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In terpola ting Ra tiona l Spl ines in Three

D im en siona l Space
Ξ

T an J ieqing
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Abstract　L et a po lyhedron in th ree dim ensional space be decompo sed in to tetrahedral cells by a cer2
tain partit ion. In th is paper effo rts are m ade on assign ing app rop riate nodes along the edges of every

tetrahedron and characterizing in terpo lation data that determ ine a un ique rational function of type (1,

1) , w h ich is nonsingu lar in the co rresponding tetrahedron. By constructing su itab le basis functions

and restricting the in terpo lation data, necessary and sufficien t conditions fo r the ex istence of rational

sp lines w ith C
0

as w ell as C
1

smoo thness are fo rm ulated respectively.
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1. In troduction

B ivaria te sp lines, w h ich are com po sed of p iecew ise po lynom ia ls over co llect ion s of con2
vex po lygon s, u sua lly triang les o r rectang les, have been tho rough ly stud ied by variou s au2
tho rs (see, e. g. , [ 3 ], [ 4 ] and the b ib liography therein). It is som ew hat d iff icu lt, how ever,

to app ly the techn iques developed in po lynom ia l sp line theo ry to the invest iga t ion of m u lt i2
varia te ra t iona l sp lines since there are m any undeterm ined facto rs in trea t ing non linear p rob2
lem s. A s w e know tha t the first deriva t ive of a ra t iona l funct ion of (n ,m ) - type is of (n+ m

- 1, 2m ) - type, w h ich leads to d iff icu lt ies in pa tch ing together p iecew ise ra t iona l funct ion s

as sm oo th ly as po ssib le, m o reover in m o st cases a ra t iona l funct ion is requ ired to be non sin2
gu lar in the co rresponding dom ain, w h ich resu lts in com p lica t ion s of t rea t ing a ra t iona l func2
t ion w ith h igher- degree denom inato r. By m ean s of W ach sp ress’ ra t iona l w edge funct ion s
( [ 1 ]) the au tho r ( [5 ]) found an effect ive app roach to the con struct ion of b ivaria te non singu2
la r ra t iona l sp lines w ith low o rders under t riangu lar and quadrila tera l part it ion s respect ively.

T h is paper a im s at f ind ing ou t the condit ion s fo r the ex istence of in terpo la t ing non singu lar

ra t iona l sp lines in th ree d im en siona l space.

Suppo se tha t V is a po lyhedron in th ree d im en siona l space R
3, w h ich is d ivided in to te2

t rahedra l cells by a part it ion 8 con ta in ing N in terio r edges E 1, E 2, ⋯, EN. D eno te by B (E i)

the un ion of a ll the cells such tha t E i acts as a comm on edge of them. A ssum e tha t B (E i)
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con ta in s M i tet rahedra l cells w h ich are deno ted as 8 i
1, 8 i

2, ⋯, 8 i
M i in coun terclockw ise o rder.

Fo r each cell 8 i
k w e label its vert ices and som e po in t on each edge as p

k , i, p = 1, 2, ⋯, 10 such

tha t the labels on the triangu lar p lanes oppo site to vert ices 1k , i, 2k , i, 3k , i and 4k , i are respect ive2
ly 2k , i, 9k , i, 3k , i, 7k , i, 4k , i and 6k , i; 1k , i, 10k , i, 3k , i, 7k , i, 4k , i and 5k , i; 1k , i, 8k , i, 2k , i, 6k , i, 4k , i and 5k , i;

and 1k , i, 8k , i, 2k , i, 9k , i, 3k , i and 10k , i. M o reover w e m ake the conven t ion tha t vert ices 2k , i and

3k+ 1, i co rrespond to the sam e triangu lar p lane, i. e. , 1k , i= 1k+ 1, i, 3k , i= 2k+ 1, i, 4k , i= 4k+ 1, i, 5k , i

= 5k+ 1, i, 7k , i= 6k+ 1, i and 10k , i= 8k+ 1, i (as show n in F ig. 1).

F ig. 1

W e say a ra t iona l funct ion in R
3 is of (m , n) - type if its num era to r and denom inato r are

po lynom ia ls in x , y and z of degree m and n respect ively, and deno te by R m , n (x , y , z ) the set

of a ll the ra t iona l funct ion s of (m , n) - type.

