1{ t Λ (a0, a1,⋯, an- 1, s, si) }

= ∪
a= (a0, a1,⋯, an- 1, s) , a0, a1,⋯, an- 1

{ t Λ a i}∈F s,

w here a i = (a0, a1,⋯, an- 1, s, si) , 1 Φ i Φ q . It fo llow s tha t T = ( (Ρn) , Σ) ∈T and clearly Υ is a

sing le co rrespondence.

N ow w e p rove tha t fo r any T∈T there is a t∈T such tha t Υ( t) = T . Suppo se tha t T =

( (Ρn) , Σ) is a g iven stra tegy. L et

B 0 = {Σ= j }∩ { (Ρ0, Ρ1,⋯, Ρj ) = a = (a0, a1,⋯, a j ) }

B k = { (Ρ0, Ρ1,⋯, Ρj , Ρj+ 1) = ak }, ak = (a0,⋯, a j , ak
j ) , ak

j ∈U (a j ) = {a1
j ,⋯, aq

j }

B q+ 1 = 8 ø ∪
q

i= 0
B i,

then B i∈F a j
, i= 0, 1,⋯, q+ 1,B i∩ B j = Ηö, i≠j and ∪

q+ 1

i= 0
B i= 8. In the view of actua lit ies, the in2

fo rm at ion befo re the po in t w h ich the know n path has reached is condit iona lly independen t of the

info rm at ion con ta ined in the know n path. W e have

P {B iûF a}P {B j ûF a} = P {B iB j ûF a} = 0,　i≠ j.

L et C j = {P {B j ûF n}> 0}, 0Φ iΦ q+ 1 then C i∩ C j = Ηöa. s. i≠ j . L et m i= P {B iûF a}, then m i

Ε 0 and 6
q+ 1

i= 0
m i = 1 , so tha t m 2

i = m i . H ence, m i = I {C i}. It show s tha t {C i, 0 Φ i Φ q + 1} is

F a- m easu red cu t t ing to 8 and B i = C i a. s. By com p leteness, B i is F a- m easu red fo r i = 0, 1,
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⋯, q + 1. N ow w e define t (Ξ) = a = (a0, a1,⋯, a j ) on B 0 , then { t= a}= B 0∈F a and { tΛ a}=

B k∈ F a , k= 1, 2,⋯, q. F rom P {Σ< ∞} = 1 , w e know P { t∈A } = 1. H ence t∈6 and it is

clear tha t Υ( t) = T and E Z t = E Υ( t) = E T .
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从树型集上最优停止问题到一般偏序集上最优停止问题
易　东　云

(国防科技大学应用数学系, 长沙410073)

摘　要

　　本文讨论了树型集上与偏序集上最优停止问题两者间的关系,证明了最优策略与最优控制变

量的一一对应关系,从而导出最优策略. 可在最优控制变量中取到.
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