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1. In troduction and Prel im inar ies

L et X be a rea l Banach space w ith no rm úõ ú and a dualX 3 . T he no rm alized duality m app ing

J : X → 2X 3
is defined by

J x = {x 3 ∈ X 3 :〈 x , x 3 〉= úx ú 2 = úx 3 ú 2},

w here〈õ, õ〉deno tes the genera lized duality pa iring. It is w ell know n tha t if X 3 is un ifo rm ly con2
vex then J is sing le2valued and J ( tx ) = tJ x , fo r a ll t > 0, x ∈ X , and J is un ifo rm ly con t inuou s

on bounded sub sets of X . W e deno te the sing le- va lued no rm alized duality m app ing by j .

A n opera to r T w ith dom ain D (T ) and range R (T ) in X is sa id to be com pact, if it is con t inu2
ou s on D (T ) and m ap s bounded sub set of D (T ) in to rela t ively com pact sub set of X . T is com 2
p letely con t inuo s if it is con t inuou s on D (T ) from the w eak topo logy of X to the strong topo logy

of X . A n opera to r T is sa id to be accret ive if fo r every x , y ∈D (T ) there ex ists som e j (x - y ) ∈

J (x - y ) such tha t

〈 T x - T y , j (x - y )〉Ε 0. (1)

Fo r accret ive opera to r, there is an equ iva len t defin it ion (cf. Kato [4 ]). T he opera to r T is accret ive

if and on ly if the inequality

úx - y ú Φ úx - y + s (T x - T y ) ú (2)
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ho lds, fo r every x , y ∈D (T ) and s > 0. T he opera to r T is sa id to be strongly accret ive if there ex2
ists a po sit ive con stan t k such tha t T - k I is accret ive, w here I: X → X deno tes the iden t ity opera2
to r. A n opera to r T is ca lled m 2accret ive if T is accret ive and R ( I + rT ) = X fo r a ll r > 0. Fo r an

m - accret ive opera to r T , the Yo sida app rox im an ts J n , T n are defined by J n = ( I +
1
n

T ) - 1, T n =

T J n , respect ively. It is w ell know n tha t the m app ings J n are nonexpan sive and the m app ings T n

are m 2accret ive and L ip sch itzian con t inuou s w ith L ip sch itz con stan t 2n . M o reover,

n ( I - J n) = T J n , , úT nx ú Φ úT x ú ,

fo r a ll x ∈D (T ) , n Ε 1.

W e deno te by“→”(“_ ”) st rong (w eak) convergence. W e also deno te by B b (0) the open

ball w ith cen ter a t zero and rad iu s b > 0. T he sym bo ls D , 5D{ deno te the strong clo su re and the

boundary of the set D , respect ively. T he let ter R + deno tes (0, ∞) .

R ecen t ly, severa l au tho rs stud ied the so lvab ility of the equat ion s w ith the fo rm

T x + C x = f ,

w here T is an m —accret ive opera to r and C is com pact.

In the p resen t paper w e con t inue the study of com pact pertu rba t iob s ofm 2accret ive opera to r.

W e show tha t the Yo sida app rox im an ts T J n fo r a st ronglym 2accret ive opera to r T are st ronglym 2
accret ive. T he fact is u sed to p rove ou r m ain resu lts (T heo rem s 124). W ith ou r new app roch, the

assum p tion in [1, 2 ] tha t X 3 is un ifo rm ly convex becom es unnecessary. T hu s, ou r resu lts a re sig2
n ifican t im p rovem en ts of variou s resu lts of Kartsa to s [ 1, T heo rem 6 ] and Zhu [ 2, T heo rem s 42
6 ].

L emma 1. 1　L et T : D (T ) < X → X be m 2accretive and a lso be strong ly accretive, then T J n: X → X

a re strong ly m 2accretive f or a ll nΕ 1.

Proof　 It is clear tha t T J n are m 2accret ive, fo r a ll n Ε 1. W e on ly need to show tha t T J n are

st rongly accret ive. Indeed, fo r every x 1, x 2 ∈ X , J nx 1, J nx 2 ∈ D (T ) , since T is st rongly accre2
t ive, there is som e con stan t k > 0 such tha t

〈 T J nx 12T J nx 2, j〉Ε kúJ nx 12J nx 2ú 2,

fo r som e j ∈ J (J nx 12J nx 2) .

