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Abstract　W e p resen t additional equ ivalen t conditions on the ex istence of a 021 symm etric m atrix w ith
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1. In troduction

A 021 m atrix is a m atrix a ll of w ho se en tries are 0′s and 1′s. L et A be a 021 m atrix of

size m ×n , let r i and sj be the sum of row i and co lum n j of A , respect ively, i= 1, ⋯ , m , j

= 1, ⋯ , n. D eno te by R (A ) = ( r1, ⋯ , rm ) and S (A ) = (s1, ⋯ , sn ) the row and

colum n sum vectors of A . It is imm edia te tha t R (A ) and S (A ) a re in tegra l vecto rs and r1+ ⋯

+ rm = s1+ ⋯+ sn.

Befo re p receed ing w e say tha t vecto r x = (x 1, ⋯ , x n) is m ajoriz ed by vecto r y = (y 1, ⋯

, x n ) , w rit ten x ; y , if 6
k

i= 1x [ i ] Φ 6
k

i= 1y [ i ] , 　k = 1, ⋯ n - 1, 6
n

i= 1x i = 6
n

i= 1y i, w hen

the com ponen ts of x and y are rearranged in m ono tone o rder x [ 1 ] Ε ⋯ Ε x [n ] , y [ 1 ] Ε ⋯Ε
y [n ].

Fo r R = (r1, ⋯, rm ) and po sit ive in teger n such tha t riΦ n , i= 1, ⋯ , m , w e define the

con juga te R
3 of R by R

3 = (r
3
1 , ⋯, r

3
n ) , r

3
i = û{k: rk Ε i, k= 1, ⋯ , m }û , i= 1, ⋯, n. It is

easy to see [2, p. 175 ] tha t fo r every po sit ive in teger kΦ n

6
k

i= 1
r3

i = 6
m

i= 1
m in{r i, k }.

　　Given in tegra l vecto rs R = (r1, ⋯, rm ) and S = (s1, ⋯ , sn) , it has long been an in ter2
est ing p rob lem to determ ine the ex istence of an m ×n 021 m atrix w h ich has the p rescribed

row and co lum n sum vecto rs R and S. T he quest ion w as first d iscu ssed by Gale [ 3 ] and
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R yser [ 9 ] , and la ter by m any o ther au tho rs ( see, e. g. , [ 1 ] and the references therein, and

[11 ]).

A rem arkab le resu lt know n as the Gale2R yser T heo rem [2, p. 176 ] characterizes the re2
la t ion sh ip of R and S.

Theorem 1 (Gale2R yser) T here ex ists an m ×n 021 m a trix w ith row and colum n vectors equa l

to R and S , resp ectively , if and on ly if S ; R
3 .

W ith R and S sa t isfying S ; R
3 , a 021 m atrix of respect ive row and co lum n vecto rs R

and S and of part icu la r st ructu re is often desired. T he ex istence of 021 symm etric m atrices
( in a m o re genera l set t ing) has been stud ied. T he fo llow ing resu lt can be found in [ 2, p.
181 ].

Theorem 2 L et R = (r1, ⋯ , rn) be a m onotone vector each of w hose com p onen ts d oes not ex ceed

n. T hen the f ollow ing cond itions a re equ iva len t.
(a) T here ex ists an n2squa re 021 sym m etric m a trix w ith row sum vector R ;

(b) 6
k

i= 1 riΦ k t+ 6
n

j= t+ 1 rj , 　k , t= 1, ⋯ , n;
(c) R ; R

3 .

T he a im of th is no te is to g ive m o re equ iva len t condit ion s on the ex istence of 021 sym 2
m etric m atrices, and to d iscu ss the case of 021 no rm al m atrices. In part icu la r, w hen R = S a

w eaker condit ion can sub st itu te tha t of the Gale2R yser T heo rem (see T heo rem 3 (7) ). It is

no ted tha t the criteria fo r in teger sequences being graph ic are d iscu ssed in [10 ].

