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Abstract　 In th is paper, ou r pu rpo se is to m ake the resu lts abou t Π2F rat t in i subgroup mo re accu2
ra te, and to ex tend Gaschütz T heo rem abou t n ilpo tency to Π2locally defined fo rm ation. W e com e to

Theorem　L et G be a f in ite g roup , H a subnorm al subg roup of G. If H öH ∩5 (G )O Π′(G )∈F ,

then H ∈F Π, w here F Π is Π2solvable Π2loca lly d ef ined f orm a tion.
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A ll group s m en t ioned in th is paper are fin ite group s. Fo r a group G , H ü ü G deno tes H

is a subno rm al subgroup of G;M < ·G deno tesM is a m ax im al subgroup of G. A ll o ther no2
ta t ion s are standard.

It is w ell2know n tha t the F ra t t in i subgroup of a group p lays a very im po rtan t ro le in

research ing loca lly defined fo rm at ion. Sim ila r to F ra t t in i subgroup , severa l k inds of sub2
group s are defined and learned (refer to [1 ]). Som e of them are rela ted to fo rm at ion, such

as 5 p (G ) [2, A ppedix C, §4 ], Υp (G ) defined by D esk in (1, p 418, D ef, 3. 3. 1 ]) , and 5 Π(G )

w ith m o re genera l m ean ing [ 3 ]. T he fo llow ing defin it ion is sligh t ly d ifferen t to the defin it ion

of 5 Π(G ) in [3 ].

Suppo se Π is a set of p rim es, G is a group. If G has a m ax im al subgroup M , such tha t û

G:M û is a Π2num ber. D efine

5 Π(G ) = ∩ {M ûM < õ G , ûG:M û is aΠ2num ber (1)

O therw ise, define 5 Π(G ) = 7 Π(G ) = 5 (G )O Π′(G ).

Remark　 In [ 3 ], 5 Π (G ) = {M ûM < ·G > (û G: M û , p ) = 1, p∈Π}. T h is 5 Π (G ) m ay be

view ed as 5 Π(G ) in (1) if w e take Π= Π′and 5 Π(G ) = G w h ile the m ax im al subgroup as in

(1) does no t ex ist.

If Π= p′, then 5 Π(G ) in (1) is Υp (G ) defined by D esk in [ 1 ]. If Π= {p }, then 5 Π(G ) =

5 p (G ) [ 2 ].
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In th is paper, w e sha ll ex tend the resu lts abou t 5 Π(G ) ob ta ined befo re and m ake them

m o re accu ra te. A nd w e shall un ify the Gaschütz T heo rem abou t n ipo tency and theo rem s

abou t p 2clo sed group s in [1 ], and ex tend them to Π2loca l fo rm at ion.

L emma 1　1) 5 Π(G ) cha r G; 2) 5 (G ) Φ 5 Π(G ) ; 3) 5 Π(GöN ) Ε 5 Π(G )N öN , equa lity app ea rs

if N Φ 5 Π(G ).

Proof　T he L emm a fo llow s by the defin it ion of 5 Π(G ).

L emma 2　1) O Π′(G ) Φ 5 Π(G ) ; 2) O Π(5 Π(G ) ) Φ 5 (G ). F u rther, if 5 Π(G ) is a Π2g roup , then

5 Π(G ) Φ 5 (G ) , so 5 Π(G ) = 5 (G ).

Proof　1) If O Π′(G ) Φö5 Π(G ) , then there ex ists M < ·G , such tha t ûG:M û is a Π′2num ber

and M ΕöO Π′(G ). So G= M O Π′(G ). T herefo re

ûG:M û = ûM O Π′(G ) :M û = ûO Π′(G ) :M ∩O Π′(G ) û

is a Π2num ber, a con trad ict ion to choo se of M .

2)　 If O Π(5 Π(G ) ) Φö5 (G ) , then there ex ists M < ·G , such tha t M ΕöO Π(5 Π(G ) ) , G =

M O Π(5 Π(G ) ). T herefo re ûG:M û = ûO Π(5 Π(G ) ) : O Π(5 Π(G ) )∩M û is a Π2num ber. So M Ε 5 Π

(G ) Ε O Π(5 Π(G ) ) , a con trad ict ion to choo se of M .

Theorem 1　1) 7 Π(G ) = 5 (G )O Π′Φ 5 Π(G ).

