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Abstract　T h is paper is devo ted to the coun ting of j - chain s of la t t ice - po in t po set. T he incidence

function and tw o basic enum erato rs associated w ith it are in troduced and evaluated. O ur resu lts con tain

a lo t of com binato ria l sum s.
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1. In troduction

T he fo llow ing fo rm u lae are w idely u sed com b ina to ria l iden t it ies[ 1 ].
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A ll these fo rm u lae have their respect ive com b ina to ria l p roofs. Fo r in stance, in o rder to show

(1. 1) , w e on ly need to see tha t the righ t- hand side of (1. 1) is the num ber of p - elem en t sub2
sets X of [m + n ] = {1, 2,⋯, m + n}. Suppo se tha t X in tersects [n ] in k elem en ts. T here are

n

k
cho ices fo r X ∩ [n ] , and

m

p - k
cho ices fo r the rem ain ing p - k elem en ts X ∩ {n + 1, n +

2, . . . , n + m }. T hu s there are
n

k

m

p - k
w ays tha t X ∩ [m + n ] can have p elem en ts, and

summ ing over k gives the to ta l num ber
m + n

p
of p - elem en t sub sets of [m + n ] . T ake set of
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la t t ice- pa th s in stead of [m + n ] in the above argum en t, w e get com b ina to ria l p roofs of (1. 2)

and (1. 3) a t once. See [2, 3 ] fo r deta ils. In the p resen t paper, w e app ly th is idea to the la t t ice2
po in t po set (part ia lly o rdered set, fo r sho rt) , and ob ta in som e com b ina to ria l iden t it ies w h ich m ay

be view ed as genera liza t ion s of (1. 1) - (1. 3). Fo r sim p licity, the reader is referred to [5 ] fo r the

no ta t ion s and term ino logy of po set.

2. M a in Results

L et N m be the set of a llm - tup les xθ = (x 1, x 2,⋯, x m ) of non- negat ive in tegers, ca lled la t2
t ice po in t, and let nλ = (n1, n2,⋯, nm ) be a fixed elem en t ofN m . W e m ay m akeN m be a po set w ith

o rder rela t ion Φ defined by xθ Φ yθ iff x i Φ y i, i = 1, 2,⋯,m .

D ef in it ion 1　 A la ttice- p oin t p oset w ith resp ect to nλ is the p rincip a l ord er id ea l g enera ted by nλ,

nam ely say , +m (nλ) = 3D {xθ ∈ N
m û xθΦ nλ}. A linea rly ord ered j - subset of +m (nλ) is ca lled a j -

cha in of +m (nλ).

T he pu rpo se of th is paper is to coun t j - cha in s of +m (nλ) . W e begin w ith som e elem en tary

enum era t ive funct ion s as fo llow s.

D ef in it ion 2　 S upp ose tha t A m
j (nλ) is the set of a ll j - cha ins of +m (nλ) and let B m

j (nλ) and Cm
j (nλ)

d enote the sets of the j - cha ins in +m (nλ) tha t con ta in 0
-

and 0
-

and nλ , resp ectively. T hen , G2, F 2and

Κ2f unction a re resp ectively d ef ined by G j
m (nλ) = ûA m

j (nλ) û , F j
m (nλ) = ûB m

j (nλ) û and Κj
m (nλ) =

ûCm
j (nλ) û. 　 Κ- f unction is a lso ca lled the incid ence f unction of +m (nλ) .

In w hat fo llow s, w e adop t som e m u lt id im en siona l no ta t ion s, on ly fo r conven ience. Π nλ =

(n1, n2,⋯, nm ) ∈N m , define ∃ (nλ) = (n2, n3,⋯, nm ) and ûnλû = 6
m

i= 0
n i . L et H (nλ) be a funct ion on

N m . T hen w e w rite nλ = (n1, ∃ (nλ) ) and H (nλ) = H (n1, ∃ (nλ) ) .

H ere, w e com e to ou r m ain resu lts.