2. 0-1 Symm etr ic M a tr ices

In w hat fo llow s, let R = (r1, ⋯ , rn) be a nonzero in tegra l vecto r each of w ho se com po2
nen ts is no m o re than n. Since the ex istence of the m atrices to be con sidered does no t change

under perm u ta t ion, w e m ay assum e tha t r1Ε ⋯Ε rn. let R
3 = (r1

3 , ⋯ , rn
3 ) be the con ju2

gate of R , and let k , t be po sit ive in tegers no m o re than n.

Theorem 3 E ach of the f ollow ing cond itions is equ iva len t to (a) in T heorem 2.

(1) 6
k

i= 1 riΦ k
2+ 6

n

j= k+ 1 m in{k , rj };

(2) 6
k

i= 1 riΦ k t+ 6
n

j= t+ 1 m in{k , r j }, 　 kΦ t;

(3) 6
k

i= 1 riΦ k t+ 6
n

j= t+ 1 r j , 　 kΦ t;

(4) 6
k

i= 1 riΦ 6
k

i= 1m in{ t, ri}+ 6
n

j= t+ 1 r j , 　kΦ t;

(5) 6
k

i= 1 riΦ 6
k

i= 1m in{k , r i}+ 6
n

j= k+ 1 r j;

(6) 6
k

i= 1 m ax{k , r i} Φ k
2+ 6

n

j= k+ 1 r j;

(7) 6
k

i= 1 riΦ 6
k

i= 1 r
3
i , 　 1Φ kΦ f , w here f = m ax{ i: r iΕ i}.

(8) 6
k

i= 1 riΦ k t+ 6
n

j= t+ 1 m in{k , r j };

(9) 6
k

i= 1 riΦ 6
k

i= 1 m in{ t, r i}+ 6
n

j = t+ 1 r j;

(10) 6
k

i= 1 m ax{ t, r i} Φ k t+ 6
n

j= t+ 1 rj;
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(11) 6
k

i= 1 m ax{ t, r i} Φ k t+ 6
n

j= t+ 1 rj , 　kΦ t;

proof W e show that (a) ] (1) ] (2) ] (3) ] (4) ] (5) ] (6) ] (7) ] ( c). Since (a) is equ iva2
len t to (c) , a ll of the above w ill be equ iva len t. Sim ila rly one can p rove tha t the rest condi2
t ion s are equ iva len t to (b).

(a) ] (1) : Con sidering the first k row s of the 021 symm etric m atrix, w e have

6
k

i= 1
r i Φ k 2 + 6

n

j= k+ 1
m in{k , sj } = k 2 + 6

n

j = k+ 1
m in{k , r j }.

　　 (1) ] (2) : If k= t, there is no th ing to p rove. Fo r k < t,

6
k

i= 1

r i Φ k 2 + 6
n

j= k+ 1

m in{k , r j } = k 2 + 6
t

j = k+ 1

m in{k , r j } + 6
n

j= t+ 1

m in{k , r j }

Φ k 2 + k ( t - k ) + 6
n

j= t+ 1

m in{k , rj } = k t + 6
n

j= t+ 1

m in{k , r j }.

　　 (2) ] (3) : O bviou s.

(3) ] (4) : If riΕ t, i= 1, ⋯ , k , then (3) and (4) are the sam e. O therw ise w e m ay as2
sum e tha t rm Ε t and rm + 1< t fo r som e po sit ive in teger m < k. T hen

6
k

i= 1
ri = 6

m

i= 1
r i + 6

k

i= m + 1
ri Φ m t + 6

n

j= t+ 1
r j + 6

k

i= m + 1
ri　 (u se (3) )

= 6
n

j= t+ 1
r j + 6

k

i= m + 1
r i + 6

m

i= 1
t = 6

n

j = t+ 1
rj + 6

k

i= m + 1
m in{ t, r i} + 6

m

i= 1
m in{ t, r i}

= 6
n

j= t+ 1
r j + 6

k

i= 1
m in{ t, r i}.

　　 (4) ] (5) : Set k= t.

(5) ] (6) : In fact each“] ”below can be rep laced w ith“Ζ ”:

6
k

i= 1

ri Φ 6
k

i= 1

m in{k , r i} + 6
n

j= k+ 1

rj ] 6
k

i= 1

ri + 6
k

i= 1

m ax{- k , - r i} Φ 6
n

j= k+ 1

rj

] 6
k

i= 1

m ax{0, r i - k} Φ 6
n

j= k+ 1

rj ] 6
k

i= 1

(m ax{k , r i} - k ) Φ 6
n

j= k+ 1

r j

] 6
k

i= 1
m ax{k , r i} Φ k 2 + 6

n

j= k+ 1
r j.