2)　 If 5 Π(G ) sa t isf ies condit ion C Π′, tha t is, the Π′2H all subgroup s of 5 Π(G ) ex ists and

are con juga te in 5 Π(G ). T hen

5 Π(G ) = 7 Π(G ) = 5 (G ) Π×O Π′(G ).

Proof　1) Fo llow s from L emm a 1, 2) and L emm a 2. 1).

2) Suppo se 5 Π(G ) sa t isf ies C Π′. L et K be a Π′2H all subgroup of 5 Π(G ). T hen G = N G

(K ) 5 Π(G ) by F ra t t in i a rgum en t. If N G (K ) < G , then there ex ists M < ·G , such tha t N G

(K ) ΦM , G= M 5 Π(G ) ,

ûG:M û = û5 Π(G ) :M ∩ 5 Π(G ) û.

Since M con ta in s K and M ∩5 Π(G ) , M con ta in s a Π′2H all subgroup of 5 Π(G ) , û5 Π(G ) :M ∩

5 Π(G ) û is a Π2num ber. So M Ε 5 Π(G ) , G = M , a con trad ict ion. H ence K Φ G , K Φ O Π′(G ).

A gain from L emm a 2, 1) , w e have K = O Π′(G ). By L emm a 1, 3) , 5 Π(GöO Π′(G ) ) = 5 Π(G ) ö

O Π′(G ) is a Π2group , by L emm a 2, 2) ,

5 Π(GöO Π′(G ) ) = 5 (GöO Π′(G ) ) Π Ε (
5 (G )O Π′(G )

O Π′(G ) =
5 (G )O Π′(G )

O Π′(G ) ,

w h ich im p lies 5 Π(G ) Ε 5 (G ) ΠO Π′(G ). By L emm a 1, 2) and L emm a 2, 1) , 5 Π(G ) = 5 (G )O Π′

(G ). T he T heo rem 1 fo llow s.

Corollary 1　1) If 5 Π(G ) sa tisf ies C Π′, then 5 Π(G ) öO Π′(G ) = 5 (GöO Π′(G ) ).

2) 5 p′(G ) = 5 (G )O p (G ) = 5 (G ) p′×O p (G ) and is n ilp oten t.
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Proof　Since the (p′)′2H all subgroup of 5 p′(G ) is a p 2Sylow subgroup , 5 p′(G ) sa t isf ies C p.

T heo rem 1 and its co ra lla ry are a k ind of ex ten sion and accu ra t iza t ion of T heo rem 3. 3. 7

in [ 1 ] and T heo rem 4. 1, 4. 2 in [ 2, A ppedix c, §4 ]. By [ 3 ], 5 p′(G ) and 5 {p , q}′(G ) a re

so lvab le, and 5 p′(G ) is an ex ten sion of a p 2group by a n ilpo ten t group.

5 2 (S 5) = A 5 im p lies tha t condit ion C Π′canno t be dropped. Bu t it is w o rth to d iscu ss if C Π′

can be w eaken as E Π′, tha t is the Π2H all subgroup of 5 Π(G ) ex ists.

5 2 (S 5) = 5 {3, 5}′(S 5) im p lies 5 {p , q}′(G ) m ay no t be so lvab le. So resu lt abou t 5 {p , q}′(G ) in

[3 ] is inco rrect.

F ra t t in i subgroup 5 (G ) in the theo ry of loca lly defined fo rm at ion has a m o st im po rtan t

p roperty.

Suppo se F is a loca lly defined fo rm at ion, then“Gö5 (G )∈F if and on ly if G∈F”.
If F = N (fo rm at ion of n ilpo ten t group s) , Gaschütz ex tended above p roperty:

L et D ,M be no rm al subgroup s of G , D ü M , D Φ 5 (G ). If M öD ∈N , then M ∈N ,
( [ 4, III, T heo rem 5 ]).

Janko ex tended Gaschütz T heo rem as

L et H ü ü G. If H öH ∩5 (G )∈N , then H ∈N ( [1, p 423, Co r. 3. 3. 17 ]).

T h is resu lt is a lso be ex tended in [1 ] as:

L et F be p 2clo sed group fo rm at ion. If H ü ü G , H öH ∩5 p′(G )∈F , then H ∈F
( [1, p 422, T h. 3. 3. 16 ]).

H ere w e shall un ify above resu lts and ex tend them to loca l fo rm at ion.