By the equality n ( I 2J n) = T J n , w e have

n〈 x 12x 2 - (J nx 1 - J nx 2) , j〉Ε k úJ nx 1 - J - nx 2ú 2, (3)

w h ich leads to

n (〈 x 1 - x 2, j〉- úJ nx 1 - J nx 2ú 2) Ε kúJ nx 1 - J nx 2ú 2. (4)

It fo llow s from (4) tha t

úJ nx 1 - J nx 2ú Φ (1 +
k
n

) - 1úx 1 - x 2ú. (5)
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A t th is po in t, choo sing j 1 ∈ J (x 1 - x 2) , w e have

〈 T J nx 1 - T J nx 2, j 1〉= n〈 x 1 - x 2 - (J nx 1 - J nx 2) , j 1〉

Ε n (úx 1 - x 2ú 2 - (1 +
k
n

) - 1úx 1 - x 2ú 2)

=
k

1 +
k
n

úx 1 - x 2ú 2

Ε k
1 + k

úx 1 - x 2ú 2,

fo r a ll n Ε 1 , com p let ing the p roof of L emm a 1. 1. □

L emma 1. 2　 L et T , C: X → X be bound ed strong ly m - accretive and com p act, resp ectively. A s2
sum e tha t there ex ist constan ts b, c> 0 such tha t

< C x , j > Ε - cúx ú ,

f or every úx ú Ε b , f or every j ∈ J x , then the equa tion

T x + C x = f

has a t least one solu tion f or any f ∈ X .

Proof　 L et f be given. Since T is st rongly accret ive w e know tha t fo r every x ∈ X , there ex ists

j ∈ J x such tha t

〈 T x - T 0, j〉Ε kúx ú 2, (6)

w here k is a st rongly accret ive con stan t fo r T . By tak ing r = m ax{b,
c + úT 0ú + ú f ú

k
} , w e have

〈 T x + C x - f , j〉Ε〈 T x - T 0, j〉+ 〈 C x , j〉+ 〈 T 0, j〉- ú f úúx ú

Ε k úx ú 2 - (úT 0ú + c + ú f ú ) úx ú
Ε 0,

fo r every x ∈ 5B r (0) , fo r som e j ∈ J x . By Chen [3, T heo rem 5 ], w e see tha t

f ∈ (T + C ) (B r (0) ) ,

w h ich show s the equat ion T x + C x = f has a t least one so lu t ion fo r any f ∈ X . T he p roof is

com p lete. □

L emma 1. 3　L et T : D (T ) < X → X bem - accretive, then f or any sequence {x n} < D (T ) such tha t

x n → x ∈ X , T x n → y ∈ X as n → ∞ , w e have x ∈D (T ) and y = T x .

Proof　 Fo r any u ∈D (T ) , by the equ iva len t defin it ion of accret ive opera to r T , w e have

úu - x nú Φ úu - x n + (T u - T x n) ú. (7)

By tak ing lim it on the bo th sides of (7) , w e ob ta in

úu - x ú Φ úu - x + (T u - y ) ú. (8)
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L ett ing u = ( I + T ) - 1 (x + y ) , w e get tha t u + T u = x + y , i. e. , u - x = y - T u . T hu s,

úu - x ú Φ úy - T u + (T u - y ) ú = 0. So, w e have x = u ∈D (T ) and y = T u = T x , com p let ing

the p roof of L emm a 1. 3. □

L emma 1. 4　 L et T : D (T ) < X → X be an m - accretive op era tor and k be a p ositive constan t, then

úJ n
k
x - J nx ú→ 0 as n→ ∞, w here J

k
n= [ I +

1
n

(T + k I ) ]- 1
and J n= ( I +

1
n

T ) - 1.

