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Abstract In thispaper, our purpose is to make the results about TFrattini subgroup more accu-
rate, and to extend Gaschiitz Theorem about nilpotency to mlocally defined formation W e come to

Theoren Let G be a finite group, H a subnomal subgroup o G If H/H n ®(G)ox(G) F,
thenH | m where [ ris Trsolvable Trlocally def ined f ormation
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A Il groupsmentioned in thispaper are finite groups For agroup G,H < <G denotesH
is a subnomal subgroup of G;M < - G denotesM isamaximal subgroup of G. A Il other no-
tations are standard

It iswell-known that the Frattini subgroup of a group plays a very mportant role in
researching locally defined formation Similar to Frattini subgroup, several kinds of sub-
groups are defined and learned (refer to [1]). Some of then are related to formation, such
as® (G) [2, Appedix C, § 4], ®R(G) defined by Deskin (1,p418, Def, 3 3 1]), and I (G)
w ith more general meaning'®. The follow ing definition is slightly different to the definition
of & (G) in [3]

Suppose TTis a set of primes, G isagroup. If G hasamaximal subgroupM , such that |
G:M | isanumber. Define

&*(G)=n{M M <*G, |G:M |isamnumber (1)

Othemw ise, define @ (G)= Wr(G)= ®(G)Or (G).

Renark In [3], &(G)={M M< - 6> (|G:M |,p)=1,p m. This@®(G) may be
viewed as & (G) in (1) if we take = T and ®-(G) = G while themaximal subgroup as in
(1) does not exist

If 7= p’, then ®(G) in (1) is R(G) defined by Deskin'™. If ™= {p}, then & (G)=
B G)"™
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In thispaper, we shall extend the results about ®-(G) obtained before and make them
more accurate A nd we shall unify the Gaschiitz Theoran about nipotency and theoreamns
about p-closed groupsin [1], and extend them to 1rlocal formation

Lenma 1l 1) & (G) char G, 2) ®(G) < d(G); 3) & (GMN )= D (G)N AN, equality appears
if N <®(G).

Proof Thel emma follow s by the definition of ®x(G).

Lenma 2 1) O (G) < (G); 2) On(®r(G)) <®(G). Further, if ®(G) isa mgroup, then
D (G) =P(G), so r(G)= P(G).

Proof 1) IfOx(G) Z@(G), then there existsM < - G, such that |G:M | isa 7 -number
andM Z0x(G). S0 G=MOx(G). Therefore

oM |= MOx@G):M |= [or(G):M n Ox(G) |
isa Trnumber, a contradiction to choose of M.
2) fOnr(®(G)) £D(G), then there existsM < - G, such thatM ZOx(dr(G)),G=
M Ox=(®(G)). Therefore [G:M |= |0n(®(G)):On(®(G)) NM | isa m™number SoM = &
(G) =0nr(d(G)), acontradiction to choose of M.

Theoran 1 1) Wr(G)= ®(G)O~ = I (G).

2) If &(G) satisfies condition Cr, that is, the -Hall subgroupsof ®:(G) exists and

are conjugate in ®(G). Then
& (G) = Wr(G) = ®(G)nx Ox(G).
Proof 1) Followsfrom Lemmal, 2) andLenma2 1).

2) Suppose & (G) satisfiesCr. L et K be a -Hall subgroup of & (G). Then G=Ns
(K) @< (G) by Frattini argument If Nc(K)< G, then there existsM < - G, such thatN ¢
(K)=M, G=M &x(G),

M |= |&(G):M n &) |
SinceM containsK andM n @ (G), M containsa 1-Hall subgroup of @ (G), |®(G):M n
@ (G) | isam™number SOoM = @ (G), G=M, a contradiction Hence K <G, K <O (G).
Again from Lenma 2, 1), we have K=0r(G). ByLenmal, 3), & (G0~ (G))= & (G)/