L et F Π be Π2so lvab le Π2loca lly defined fo rm at ion. Fo r any f (p )∈{f (p ) } be defined

fo rm at ion, f (p )≠Ï, and so F Π= N.

Theorem 2　S upp ose H ü ü G , H öH ∩7 Π(G )∈F Π, then H ∈F Π.

W e need the fo llow ing L emm as fo r p roving th is T heo rem.

L emma 3　S upp ose H ü G , K ü H such tha t K sa tisf ies p rop erty Ρ, Ρ is closed f or p rod uct of

norm a l subg roup s. T hen G con ta ins a norm a l Ρ2subg roup L ,L Ε K.

Proof　Since K
x ü H , Π x∈G , L = ∪x∈GK

x as desired.

Su rely, in th is L emm a condit ion“H ü G”can be changed in to“H ü ü G”.

Π2group , Π2so lvab le group , p 2clo sed group , p 2n ilpo ten t group and so on are clo sed fo r

p roduct of no rm al subgroup s.

L emma 4　L et G = M N , M ∩N = 1, N an abelian norm a l p 2subg roup of G , if G has a norm a l

p 2solvable subg roup L , such tha t L Ε N , L ≠N . T hen any com p lim en t of N is conjug a te to M .

Proof　A ssum e N 1 is a m in im al no rm al p 2subgroup of G , such tha t N Ε N 1, N 1≠N . Set

Gϖ = GöN 1, M{ = M N 1öN 1, N{ = N öN 1.

H ence Gϖ= M N , N{ < Lθü Gϖ. U sing induct ion on Gϖ, w e have the com p lim en t of N{ is con juga te

to M{ .

If N > N 1, then the com p lim en t of N is con juga te to M by induct ion on M N 1. H ence w e
m ay assum e N is the m in im al no rm al subgroup of G. It is easy to show M < ·G. Pu t M G=
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∩x∈GM
x. A gain set Gϖ= GöM G , M{ = M öM 0, Lθ = LM GöM G , N{ = N M G öM G. H ence M{ < ·Gϖ,

M{ Gϖ= 1, O (Gϖ) = N{ . If O p (Gϖ) > N{ , then D = O p (Gϖ)∩M{ ü M{ . Bu t N{ is a p 2group and N N{ (D )

> D . T herefo re N N{ (D ) > M{ , N Gϖ (D ) = Gϖ, a con trad ict ion to M Gϖ= 1. Since N{ < Lθü Gϖ, 1≠H{

= Lθ∩M{ , w h ich is a no rm al p 2so lvab le subgroup of M{ . W e have p roved O p (M{ ) = 1 early,

w h ich im p lies O p (H{ ) = 1, O′p (H{ )≠1. H ence O′p (M{ )≠1. By [ 5, p. 276, T h. 11, 14 ] the

com p lim en ts of N{ in G are con juga te w h ich leads to the com p lim en ts of N in G are con juga te.

T h is is the end of the p roof.

Remark　T he condit ion of the T heo rem in [ 5 ] is O q (M )≠1. Bu t it can be changed in to

O′p (M )≠1 by u sing Schu r2Zassenhau s T heo rem in stead of Sylow T heo rem s, the T heo rem

st ill ho lds by the sam e p roof.

L emma 5　L et G= H A , A ü G , A an abelian g roup. If H A ∈F Π, then H ∈F Π.

Proof ( Induct ion on ûG û ) A ssum e H Φ G , H ≠G , H Φ M < ·G. Set D = M ∩A . T hen D ü
〈M ,A 〉= G.

If D = 1, then H ∩A ΦM ∩A = 1. H ence H ∩A = 1, w h ich im p lies H = H öH ∩A µ
H A öA ∈F Π.

If D≠1, let N be a m in im al no rm al subgroup of G , such tha t N Φ D. U sing induct ion

on Gϖ, w here Gϖ= GöN = M öN ·A öN , w e have M öN ∈F Π. Since the m in im al no rm al sub2
group of M con ta ined in N is no rm al in M and A , it is a lso no rm al in G. H ence N is a m in i2
m al no rm al subgroup of M . Suppo se p û ûN û , then N is the p 2p rincipa l facto r of G and M .

T herefo re GöCG (N )∈f (p ) , CG (N ) = CM A (N ) = CM (N )A . So

G
CG (N ) =

M A
CM (N )A

µ M
M ∩CM (N )A

=
M

CM (N ) (M ∩A ).