Theorem 1　 L et +m (nλ) be d ef ined as above. T hen

F j
m (nλ) = F j

m (n1 - 1, ∃ (nλ) ) + 6
∃ (xθ) Φ ∃ (nλ)

6
j1+ j 2= j

F j1m - 1 (∃ (nλ - xθ) ) F j2m (n1 - 1, ∃ (xθ) ) , (2. 1)

Κj
m (nλ) = F j - 1

m (n1 - 1, ∃ (nλ) ) + 6
0
-

< ∃ (xθ) Φ ∃ (nλ)

6
j1+ j 2= j

Κj1m - 1 (∃ (nλ - xθ) ) F j2m (n1 - 1, ∃ (xθ) ) , (2. 2)

G j
m (nλ) = F j

m (nλ) + F j + 1
m (nλ) , (2. 3)

F j
m (nλ) = Κj

m (nλ) + Κj+ 1
m (nλ) , (2. 4)

w here nλ - xθ = (n1 - x 1, n2 - x 2,⋯, nm - x m ).

Proof　W e on ly p rove (2. 1) , the rest can be p roved in the sim ila r w ay. To do th is, ob serve tha t

the left- hand side of (2. 1) is ju st the card ina lity of B m
j (nλ) . L et X be an arb it ra ry elem en t of

B m
j (nλ) . O bviou sly, X m ay in tersect the hyperp lane x 1 = 3 D n1 o r no t. If X does no t in tersect the

hyperp lane x 1 = n1 , then there are F j
m (n1 - 1, ∃ (xθ) ) cho ices fo r X ∈B j

m (nλ) . Suppo se tha t X in2
tersects the hyperp lane x 1 = n1 in j 1 la t t ice po in ts w h ich con ta in xθ as the m in im al la t t ice po in t.

T here are F
m - 1

j1 (∃ (nλ - xθ) ) cho ices fo r X ∩ {yθûxθ Φ yθ Φ nλ } , and F j2m (n1 - 1, ∃ (xθ) ) ( j 1 + j 2 = j )
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cho ices fo r the rem ain ing j 2 la t t ice po in ts X ∩ {yθû yθ Φ xθ,　 y 1 Φ n1 - 1}. T hu s there are

F j1m - 1 (∃ (nλ - xθ) ) F j2m (n1 - 1, ∃ (xθ) ) w ays to ta lly tha t X ∩ {yθû xθ Φ yθ Φ nλ} can have j 1 la t t ice po in ts

of w h ich xθ is the m in im al la t t ice po in t. Summ ing over ∃ (xθ) and { ( j 1, j 2) û 　j 1 + j 2 = j } gives

the to ta l num ber of j - cha in sX tha t in tersects the hyperp lane x 1 = n1 . T h is com p letes the p roof.

　　□

Certa in ly, these recu rrence rela t ion s w ill lead to the exp licit fo rm s of F - , G - and Κ-

funct ion s.

Theorem 2　 L et + m(nλ) be the la ttice- p oin t p oset w ith resp ect to nλ , and F - , G - and Κ- f unc2
tion as g iven by D ef in ition 2. T hen

F h
m (nλ) = 6

ý (xθ) Φ ý (nλ)

ý (nλ)

ý (kλ)

∃ (nλ)

ý (kλ) 0

(2. 5)

G h
m (nλ) = 6

ý (xθ) Φ ý (nλ)

ý (nλ)

ý (kλ)

∃ (nλ)

ý (kλ) 1

(2. 6)

Κh
m (nλ) = 6

ý (xθ) Φ ý (nλ)

ý (nλ)

ý (kλ)

∃ (nλ)

ý (kλ) - 1

, (2. 7)

w here ý (kλ) = (k 1, k 2,⋯, km - 1 , (
ý (nλ)

ý (kλ)
= 7

m - 1

i= 1

n i

m i

, and

∃ (nλ)

ý (kλ) s

=
n1

i

n2 + i

i

n2

j

n3 + i + j

i + j
⋯

nm - 1

k

nm + i + j + ⋯ + k

i + j + ⋯ + k

nm

h + s - 1 - ( i + j + ⋯ + k )
.