　　 (6) ] (7) : Suppo se tha t 6
m

i= 1 ri> 6
m

i= 1 r
3
i fo r som e m Φ f . T hen rm Ε rf Ε f Ε m . L et

t be the po sit ive in teger such tha t r t+ 1< m Φ r t. T hen tΕ m , and r iΕ m w hen iΦ t and ri< m
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w hen i> t. T herefo re

6
m

i= 1
r3

i = 6
n

i= 1
m in { r i, m } = m t + 6

n

j= t+ 1
rj

Ε m t + 6
t

i= 1
m ax{ t, r i} - t2　 (by (6) )

= 6
m

i= 1
m ax{ t, r i} + 6

t

i= m + 1
m ax{ t, r i} - t ( t - m )

Ε 6
m

i= 1
r i + t ( t - m ) - t ( t - m ) = 6

m

i= 1
ri.

T h is is a con trad ict ion.

(7) ] (c) : Suppo se tha t m is the sm allest po sit ive in teger sa t isfying m > f and

6
m

i= 1

r i > 6
m

i= 1

r3
i .

T hen rm < m. L et t be such tha t r t+ 1 < m Φ r t. T hen t< m , and r i Ε m w hen iΦ t and ri < m

w hen i> t. T hu s 6
m

i= 1 r
3
i = 6

n

i= 1m in { r i, m }= m t+ 6
n

i= t+ 1 r i< 6
m

i= 1 ri (assum p tion) o r

m t+ 6
m

i= t+ 1 ri+ 6
n

i= m + 1 r i< 6
t

i= 1 ri+ 6
m

i= t+ 1 ri. H ence m t+ 6
n

i= m + 1 r i< 6
t

i= 1 r i.

O n the o ther hand,

6
t

i= 1

r3
i = 6

n

i= 1

m in {r i, t} Φ m t + 6
n

i= m + 1

ri.

It fo llow s tha t 6
t

i= 1 ri> 6
t

i= 1 r
3
i , a con trad ict ion to m being the sm allest.

N o te tha t (3) and (7) are apparen t ly w eaker than (b ) and (c) , respect ively. T hu s

w hen R = S , the condit ion of the Gale2R yser T heo rem can be rep laced by the w eaker condi2
t ion (7). Fo r exam p le, if R = S = (5, 3, 2, 1, 1, 1) , then f = 2 and one m ay ju st check tw o

inequalit ies in (7) in stead of six.

310-1 Norma lM a tr ices

A real square m atrix A is sa id to be no rm al if A comm u tes w ith its t ran spo se, deno ted

A
T ; tha t is A A

T = A
T
A . It is imm edia te tha t the row and co lum n sum vecto rs of any 021 no r2

m al m atrix A are iden t ica l, i. e. , R (A ) = S (A ).

N o rm al m atrices are frequen t ly seen in m any sub jects of m athem atics. In design theo ry

o r com b ina to ria l m atrix theo ry, one con siders the incidence m atrices of (v , k , Κ) 2design s,

the 021 m atrices each of w ho se row s and co lum n s has k 1′s and any tw o dist inct row s

(co lum n s) have exact ly Κ1′s in comm on co lum n s (row s). Equ iva len t ly A A
T = (k - Κ) I + ΚJ ,

w here I is the iden t ity m atrix and J is the m atrix a ll of w ho se en tries are 1′s. It can be

show n [2, p. 14, 5, p. 368, 8, p. 72, o r 9, p. 103 ] tha t such a m atrix A is no rm al. A no ther
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k ind of im po rtan t no rm al m atrix is a circu lan t m atrix [8, p. 66 ]. A ny 021 circu lan t m atrix A

is a no rm al m atrix w ho se row (co lum n) sum vecto r con sists of the sam e com ponen t; nam e2
ly, R (A ) = S (A ) = (k , k , ⋯ , k ) , w here k is the num ber of 1′s in the first row. In addi2
t ion, a 021 tou rnam en t m atrix A [ 2, p. 54 ], a m atrix sa t isfying A + A

T = J - I is no rm al

w hen R (A ) = S (A ) = ( t, t, ⋯ , t) fo r som e t. Fo r m o re on genera l no rm alm atrices, see [4,

6, 7, and 12 ].