D ef in it ion 1 　 If the ra tiona l f unction R
k , i (x , y , z ) in R 1, 1 (x , y , z ) , w h ich has no sing u la r

p oin ts in 8 i
k , sa tisf ies

R k , i (p k , i) = Αk , i
p = u k , i

p öv k , i
p , p = 1, 2, ⋯, 10; k = 1, 2, ⋯,M i; i = 1, 2, ⋯,N , (1. 1)

R k , i (x , y , z ) - R k+ 1, i (x , y , z ) = O ( ( lk (x , y , z ) ) t) , t = 1, 2, (1. 2)

w here u
k , i
p öv

k , i
p is a f raction g iven a t p

k , i = (x
k , i
p , y

k , i
p , z

k , i
p ) w ith the conven tion tha t v

k , i
p > 0 and

v
k , i
p = 1 if Αk , i

p = 0, and lk (x , y , z ) d enotes the linea r f orm w hose locus con ta ins 8 i
k∩8 i

k+ 1, then

w e ca ll the un ion of the M i ra tiona l f unctions an incid en t in terp ola ting ra tiona l sp line associa t2
ed w ith E i of (1, 1) - typ e w ith C

t- 12sm oothness and d enote it by S R
t- 1
1, 1 (x , y , z ; B (E i) , 8 ).

D ef in it ion 2　If B (E i) ∩B (E j ) = 8 i
m = 8 j

n im p lies R
m , i (x , y , z ) = R

n, j (x , y , z ) , then w e ca ll

∪N
i= 1 S R

t- 1
1, 1 (x , y , z ; B (E i) , 8 ) the in terp ola ting ra tiona l sp line d ef ined in D of (1, 1) 2typ e

w ith C
t- 12sm oothness and d enote it by S R

t- 1
1, 1 (x , y , z ; V , 8 ) or S R

t- 1
1, 1 (V , 8 ) f or short.

Fo r sim p licity the sub2o r superscrip ts k , i in w hat fo llow s w ill be a ll o r part ia lly

dropped un less they are necessary and so w ill be done w ith la ter in troduced no ta t ion s

w hereever the con tex t m akes them clear.

2. C
0

ra tiona l spl ines
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　　D eno te by d (m , n) the d istance betw een tw o po in ts m and n and let

Fm , n =
Αm - Αn

d (m , n).
(2. 1)

Theorem 1　T he necessa ry and suf f icien t cond itions f or the ex istence of S R
0
1, 1 (8 ,V ) sa tisf y ing

(1. 1) a re the f ollow ing

F 1, 8F 2, 9F 3, 10 = F 8, 2F 9, 3F 10, 1, (2. 2)

F 1, 8F 2, 6F 4, 5 = F 8, 2F 6, 4F 5, 1, (2. 3)

F 3, 10F 1, 5F 4, 7 = F 10, 1F 5, 4F 7, 3, (2. 4)

F 2, 6F 4, 7F 3, 9 = F 6, 4F 7, 3F 9, 2, (2. 5)

m in (Α1, Α4) < Α5 < m ax (Α1, Α4) , (2. 6)

m in (Α2, Α4) < Α6 < m ax (Α2, Α4) , (2. 7)

m in (Α3, Α4) < Α7 < m ax (Α3, Α4) , (2. 8)

m in (Α1, Α2) < Α8 < m ax (Α1, Α2) , (2. 9)

m in (Α2, Α3) < Α9 < m ax (Α2, Α3) , (2. 10)

m in (Α1, Α3) < Α10 < m ax (Α1, Α3) , (2. 11)

Αk
1 = Αk+ 1

1 , Αk
3 = Αk+ 1

2 , Αk
4 = Αk+ 1

4 , (2. 12)

Αk
5 = Αk+ 1

5 , Αk
7 = Αk+ 1

6 , Αk
10 = Αk+ 1

8 . (2. 13)

Proof　L et u s in troduce the fo llow ing no ta t ion s

D ( i, j , k , õ) =

1 1 1 1

x i x j x k x

y i y j y k y

z i z j z k z

, (2. 14)

W 1 (õ) =
D (2, 3, 4, õ)
D (2, 3, 4, 1) , 　W 2 (õ) =

D (3, 4, 1, õ)
D (3, 4, 1, 2) ,

W 3 (õ) =
D (4, 1, 2, õ)
D (4, 1, 2, 3) , 　W 4 (õ) =

D (1, 2, 3, õ)
D (1, 2, 3, 4) .