Proof　W e on ly p rove (2. 5). (2. 7) can be p roved by the sam e argum en t and (2. 6) can be veri2
f ied d irect ly by (2. 3) and (2. 5). W e first app ly induct ion on m . It is clear tha t (2. 5) ho lds fo r

m = 3D 1. Suppo se tha t m > 1 and (2. 5) ho lds fo r m′= m - 1. L et nλ = (n1, n2,⋯, nm ) ∈N m.

W e p roceed induct ion on n1 . W hen n1 = 0 , it fo llow s from the defin it ionof F - funct ion tha t

F h
m (nλ) = F h

m - 1 (∃ (nλ) ) . F rom the above hypo thesis, w e have

F h
m - 1 (∃ (nλ) ) = 6

n2

i= 0

n2

i

n3 + i

i
6

n3

j = 0

n3

j

n4 + i + j

i + j
6 ⋯6

nm - 1

k= 0

nm - 1

k

nm + i + j + ⋯ + k

i + j + ⋯ + k

nm

h - 1 - ( i + j + ⋯ + k )
.

T h is im p lies (2. 5) ho lds fo r n1 = 0. W e fu rther assum e tha t n1 > 0 and (2. 5) ho lds fo r any= 20

nλ′= (n′1, n′2,⋯, n′m ) ∈N m w ith n′1 Φ n1 - 1. T hen from bo th hypo theses, w e m ay get by (2. 1)

tha t
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F h
m (nλ) = 6
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as desired. 　　□

Theorem 3　 L et nλ∈ N m . T hen

7
m

l= 1

n l + j

j
= 6

j

i= 0

j

i
Fm

i+ 1 (nλ) , 　　or (2. 8)

F j + 1
m (nλ) = 6

j

i= 0

(- 1) j - i
j

i 7
m

l= 1

n l + i

i
. (2. 9)

N ote tha t (2. 8) hold s f or j Φ ûnλû .

Proof　 C learly, w hen j Φ ûnλû , (2. 8) and (2. 9) is a pa ir of inverse rela t ion, it suff ices to p rove

(2. 8). L et D (nλ, j ) = { (aλ1, aλ2,⋯, aλj ) û 0
-

< aλ1 Φ aλ2 Φ ⋯ Φ aλj , aλi = (n
(1)
i , n

(2)
i ,⋯, n

(m )
i ) ∈ +m (nλ) }

and D (nλ, j; i) = { (aλ1, aλ2,⋯, aλj ) û 0
-

< aλ1 Φ aλ2 Φ ⋯ Φ aλj w ith exact ly i dist inct la t t ice po in ts in aλ1,

aλ2,⋯, aλj }, i = 0, 1,⋯, j , j Φ ûnλû. It is easy to see tha t D (nλ, j ) = ∪
j

i= 0
D (nλ, j; i) and D (nλ, j; i) ∩

D (n , j; i′) = 0ö　 ( i ≠ i′) . Fu rtherm o re, w ith a id of coun t ing of la t t ice pa th s, w e know tha t

ûD (nλ, j ) û = 7
m

l= 1

n l + j

j
. O n the o ther hand, from the defin it ion of Fm

j (nλ) , it fo llow s tha t

there are Fm
i+ 1 (nλ) cho ices fo r i d ist inct no nzero la t t ice po in ts, w ithou t lo ss of genera lity, deno ted
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by aλ1 < aλ2 < ⋯ < aλi , and
j

i
w ays such tha t (aλ1,⋯, aλ1, aλ2,⋯, aλ2,⋯, aλi,⋯, aλi) ∈ D (nλ, j; i) .

T hu s ûD (nλ, j; i) û =
j

i
Fm

i+ 1 (nλ) . Summ ing over i g ives the card ina lity of D (nλ, j ) . T h is com 2

p letes the p roof. 　　　 □

Suppo se tha t Ρbe an elem en t of perm u ta t ion group S n of 1, 2,⋯, n . D efine Ρ(nλ) = (nΡ(1) , nΡ(2) ,

⋯, nΡ(n) ) . Based on T heo rem 3, w e have tha t Fm
j + 1 (nλ) = Fm

j + 1 (Ρ(nλ) ) . Fo r m = 2. T hen it im 2
p lies tha t

6
n

i= 0

n

i

m + i

i

m + 1

n - i
= 3D 6

m

i= 0

m

i

n + i

i

n + 1

n - i
. (2. 10)

Fu rther, let n →∞ , it leads to

6
m

i= 0

m

i

j

i
=

m + j

j
. (2. 11)

Remark　 (2. 10) has been po sed as an in terest ing p rob lem to S IAM R eview and pub lished on it
[ 6 ]. N ow , m any a so lu t ion s includ ing W Z - m ethod as w ell as hypergeom etric series has been

found.