Proof　 Set un
k = J n

kx and un = J nx , then

u k
n +

1
n

T u k
n +

k
n

u k
n = x , u n +

1
n

T u n = x. (9)

It fo llow s from (9) tha t

k
n

u k
n =

1
n

(T u n - T u k
n) + un - u k

n. (10)

By the defin it ion of accret ive opera to r T , w e have

k
n

úu k
nú Ε úun - u k

n +
1
n

(T un - T u k
n) ú Ε úu n - u k

nú. (11)

W e now p ick a fixed elem en t x 0 ∈D (T ) , then J k
nx 0 → x 0 as n → ∞. Since J k

n: X →D (T ) is non2
expan sive,w e have

úu k
nú = úJ k

nx ú Φ úJ k
nx - J k

nx 0ú + úJ k
nx 0ú Φ úx - x 0ú + M , (12)

w hereM is som e po sit ive con stan t such tha t úJ k
nx 0ú Φ M fo r a ll la rge n . T herefo re w e have

k
n

u k
n

→ 0 as n → ∞ , and hence úu k
n - unú → 0 as n → ∞. T he p roof of L emm a 1. 4 is com p lete. □

L emma 1. 5　 L et T : D (T ) < X → X , C: D (C ) < X → X be strong ly m - accretive and com p act, re2
sp ectively.

(1) if D (C ) = D (T ) and the equa tion

T J nx + CJ nx = f (13)

has a solu tion x n∈B b (0) , f or every n= 1, 2, ⋯, then the equa tion

T x + C x = f (14)

has a solu tion x ∈B b (0) ∩D (T ).

(2) if D (C ) = X or B b (0) and the equa tion

T J nx + C x = f (15)

has a solu tion x n∈B b (0) , f or every n = 1, 2, ⋯, then the equa tion T x + Cx = f has a solu tion x ∈

B b (0) ∩D (T ).
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Proof　 (1) W e p ick a fixed x 0 ∈D (T ) . Since J n are nonexpan sive and J nx 0 → x 0 as n → ∞ , w e

assert tha t there ex ists a fixed con stan tM > 0 such tha t

úJ nx nú Φ úJ nx 0ú + úx n - x 0ú ,

fo r a ll la rge n . L et t ing un = J nx n , w e m ay assum e tha t C un → y as n → ∞. T hu s T un → f - y as

n → ∞. H ence {T un} is a Cauchy sequence. Since T is st rongly accret ive, w e have

úT un - T um ú Ε kúu n - um ú ,

fo r a ll la rge n ,m . It fo llow s tha t {u n} is Cauchy. A ssum e u n → u ∈D (T ) , then C un → C u and T u n

→ f - C u as n → ∞. By L emm a 1. 3, w e see tha t u ∈D (T ) and T u + C u = f .

N o t ing tha t úJ nx n - x nú =
1
n

úT J nx nú , w e know tha t

úx n - uú = úx n - un + u n - uú Φ 1
n

úT u nú + úun - uú → 0

as n → ∞. H ence x n → u as n → ∞. Since x n ∈ B b (0) , w e see tha t u ∈ B b (0) . T he p roof of

(2) is sim ila r to the p roof of (1) above, so w e om it it. W e com p lete the p roof of L emm a 1. 5. □

2. M a in Results

N ow w e p rove the m ain resu lts of th is paper.

Theorem 2. 1　 L et X be a rea l B anach sp ace w h ich is un if orm ly convex and let T : D (T ) < X → X

be m 2accretive, C: B b (0) → X com p letely con tinuous. A ssum e tha t 0∈ D (T ) and there ex ists con2
stan t r> 0 such tha t f or a ll x ∈ 5B b (0) and j∈ J x ,

〈 C x , j〉Ε (úT 0ú + r) b. (16)

T hen B r (0) < (T + C ) (B b (0) ∩ D (T ) ).

Proof　W e con sider the fo llow ing app rox im at ing p rob lem :

T J k
nx + C x + kJ k

nx = f , (17)

w here f ∈B r (0) and k > 0 are g iven. Fo r every x ∈ 5B b (0) , there ex ists som e j ∈ J x such tha t

〈(T + k I )J k
nx + C x - f , j〉= 〈(T + k I )J k

nx - (T + k I )J k
n0, j〉

+ 〈(T + k I )J k
n0, j〉+ 〈 C x - f , j〉

Ε k
1 + k

úx ú 2 + (úT 0ú + r) b - (úT 0ú + r) b

=
k

1 + k
b2 > 0.

H ere w e have u sed the fact〈(T + k I )J k
nx - (T + k I )J k

n0, j〉Ε k
1 + k

úx ú 2 .
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　　By Chen [3, T heo rem 5 ], w e assert tha t the equat ion

(T + k I )J k
nx + C x = f

has a so lu t ion x n ∈ B b (0) fo r every n = 1, 2, ⋯. By L emm a 1. 5 w e know tha t the equat ion

(T + k I ) x + C x = f

has a so lu t ion x ∈ B b (0) ∩D (T ) .

