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Soame Canbinator ial Identitieson L attice- Point Poset
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Abstract This paper is devoted to the counting of j - chains of lattice- point poset The incidence
function and two basic enumerators asociatedw ith it are introduced and evaluated Our results contain
a lot of combinatorial suns
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1 Introduction

The follow ing formulae arew idely used combinatorial identities .
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A ll these fomulae have their respective combinatorial proofs For instance, in order to show
(1 1), weonly need to see that the right- hand sideof (1 1) is the number of p - elament sub-
setsX of [m+ n]= {1, 2, , m+ n}. Suppose thatX intersects[n] in k elenents There are

m
choicesforX n [n], and choicesfor the remainingp - kelamentsX n {n+ 1,n+

n m
2, ... ,n+ m}. ThusthereareLj{ kJ waysthatX n [m + n]can havep elenents, and

m+ n
summ ing over k gives the total number 0 J of p - elanent subsetsof [m + n]. Take set of
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lattice- paths instead of [m + n] in the above argument, we get combinatorial proofs of (1 2)
and (1 3) atonce See[2, 3] for details In the present paper, we apply this idea to the lattice-
point poset (partially ordered set, for short), and obtain some combinatorial identitiesw hich may
be view ed as generalizationsof (1 1)- (1 3). For simplicity, the reader is referred to [5] for the
notations and tem inology of poset

2 M ain Reaults

L etN " be the set of allm - tuplesx = (x1,x2, ,xm) of non- negative integers, called lat-
ticepoint, and letn= (n1,n2, ,nm) beafixed elenentofN™. W emay makeN " be aposetw ith
order relation < defined by x < y iffxi < yi, i= 1,2, ,m.

Definition 1 A lattice- point posetw ith respect to n is the principal order ideal generated by n,
namely say, An(n)= D{Xx N"|Xx= n}. A linearly ordered j- subset & A (n) iscalled a j-
chain o A« (n).

The purpose of thispaper is to count j - chainsof Ax (n). W e begin w ith ome elementary
enum erative functions as follow s
Definition 2 Suppose thatAn’'(n) istheset & all j - chains A= (n) and letBn’' (n) and Cn' (n)

denote the sets o thej - chains in An (n) that contain Oand Oand n, repectively. Then, G-, F-and
A-function are repectively def ined by Gh(n) = lb\mj(rl_) | Fa(n) = |ij(r§| and M (n) =
lcn'(n) ] A- function is also called the incidence f unction o A (n) .

Inw hat follow s, we adopt some multidimensional notations, only for convenience V n =
(M, nz, ,nm) N", defineA ()= (nz,ns, ,nw)and [n]= S.ni. LetH () bea function on
i=0

N™. Thenwewriten= (n;, A(n)) andH (n) = H (n, A (n)).
Here, we come to our main results
Theorem 1 L et A (n) be def ined as above T hen

Fh(n) = Fh(ni- 1,A(n)) + Z D F (A X))FR(M- 1, AK)), (2 1)
AT =AM+ o= |
M@ = Fita- LAM)+ DL DL (A ))FR(m- 1,AK)), (22)

& e
0< AR = At 12!

Gh(n) = Fh(n) + F& *(n), (2 3)
Fa(n) = A&(n) + A& '(n), (2 4
wheren- x= (ni- Xi,Nz2- X2, ,Nm- Xm).

Proof W eonly prove (2 1), the rest can beproved in the smilarway. To do this, observe that
the left- hand side of (2 1) is just the cardinality of Bm’'(n). L etX be an arbitrary elanent of
Bm'(n). Obviously, X may intersect the hyperplanex:= 3D nior not If X doesnot intersect the
hyperplanex1= ni, then thereareFh(ni- 1,A(x)) choicesforX B#h(n). Suppose thatX in-
tersects the hyperplane x: = ni in j1 lattice pointsw hich contain x as theminimal lattice point
There areml_zljl(A(rl_- x)) choicesforX n {y[x =y = n}, andFi(ni- 1,A(X)) (ji+ j2= j)
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choices for the remaining j2 lattice points X n {y_| y < X, y1 = ni - 1}. Thus there are
Fit 1(A(n- x))F#(ni- 1,A(x))waystotally thatX n {y | x = y = n} can havej: lattice points

of which x is theminimal lattice point Summing over A (x) and { (j1, j2) | ji+ j2= j} gives
the total number of j - chainsX that intersects the hyperplanex:= ni. Thiscompletes the proof.
O
Certainly, these recurrence relationswiill lead to the explicit fomsof F - , G- and A-
functions

Theoran 2 L et A{n) be the lattice- point posetw ith repect ton, and F - , G- and A- func-
tion as given by D & inition 2 Then