Or (G) isamgroup, byL enma2, 2),
Br(6/0x (6)) = P(G/0x (@), = (PEIAEL . 2EIAG)

w hich mplies ®(G) = ®(G)»Or (G). ByLenmal, 2) andLemma2, 1), & (G)= ®(G)Onr
(G). TheTheorem 1 follow s

Corollary 1 1) If d(G) satif iesCr, then ®(G) O (G)= P(G/O~ (G)).
2) @& (G)= P(G)0,(G)= ®(G)y* 0, (G) and is nilpotent

— 174 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Proof Since the (p')'-Hall subgroup of &, (G) isap-Sylow subgroup, & (G) satisfiesCy

Theoran 1 and its corallary are a kind of extension and accuratization of Theorem 3 3 7
in [1] and Theorem 4 1, 4 2 in [2, Appedix ¢, § 4]. By [3], & (G) and dp.q (G) are
olvable, and & (G) isan extension of a p-group by a nilpotent group.

@ (Ss) = A s implies that condition Cr cannot be dropped But it isworth to discuss if Cr
can beweaken as Er, that is the Hall subgroup of ®=(G) exists

@, (Ss) = drs 5 (Ss) mplies @9 (G) may not be wvlvable So result about &p.q (G) in
[3] isincorrect

Frattini subgroup @(G) in the theory of locally defined formation has amost important
property.

Suppose F isa locally defined foration, then* G/®(G) [ ifandonlyifG [

If F= N (fomation of nilpotent groups), Gaschiitz extended above property:

Let D,M be nomal subgroupsof G,D <M, D =®(G). Ifm O N, thenM N,
([4, 111, Theoran 5]).

Janko extended Gaschltz Theorem as

LetH <<G IfH/MHn®G) N, thenH N ([1,p423, Cor 3 3 17]).

This result isal be extended in [1] as

Let F be p-closed group fomation IfH << G, HHNn& (G) F, thenH F
([1,p422, Th 3 3 16]).

Herew e shall unify above results and extend then to local formation

L et | ~be mwlvable m-locally defined fomation For any f (p) {f (p)} be defined
fomation, f (p)# 8 and © F =D N.

Theoren 2 SupposeH <<G, H/H N Wr(G) Fr thenH Fn
W e need the follow ing L enmas for proving this T heoran.

Lanma 3 SupposeH <G, K <H such that K satisf ies property 0, 0 is closed f or product o
nomal subgroups Then G contains a nomal o~subgroup L ,L = K.

Proof SinceK*<H,Vx G,L= « cK"asdesired

Surely, in thisL enma condition* H < G” can be changed into" H < <G”.

T-group, Trs0lvable group, p-closed group, p-nilpotent group and 0 on are closed for
product of nomal subgroups

Lanma4 LetG=MN, M nN =1, N an abelian nomal p-subgroup o G, if G hasa nomal
p-solvable subgroup L , such thatL =N, L#N. Then any canpliment o N is conjugate toM.

Proof A ssumeN :isaminimal nomal p-subgroup of G, such thatN =N 1, N 1Z N. Set
G=GAN1 ;M =MNANi,, N=NA,
Hence GEMN , N <L <G U sing induction on G, w e have the compliment of N is conjugate
toM.
If N >N 1, then thecomplimentof N isconjugate toM by inductiononMN : Hencewe
may assumeN istheminimal nomal subgroup of G. It iseasy to show M < - G PutM c=
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Nx M* Again et G=GMc, M=M Mo, L=LMeMc, N=NMcMe HenceM < - G,
Ms=1 0(G)=N. IfO,(G)>N, thenD=0,(G)nM <M. ButN isap-group andN v (D)
>D. ThereforeNv(D)>M, Ns(D)= G, acontradiction toM = 1 SinceN <L <G, 1# H
=L nM, which isanomal p-lvable subgroup of M. W e have proved O, M ) = 1 early,
which impliesO,(H)=1, O',(H)# 1 HenceO's(M)# 1 By [5p. 276, Th 11, 14] the
complimentsof N in G are conjugatew hich leads to the complimentsof N in G are conjugate
This is the end of the proof.