(2. 15)

O bviou sly w e have

W p (q) = ∆p q, p , q = 1, 2, 3, 4, (2. 16)

w here ∆p q is the K ronecker sym bo l. L et

R (x , y , z ) =
6

4

p = 1C p upW p (x , y , z )

6
4

p = 1C p v pW p (x , y , z )
, (2. 17)
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then it fo llow s from (2. 15) tha t R (p ) = Αp ho lds true fo r p = 1, 2, 3, 4. N ow w e con struct the

coefficien ts C p 2s such tha t

R (p ) = Αp , p = 1, 2, ⋯10. (2. 18)

By (2. 14) and (2. 15) w e have

W 1 (6) = W 1 (7) = W 1 (9) = 0,

W 2 (5) = W 2 (7) = W 2 (10) = 0,

W 3 (5) = W 3 (6) = W 3 (8) = 0,

W 4 (8) = W 4 (9) = W 4 (10) = 0,

(2. 19)

becau se W i van ishes on the line connect ing po in ts d ist inct from po in t i, therefo re (2. 18)

leads to the condit ion s

(u 1v 5 - u 5v 1)W 1 (5)C 1 + (u 4v 5 - u 5v 4)W 4 (5)C 4 = 0,

(u 2v 6 - u 6v 2)W 2 (6)C 2 + (u 4v 6 - u 6v 4)W 4 (6)C 4 = 0,

(u 3v 7 - u 7v 3)W 3 (7)C 3 + (u 4v 7 - u 7v 4)W 4 (7)C 4 = 0,

(u 1v 8 - u 8v 1)W 1 (8)C 1 + (u 2v 8 - u 8v 2)W 2 (8)C 2 = 0,

(u 2v 9 - u 9v 2)W 2 (9)C 2 + (u 3v 9 - u 9v 3)W 3 (9)C 3 = 0,

(u 1v 10 - u 10v 1)W 1 (10)C 1 + (u 3v 10 - u 10v 3)W 3 (10)C 3 = 0.

(2. 20)

M ak ing u se of the fo llow ing basic facts

D ( i, j , k , Αs + Βt) = ΑD ( i, j , k , s) + ΒD ( i, j , k , t) (2. 21)

w here Α+ Β= 1 and

5 =
d (1, 5)
d (1, 4) 4 +

d (4, 5)
d (1, 4) 1, 　6 =

d (2, 6)
d (2, 4) 4 +

d (4, 6)
d (2, 4) 2,

7 =
d (3, 7)
d (3, 4) 4 +

d (4, 7)
d (3, 4) 3, 　8 =

d (2, 8)
d (1, 2) 1 +

d (1, 8)
d (1, 2) 2,

9 =
d (3, 9)
d (2, 3) 2 +

d (2, 9)
d (2, 3) 3, 　10 =

d (3, 10)
d (1, 3) 1 +

d (1, 10)
d (1, 3) 3,

(2. 22)

w e ob ta in

W 1 (5) =
D (2, 3, 4, 5)
D (2, 3, 4, 1) =

d (4, 5)
d (1, 4) , 　　W 4 (5) =

D (1, 2, 3, 5)
D (1, 2, 3, 4) =

d (1, 5)
d (1, 4) ,

W 2 (6) =
D (3, 4, 1, 6)
D (3, 4, 1, 2) =

d (4, 6)
d (2, 4) , 　　W 4 (6) =

D (1, 2, 3, 6)
D (1, 2, 3, 4) =

d (2, 6)
d (2, 4) ,

W 3 (7) =
D (4, 1, 2, 7)
D (4, 1, 2, 3) =

d (4, 7)
d (3, 4) , 　　W 4 (7) =

D (1, 2, 3, 7)
D (1, 2, 3, 4) =

d (3, 7)
d (3, 4) ,

W 1 (8) =
D (2, 3, 4, 8)
D (2, 3, 4, 1) =

d (2, 8)
d (1, 2) , 　　W 2 (8) =

D (3, 4, 1, 8)
D (3, 4, 1, 2) =

d (1, 8)
d (1, 2) ,

W 2 (9) =
D (3, 4, 1, 9)
D (3, 4, 1, 2) =

d (3, 9)
d (2, 3) , 　　W 3 (9) =

D (4, 1, 2, 9)
D (4, 1, 2, 3) =

d (2, 9)
d (2, 3) ,

W 1 (10) =
D (2, 3, 4, 10)
D (2, 3, 4, 1) =

d (3, 10)
d (1, 3) , 　W 3 (10) =

D (4, 1, 2, 10)
D (4, 1, 2, 3) =

d (1, 10)
d (1, 3) .