W e now choo sing k n > 0 such tha t k n → 0 as n → ∞ , then there ex ists x n ∈ B b (0) ∩D (T )

such tha t

T x n + Cx n + k nx n = f .

　　Since X is reflex ive, w e m ay assum e tha t x n_ x ∈B b (0) as n → ∞. By Kartsa to s [1, L em 2
m a 1 ] w e see tha t T x + Cx = f , o r f ∈ (T + C ) (B b (0) ∩D (T ) ) , com p let ing the p roof of T he

o rem 2. 1. □

Remark 1　 T heorem 2. 1 show s tha t T heorem 6 of K a rtsa tos [ 1 ] hold s true w ithou t assum p tion

tha t X
3

is un if orm ly convex. T hus ou r resu lt im p roves the corresp ond ing tha t of K a rtsa tos [1 ].

Theorem 2. 2　 L et T : D (T ) < X → X , C: X → X be m 2accretive and com p act, resp ectively. A ssum e

tha t 0∈D (T ) and there ex ist constan ts r> 0, b> 2 (úT 0ú+ r) and a> 3 such tha t

( i)　úT x + Cx úΕ a (úT 0ú+ r) , x ∈ D (T ) , úx úΕ b;

( ii)　〈 Cx , j〉Ε - (úT 0ú+ r) úx ú , úx úΕ b, j∈ J x.

T hen B r (0) < R (T + C ). If , m oreover, C is com p letely con tinuous and X is un if orm ly convex ,

then B r (0) < R ) T + C ).

Proof　W e first con sider the equat ion s

T J k
nx + C x + kJ k

nx = f , n = 1, 2, ⋯, (18)

fo r a fixed f ∈ B r (0) , w here k =
2 (úT 0ú + r)

b - 2 (úT 0ú + r) .

L et x ∈ 5B b (0) , j ∈ J x , then

〈(T + k I )J k
nx + C x - f , j〉=〈(T + k I )J k

nx - (T + k I )J k
n0, j〉

+ 〈(T + k I )J k
n0, j〉+ 〈 Cx - f , j〉

Ε k
1 + k

b2 - 2 (úT 0ú + r) b Ε 0.

H ere w e have u sed L emm a 1. 1 and the fact ú (T + k I )J k
n0ú Φ úT 0ú . By Chen [3, T heo rem 5 ], w e

know tha t the equat ion (18) has a so lu t ion x n ∈ B b (0) fo r each n = 1, 2, ⋯. T hen, by L emm a

1. 5, the equat ion

T x + C x + kx = f (19)

has a so lu t ion x ∈ B b (0) ∩D (T ) .
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　　L et km =
2 (úT 0ú + r)

m - 2 (úT ) ú + r) w ith m > 2 (úT 0ú + r) , then the equat ion

T x + C x + km x = f (20)

has a so lu t ion x m ∈B m (0) ∩D (T ) , fo rm > 2 (úT 0ú + r) . A s in the p roof of Zhu [1, T heo rem

4 ], w e can show tha t úx m ú < b , fo r m > 2 (úT 0ú + r) . T herefo re, w e have T x m + C x m → f as

m → ∞ , i. e. , f ∈ (T + C ) (B b (0) ∩D (T ) ) . T he second part of the conclu sion s is obviou s,

com p let ing the p roof of T heo rem 2. 2. □

Theorem 2. 3　L et T : D (T ) < X → X , C: D (T )→ X be m 2accretive and com p act, resp ectively. A s2
sum e tha t 0∈ D (T ) and there ex ist constan ts r> 0, b> 2 (úT 0ú+ r) and a> 3 such tha t

( i)　úT x + Cx úΕ a (úT 0ú+ r) , x ∈ D (T ) , úx úΕ b;

( ii) 　〈 CJ nx , j〉Ε - (ú T 0ú + r) ú x ú , x ∈ X , ú x ú Ε b, f or a ll la rg e n and j∈ J x. T hen the

conclusions of T heorem 2. 2 hold.

Proof　W e first con sider the equat ion s

T J k
nx + CJ nx + kJ k

nx = f , n = 1, 2, ⋯, (21)

w here f ∈ B r (0) , k =
2 (úT 0ú + r)

b - 2 (úT 0ú + r) .