Renark The condition of the Theorem in [5] isOq(M )# 1 But it can be changed into
O'p (M )# 1 by using Schur-Zassenhaus Theoran instead of Sylow Theorems, the Theoram
still holds by the sane proof.

Lenma5 LetG=HA, A<G, A an abelian group. If HA [ r thenH [

Proof (Inductionon |G|) AssimeH <G, HZG, H=<M< - G SetD=M nA. ThenD <
M,A =G

fD=1, thenH NA<M nA=1 HenceH nA =1, which mpliesH =H /H nA =
HA/A Fr

IfD# 1, letN beaminimal nomal subgroup of G, such that N =D. U sing induction
onG, whereG=GAN =M AN - AN, wehaveM N [ Since theminimal nomal sub-
group of M contained inN isnomal inM andA, itisal®o nomal inG. HenceN isamini-
mal normal subgroup of M. Suppose p | |N | then N is the p-principal factor of G andM.
ThereforeG/Cc(N) f (p), CeN)=Cua(N)=Cu (N)A. SO

G MA ~ M M

CeN) Cu(N)A "M NnCu(N)A_ Cu(N)M nA)

SinceCu N ) =M nA, G/Cs(N )EaM(m f (p).

Now wecometoM N [ which leadstoM [«
BecauseM =M NnHA=H M nA),M F~MnA<M,wehaveH [ by induction
onM.

Proof of Theorem 2 (Induction on |G |) A ssumeN isaminimal nomal subgroup of G. Put
G=GAN,H=HNA. ItisobviousthatH < <G By Wr(G)= ®(G)O~ (G) = ®(G)O~ (G)
NA =W (G)NAN, weknow H n Wr(G) =ZHN AN n Wr(G)N AN = [H n Wr(G) N AN.
M oreover
H H ~ H A H
Hn WG HnYEIN - HABGIINAN How@G Fr
ThenH=HN AN =H /MH NN [ by induction
If G has another minimal normal subgroup N 1,N # N1, thenN NN 1= 1, H /H NN 1
F» HenceH HnNNANi=H F=
Now wemay suppose that G has uniqgueminimal normal subgroup N, and N < W= (G).
If N isam-group, thenH | ThereforeN =<®(G), N isan elenentary abelian p-group,
p mByH/MHNN [Fn H isTwlvable
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Now w e use induction on the length of composition series of G.

fH=G, thenH FnrbyN=®@G), HAN=GN Fn

1) IfHN>H, itisobviousthatHN < <G, and the length of composition seriesfrom
HN to G is snaller than thatof H ([6,P 133, La8 6 1]).

BYHN n Wr(G)= [H n W=(G) IN, we have

H HN _ HN
H WG [HnWG)N_ HN WG [

ThenHN [ »by induction, which mpliesH | rbyLenma5s

2) IfHN=H, thenN =H, H n Wx(G)=N.

AssumeH < <H 1<G If Wr(H 1)# 1, thenN = Wr(H 1) by Wr(H 1) <G and uniqueness
of N. SON =H n Wr(H 1) =H n Wx(G)=N.

Since the length of composition seriesfrom H to H 1 is gnaller than that from H to G,
H [ =by induction

If Wr(H1)= 1, then Wx(H)=1 By [4, 11,8 4Le4d 4], N hascomplimentsin H and
H 1 regpectively, H=MN, Hi=M N. SinceH ismolvable, H1hasanomal Tlvable
subgroup K, K=H byLeanma 3 ByL enma 4, the omplment of N inH 1 is conjugate to
M . By Frattini argument, G=NeM 1)N =N M 1), which mpliesM 1<<H 1, H1=M 1X N.
HenceH =M XxN. ButM =M xN AN=HAN F=~ N [« ThereforeH [« Till now,
w e have proved the Theoran 2
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