Pu t j = ûnλû and ûnλû - 1 in (2. 9) , respect ively, w e have

ûnλû
n1, n2,⋯, nm

= 6
ûnλû

i= 0

(- 1) ûnλû - i
ûnλû

i 7
m

l= 1

n l + i

i
, (2. 12)

6
ûnλû - 1

i= 0

(- 1) ûnλû - 1 û = - nû - 1

i 7
m

l= 0

n l + i

i
=

ûnλû 2 - 6
i< j

n in j

ûnλû
ûnλû

n1, n2,⋯, nm

. (2. 13)

A lso , pu t m = 2 and n2 = 0 in (2. 9) , w e have

n

j
= 6

j

i= 0

(- 1) j - i j

i

n + i

i
. (2. 14)

Sim ila rly, V onderm onde - type convo lu t ion iden t it ies sta ted below can also be estab lished by

coun t ing of j - cha in s of la t t ice- po in t po set.

Theorem 4　 L et F 2,　G2 and Κ2f unction be g iven by D ef in ition 2. T hen the f ollow ing id en tities

hold f or a ll j 1, j 2∈ N , nλ∈ N
m.

F
j1+ j2- 1
m (nλ) = 6

0
-

Φ kλΦ nλ

Κj1m (kλ) F j 2m (nλ - kλ) , (2. 15)

G j1+ j 2- 1
m (nλ) = 6

0
-

Φ kλΦ nλ

F j1m (kλ) F j2m (nλ - kλ) , (2. 16)
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Κj 1+ j2- 1
m (nλ) = 6

0
-

Φ kλΦ nλ

Κj 1m (kλ) Κj 2m (nλ - kλ). (2. 17)

Proof　 Suppo se tha t kλ is an arb it ra ry elem en t of + m(nλ) such tha t ( j 1 + j 2 - 1) - cha in s X w ith kλ

∈ X of + m(nλ) in tersects + m(kλ) in j 1 la t t ice po in ts and in tersects {xθû kλ Φ xθ Φ nλ } w h ich is isom o r2
ph ic to +m (nλ - kλ) in j 2 la t t ice po in ts. T hen (2. 15) em erges imm edia tely from the coun t ing of

B j1+ j 2- 1
m (nλ) over a ll such kλ. (2. 16) and (2. 17) can be derived in sim ila r w ay. 　　□

F ina lly, w e list a few u sefu l fo rm s of these iden t it ies to cla im their b road range.

Pu t m = 1 in (2. 16) , w e have

6
n

k= 1

k - 1

j 1 - 2

n - 1 - k

j 2 - 2
=

n - 1

j 1 + j 2 - 3
. (2. 18)

Pu t m = 2 in (2. 15) , w e have

6
n1

k1= 0
6

n2

k2= 0
6

k1

i= 0

k 1

i

k 2 + i

i

k 2

j 1 - 1 - i

　 × 6
n1- k1

i= 0

n1 - k 1

i

n2 - k 2 + i

i

n2 - k 2

j 2 - 1 - i

= 6
n1

i= 0

n1

i

n2 + i

i

n2 + 1

j 1 + j 2 - 1 - i
. (2. 19)

T ake (2. 9) in to (2. 19). T hen, w e have

6
j 1+ j2- 2

i= 0

j 1 + j 2 - 2

i

n1 + 1 + i

1 + i

n2 + 1 + i

1 + i

= 6
n1

i= 0

n1

i

n2 + i

i

n2 + 1

j 1 + j 2 - 1 - i
. (2. 20)
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