L et x ∈ 5B b (0) , j ∈ J x , then

〈(T + k I )J k
nx + CJ nx - f , j〉=〈(T + k I )J k

nx - (T + k I )J k
n0, j〉

+ 〈(T + k I )J k
n0, j〉+ 〈 CJ nx , j〉- 〈 f , j〉

Ε k
1 + k

úx ú 2 - 2 (úT 0ú + r) úx ú Ε 0.

By Chen [3, T heo rem 5 ], the equat ion (21) has a so lu t ion x n ∈B b (0) fo r a ll la rge n . Set u k
n =

J k
nx n , u n = J nx n , then w e have

T u k
n + C un + ku k

n = f . (22)

Since {u n} is bounded, w ithou t lo ss of genera lity, w e m ay assum e tha t Cu n → y as n → ∞. So,

T u k
n + ku k

n → f - y asn → ∞. Since (T + k I ) is st rongly accret ive, w e see tha t {u k
n} m u st be

Cauchy. T hu s, u k
n → u as n →∞. By L emm a 1. 4 w e know tha t úu k

n - u nú → 0 as n →∞. Con se2
quen t ly, un → u and C un → C u as n → ∞. By L emm a 1. 3 w e have T u + C u + ku = f . Since 0 ∈

D (T ) , w e have J n0 → 0 as n → ∞. N o t ing tha t úunú = úJ nx nú Φ úJ n0ú + úx nú , w e know tha t

úuú Φ b , i. e. , u ∈B b (0) ∩D (T ) .

L et km =
2 (úT 0ú + r)

m - 2 (úT 0ú + r) w ith m > 2 (úT 0ú + r) , then, as in the p roof above, the equat ion

T x + C x + km x = f , (23)

has a so lu t ion x m ∈ B m (0) ∩D (T ) , fo r every m > 2 (úT 0ú + r) . M o reover, w e can show tha t

úx m ú < b , fo r a llm > 2 (úT 0ú + r) , sim ila r to the p roof of T heo rem 2. 2, it is therefo re om it ted.

W e com p lete the p roof ofT heo rem 2. 3. □
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Remark 2　 T heorem s 2, 3 show tha t T heorem s 4, 4’hold true w ithou t assum p tion tha t X
3

is un i2
f orm ly convex. T hus ou r resu lts a re sig n if ican t im p rovem en ts of Z hu [ 2, T heorem s 4, 4′]. A lso,

w e can p rove tha t T heorem s 5, 6 of Z hu [2 ] hold true w ithou t assum p tion tha t X
3

is un if orm ly con2
vex.

Theorem 2. 4　L et X be ref lex ive and let A : D (A ) < X → X be a strong ly m 2accretive op era tor w ith

0= A 0, T : X → X a linea r com p act op era tor and C: D (A ) → X a com p letely con tinuous op era tor. A s2
sum e tha t there ex ists a com p letely con tinuous f unctiong : B 1 (0)→ R + such tha t g (u ) = 0 im p lies u=

0 and

〈 Cu , j〉Ε g ( u
úuú

) úuú p + 1,

f or f ix ed p > 1, u∈D (A ) ø{0}, j∈ J u.

T hen A u - ΚT u+ Cu= f is solvable f or a ll Κ∈ R + , f ∈ X .

Proof　 Fo r the sake of sim p licity, w e p rove T heo rem 2. 4 on ly fo r Κ= 1. W e first con sider ap2
p rox im at ing p rob lem s:

A J nx - T J nx + CJ nx +
1
n

x = f , n = 1, 2, ⋯, (24)

fo r fixed f ∈ X , w here J n = (A +
1
n

I ) - 1 . SinceA : D (A ) < X → X is st ronglym —accret ive, w e

know tha t there ex ists som e po sit ive con stan t b1 such tha t f ∈ ( 1
n

I + A J n) (B b1
(0) ) . By Chen

[3, T heo rem 3. 3 ], w e have

deg ( 1
n

I + A J n ,B b1
(0) , f ) = 1

fo r a ll n . W e shall p rove tha t there ex ists a po sit ive con stan t b2 such tha t

1
n

x + A J nx - t (T J nx - CJ nx ) ≠ f

fo r a ll t ∈ [0, 1 ], x ∈ 5B b2 . Indeed, if it is no t the case, then there ex ist som e sequence { tm } <
[0, 1 ] , and {x m } < X w ith úx m ú → ∞ such tha t

1
n

x m + A J nx m - tm (T J nx m - CJ nx m ) = f . (25)

Set um = J nx m , then um ∈D (A ) ø{0}. F rom (25) w e ob ta in

(1 +
1
n2 )A um - tm T um + tmC um +

1
n

um = f . (26)

　　W e assert tha t there ex ists a con stan t k > 0 such tha t

inf
m Ε 1

g (
um

úum ú ) Ε k.