Since CM (N ) Ε M ∩A , GöCG (N ) µ M
CM (N )∈f (p ).

N ow w e com e to M öN ∈F Π, w h ich leads to M ∈F Π.

Becau se M = M ∩H A = H (M ∩A ) , M ∈F Π, M ∩A ü M , w e have H ∈F Πby induct ion

on M .

Proof of Theorem 2 ( Induct ion on ûG û ) A ssum e N is a m in im al no rm al subgroup of G. Pu t

Gϖ= GöN , H{ = H N öN . It is obviou s tha t H{ ü ü Gϖ. By 7 Π(Gϖ) = 5 (Gϖ)O Π′(Gϖ) Ε 5 (G )O Π′(G )

N öN = 7 Π (G )N öN , w e know H{ ∩7 Π (Gϖ) Ε H N öN ∩7 Π (G ) N öN = [H ∩7 Π (G ) ]N öN .

M o reover
H

H ∩ 7 Π(G )～
H

(H ∩ 7 Π(G ) )N
µ H öN

(H ∩ 7 Π(G ) )N öN
～ H{

H{ ∩ 7 Π(Gϖ) ∈F Π.

T hen H{ = H N öN µ H öH ∩N ∈F Π by induct ion

If G has ano ther m in im al no rm al subgroup N 1, N ≠N 1, then N ∩N 1= 1, H öH ∩N 1∈

F Π. H ence H öH ∩N ∩N 1= H ∈F Π.

N ow w e m ay suppo se tha t G has un ique m in im al no rm al subgroup N , and N Φ 7 Π(G ).

If N is a Π′2group , then H ∈F Π. T herefo re N Φ 5 (G ) , N is an elem en tary abelian p 2group ,

p∈Π. By H öH ∩N ∈F Π, H is Π2so lvab le.
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N ow w e u se induct ion on the length of com po sit ion series of G.

If H = G , then H ∈F Π by N Φ 5 (G ) , H öN = GöN ∈F Π.
1)　 If H N > H , it is obviou s tha t H N ü ü G , and the length of com po sit ion series from

H N to G is sm aller than tha t of H ( [6, P. 133, L a 8. 6. 1 ]).

By H N ∩7 Π(G ) = [H ∩7 Π(G ) ]N , w e have
H

H ∩ 7 Π(G )～
H N

[H ∩ 7 Π(G ) ) ]N
=

H N
H N ∩ 7 Π(G ) ∈F Π.

T hen H N ∈F Π by induct ion, w h ich im p lies H ∈F Π by L emm a 5.
2)　 If H N = H , then N Φ H , H ∩7 Π(G ) = N .

A ssum e H ü ü H 1ü G. If 7 Π(H 1)≠1, then N Φ 7 Π(H 1) by 7 Π(H 1) ü G and un iqueness

of N . So N Φ H ∩7 Π(H 1) Φ H ∩7 Π(G ) = N .

Since the length of com po sit ion series from H to H 1 is sm aller than tha t from H to G ,

H ∈F Π by induct ion.

If 7 Π(H 1) = 1, then 7 Π(H ) = 1. By [ 4, III,§4, L e 4. 4 ], N has com p lim en ts in H and

H 1 respect ively, H = M N , H 1 = M 1N . Since H is Π2so lvab le, H 1 has a no rm al Π2so lvab le

subgroup K , K Ε H by L emm a 3. By L emm a 4, the com p lim en t of N in H 1 is con juga te to

M 1. By F ra t t in i a rgum en t, G = N G (M 1)N = N G (M 1) , w h ich im p lies M 1ü H 1, H 1= M 1×N .

H ence H = M ×N . Bu t M µM ×N öN = H öN ∈F Π, N∈F Π. T herefo re H ∈F Π. T ill now ,

w e have p roved the T heo rem 2.
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Π2F ra t t in i子群与 Π2局部群系
陈 重 穆

(西南师范大学数学系, 重庆 400715)

摘　要

文中,对 Π2F ra t t in i子群给出了更精细的结果,并将 Gaschütz幂零性定理推广到 Π2局部
定义群系. 主要结果是: 设G 为有限群, H 为 G 的次正规子群. 若H öH ∩5 (G )O Π′(G )∈F ,
则H ∈F Π, 其中F Π是 Π2可解 Π2局部定义群系.
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