N

o v @[ am
Fn (n) = V(;ﬂ(ﬂ v (k) LV (K)o (2'9)

o v | [ am
Gn (n) = v(x‘izv@ v (k) (Vv (k) 1 (26

_ v (n)|| A(n)
() = v(x‘SZv(i[V(k_)J V(k_)J-l' @7

where V (k) = (ki, k2, ,Kkn 1, {V(n) =H{ | »and

g0 e
vk s Li i i i+
G SO
k i+ j+  + kK h+ s- 1- (i+ j+ + k)

Proof W eonlyprove (2 5). (2 7) can beproved by the same argument and (2 6) can be veri-
fied directly by (2 3) and (2 5). W e first gpply induction onm. It isclear that (2 5) holds for
m = D 1. Supposethatm > land (2 5) holdsform’=m- 1. Letn= (n;,nz, ,mm) N™
W e proceed induction on ni. Whenn: = 0, it follows from the definitionof F - function that
Fn(n) = Fm- 1(A(n)). From the above hypothesis, we have

coem-30 3 2 8

i=o0( | i=ol ]

i
Nm- 1 nm+i+j+ +k Nm
k i+ j+ + k h- 1- (i+ j+ + k)

Thisimplies (2 5) holdsforni= 0. W e further assume thatn: > Oand(2 5) holdsfor any= 20
n"= (n's,n’2, ,n'm) N"™withn'1<n:- 1. Then from both hypotheses, wemay get by (2 1)
that
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lng | n2+ il & ng [ nat i+
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as desired O
Theoran 3 Letn N™. Then

ﬁ{mf ]J — Z{JJ Fmi+l(rﬁ, or (2 8)

=1 J i=0

P = Z( e U {”T j 2 9)

N ote that (2 8) holdsforj < |n].
Proof Clearly, whenj < |n], (2 8) and (2 9) isapair of inverse relation, it suffices to prove

(ni(l), ni(z), , ni(m)) D (rﬁ}

(28). Letd (n,j) = {(ar,az, &) |0< aa< &= <a,a=
andD (0, j; i) = {(an,a, .a&)|0< ar< a< < awith exactly i distinct lattice points in az,
a, ,a}, =01 ,j,j=< |n}] Itiseasyto seethatD (n,j) = i:jOD (n,j; i) andD (n,j; i) n
D (n,j;i') = ﬁ (i# {'). Furthemore, with aid of counting of lattice paths, we know that
P () |= H n'j Il on the other hand, from the definition of Fn'(n) , it follow s that

there are Fn'* * (n) choicesfor i distinct no nzero lattice points, w ithout lossof generality, denoted
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by a1 < az < < a, and{J_J ways such that (a1, ,ai, a2, ,a, ,a, ,a) D(n,j;i).
i

Thus p (n,j;0) | = {JJ Fn'"*(n). Summing over i gives the cardinality of D (n,j). This com-
i

p letes the proof O
Suppose that 0be an elenent of pemutation group Snof 1,2, , n. Defined(n) = (now, Not2,
,Nom) . Based on Theorem 3, we have that Fn'"*(n) = Fn'**(0(n)). Form = 2. Then it im-

B8 (A A T

Further, letn - o , it leads to
& m [ m
= . 211
500-7 ] @

Remark (2 10) has been posed as an interesting problen to SAM Reviev and published on it
"Now, many a mlutions including W Z- method aswell as hypergeometric series has been
found

Putj= |n]and [n]- 1in (2 9), repectively, we have

{nl,nz, | J i( n It {nJ H{M j (2 12)

?i;l(_ 1) Il 1[|=_ ”| ﬂﬁ{nw i I’ - ln_lz:n.nj{ I 'nj' 01

| =0 | Ny, N2,

Als, putm = 2andnz= 0in (2 9), we have

A

Similarly, Vondemonde- type convolution identities stated below can als be established by
counting of j - chainsof lattice- point poset

Theorem 4 LetF-, G- and Afunction be given by D & inition 2 Then the follav ing identities
hold for all ji,j2 N, n N™

Fro i) = 20 MOFk(- K, (2 15)
Gh' iz H(n) = Z FROFR(- K, (2 16)
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AT = DL M)A (n- K. (2 17)
0<k=n
Proof  Suppose that k is an arbitrary elenent of A«n) such that (j:+ j2- 1) - chainsX withk
X of A«n) intersects A«K) in j: lattice pointsand intersects{x | k = x < n } which is isomor-

phic to An(n - k) in j2 lattice points Then (2 15) emerges immediately from the counting of
Bi''2 *(n) over all suchk. (2 16) and (2 17) can be derived in smilar w ay. O

Finally, we list a fev useful form sof these identities to clam their broad range

Putm = 1in (2 16), we have

| k- 1| |{n- 1- k n- 1
;[11' ZJ[ j2- ZJ_ {j1+ ja- :)J (2 18)

Putm = 2in (2 15), we have

sl )
()
Sl o
Take (2 9) into (2 19). Then, we have
I el kel
- Zl(;{nj [nz? j L’ﬁ r}j 11 J (2 20)
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