A ssum e the con tra ry and let vm =
um

úum ú have a sub sequence, deno ted again by {vm } , such tha t

g (vm ) → 0 asm → ∞. T hen w e have vm _ v asm → ∞ , since X is reflex ive and {vm } is bounded

and hence g (vm ) → g (v ) asm → ∞. T hu s, g (v ) = 0. By ou r assum p tion on g , w e have v = 0

, therefo re vm _ 0 asm →∞.
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N ow choo sing som e j ∈ J um , w e have

cúum ú 2 Φ〈A um , j〉Φ tm〈 T um , j〉+ 〈 f , j〉, (27)

w here c is a st rongly accret ive con stan t fo r opera to r A .

D ivided by úum ú 2 on the bo th sides of inequality (27) , it g ives to

c Φ tm〈 T vm ,
j

úum ú〉+
1

úum ú〈 f ,
j

úum ú〉.
(28)

O b serving tha t T vm → T 0 = 0 and
1

úum ú → 0 asm → ∞ , w e have c Φ 0 , a con trad ict ion. It fo l2

low s tha t, fo r som e con stan t k > 0 ,〈 C um , j〉Ε k úum ú p + 1 , fo r every m = 1, 2, ⋯. T ak ing th is

fact in to con sidera t ion in (26) , w e ob ta in tha t

0= (1 +
1
n2 )〈A um , j〉- tm〈 T um , j〉+ tm〈 C um , j〉+

1
n

úum ú 2 - 〈 f , j〉

Ε cúum ú 2 - tm úT úúum ú 2 + k tm úum ú p + 1 - ú f úúum ú.

　　N ow w e con sider tw o po ssib le cases.

Ca se 1　 tm → 0. In the case, w e can choose m so la rg e tha t c- tm úT úΕ c
2

, thus w e g et a con trad ic2

tion w ith 0Ε c
2

úum ú 2- ú f úúum ú.

Ca se 2　 tm → t. In the case, w e can choose m so la rg e tha t tm Ε t
2

, thus w e a lso g et a con trad iction

w ith 0Ε t
2

(k úum ú p + 1- úT úúum ú 2).

Con sequen t ly, there ex ists a po sit ive con stan t b2 such tha t

1
n

x + A J nx - t (T J nx - CJ nx ) ≠ f ,

fo r a ll t ∈ [0, 1 ] and x ∈ 5B b2
(0) .

Choo sing r = m ax{b1, b2} , w e have

d eg (A J n - T J n + CJ n +
1
n

I , B r (0) , f ) = d eg ( 1
n

I + A J n,B r (0) , f ) = 1, (29)

and hence A J nx + CJ nx - T J nx +
1
n

x = f has a t least one so lu t ion x n ∈ B r (0) fo r each n = 1,

2, ⋯.

L et t ing un = J nx n , then w e ob ta in

(1 +
1
n2 )A un - T un + C u n +

1
n

un = f ,

by L emm a 1. 5, w e see tha t there ex ists som e u ∈ B r (0) ∩D (A ) such tha t

A u - T u + C u = f ,

com p let ing the p roof of T heo rem 2. 4. □

Remark 3　 If X is a rea l sep a rable H ilbert sp ace, then w e obta in T heorem 3 of K a rtsa tos and

M abry [ 7 ]. H ence, ou r T heorem 2. 4 ex tend s the resu lt of K a rtsa tos and M abry [ 7 ].
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Banach 空间中含m - 增生算子紧扰动的映象
定理的若干注记

周　海　云
(军械工程学院基础部, 石家庄　050003)

摘　要

借助于某些新的逼近技巧得到了几个含m - 增生算子紧扰动的映象定理. 这些结果改进并扩

展了由 Kartsa to s, Zhu 和 Kartsa to s and M ab ry 所建立的相应结果.
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