T he resu lt below fo llow s imm edia tely from the T heo rem s 1 and 2. T he p roof in [ 2, p.

180 ] ( in a m o re genera l set t ing) is a graph ic one. W e show (f) ] (e) in a d ifferen t app roach,

in w h ich one w ill see how to con struct a 021 symm etric m atrix from a m atrix w ith equal row

and co lum n sum vecto rs. T he techn ique in the p roof is often u sed in com b ina to ria l m atrix

theo ry [9, p. 67 ] w hen row o r co lum n sum vecto rs of 021 m atrices are invest iga ted. In addi2
t ion, the fo llow ing theo rem revea ls tha t it is im po ssib le to d ist ingu ish 021 symm etric

m at irces from no rm al ones w ith row and co lum n sum vecto rs.

Theorem 4　 T he f ollow ing a re equ iva len t:
(d ) T here ex ists a 021 norm a l m a trix A such tha t R (A ) = R ;
(e) T here ex ists a 021 sym m etric m a trix B such tha t R (B ) = R ;
(f ) T here ex ists a 021 m a trix C such tha t R (C ) = S (C ) = R.

proof　W e show on ly tha t (f) im p lies (e) by induct ion.

Suppo se tha t C = (cij ) is no t symm etric. W e m ay assum e tha t fo r som e p and q

c1p = 1, 　c1q = 0, 　cp 1 = 0, 　cq1 = 1.

　　F irst, there m u st be a t such tha t cp t= 1 and cqt= 0, o r ctp = 0 and ctq= 1. O therw ise cp tΦ
cqt, t= 2, ⋯, n , w h ich leads to rp < rq, and csp Ε csq, s= 2, ⋯, n , w h ich leads to sp > sq.

T herefo re rp < rq= sq< sp = rp , a con trad ict ion.

W e now in terchange the 0′s and 1′s in the in tersect ion s of row s p , q and co lum n s 1, t,

o r co lum n s p , q and row s 1, t. N o t ice tha t such an in terchange reduces the num ber of d iffer2
en t en tries in the first row and first co lum n of C w ithou t affect ing the row and co lum n sum

vecto rs of C. By induct ion on the num ber of d ist inct en tries in the first row and first co lum n

of C , w e can have a m atrix w ho se first co lum n is the tran spo se of the first row. By induct ion

on the size of m atrices, w e see tha t a symm etric m atrix can be ob ta ined from C. □
T he invest iga t ion of 021 no rm al m atrices, w hen con sidered as incidence m atrices, m ay

be in terp reted as fo llow s.

L et X = {x 1, x 2, ⋯ , x n} be a set of n elem en ts, let X 1, X 2, ⋯ , X n be n sub sets (no t

necessarily d ist inct) of X , and let A = (a ij ) be the incidence m atrix defined by

a ij =
　1 if x j ∈X i

　0 o therw ise,
　 i, j = 1, ⋯ , n.

　　L et A A
T = B and A

T
A = C. T hen the ( i, j ) 2en try of B is the sam e as ûX i∩ X j û , the

card ina lity of X i∩ X j , and the ( i, j ) 2en try of C is equa l to ûx i∧ x j û , the num ber of sub sets

X 1, X 2, ⋯, X n w h ich con ta in x i and x j sim u ltaneou sly.
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　　 It is read ily seen tha t A is no rm al if and on ly if ûX i∩ X j û= ûx i∧ x j û fo r each pair of i

and j.
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关于 (0, 1)的对称和规范矩阵

王 伯 英
(北京师范大学数学系)

张 福 振
(美国N ova Sou theastern 大学数学科学系)

摘　要

给出更多的对于给定行和向量存在 (0, 1) 对称矩阵的等价条件, 同时也讨论了 (0, 1)

规范矩阵的情形.
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