(2. 23)
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L et

Gm , n =
um v n - u nvm

d (m , n) = vm v nFm , n , (2. 24)

then (2. 20) is equ iva len t to

G 1, 5C 1 + G 4, 5C 4 = 0,

G 2, 6C 2 + G 4, 6C 4 = 0,

G 3, 7C 3 + G 4, 7C 4 = 0,

G 1, 8C 1 + G 2, 8C 2 = 0,

G 2, 9C 2 + G 3, 9C 3 = 0,

G 1, 10C 1 + G 3, 10C 3 = 0.

(2. 25)

C learly a non trivia l R (x , y , z ) sa t isfying (2. 18) is un iquely determ ined if and on ly if every

one of fif teen 4×4 subm atrices con ta ined in the 6×4 m atrix w ith respect to coefficien ts C 1,

C 2, C 3 and C 4 has rank th ree, w h ich yields

G 1, 8G 2, 9G 3, 10 = G 8, 2G 9, 3G 10, 1 (2. 26)

G 1, 8G 2, 6G 4, 5 = G 8, 2G 6, 4G 5, 1 (2. 27)

G 3, 10G 1, 5G 4, 7 = G 10, 1G 5, 4G 7, 3 (2. 28)

G 2, 6G 4, 7G 3, 9 = G 6, 3G 7, 3G 9, 2 (2. 29)

w h ich are equ iva len t to (2. 2) - (2. 5) respect ively due to (2. 24). W e m en tion tha t symm et2
rica l equat ion s (2. 2) - (2. 5) are no t independen t of one ano ther. In fact, if w e assum e each

F p , q is nonzero, then each of (2. 2) - (2. 5) m ay be derived from the o ther th ree, fo r exam 2
p le, w e reo rder (2. 2) - (2. 4) as fo llow s

F 1, 8F 2, 9F 3, 10 = F 8, 2F 9, 3F 10, 1,

F 8, 2F 6, 4F 5, 1 = F 1, 8F 2, 6F 4, 5,

F 10, 1F 5, 4F 7, 3 = F 3, 10F 1, 5F 4, 7.

　　M u lt ip lying the first equa t ion by the second and the th ird ones, w e get

F 2, 9F 6, 4F 5, 1F 5, 4F 7, 3 = F 9, 3F 2, 6F 4, 5F 1, 5F 4, 7.

N o t ing tha t F p , q= - F q, p , one imm edia tely gets (2, 5).

W e know tha t the necessary and sufficien t condit ion to m ake R (x , y , z ) be non singu lar

in 8 is to let the denom inato r of R (x , y , z ) take va lues w ith the sam e sign a t fou r vert ices of

the tet rahedron 8 , i. e. , C 1, C 2, C 3 and C 4 m u st po ssess the sam e sign. F rom th is and (2. 25)

fo llow imm edia tely (2. 6) - (2. 11).

W e po in t ou t tha t (2. 12) and (2. 13) are the necessary and sufficien t condit ion sfo r R
k

(x , y , z ) and R
k+ 1 (x , y , z ) to have a C

0- sm oo th connect ion over the comm on boundary of 8 k

and 8 k+ 1. L et

R k (x , y , z ) - R k+ 1 (x , y , z ) =
N k (x , y , z )
D k (x , y , z ) , (2. 30)
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then it fo llow s from (2. 12) , (2. 13) and ou r conven t ion abou t the labeling,

N k (1k ) = N k (3k ) = N k (4k ) = N k (5k ) = N k (7k ) = N k (10k ) = 0, (2. 31)

w h ich m ean s by Bezou t’s theo rem ( [ 2 ]) tha t the quadra t ic po lynom ia l N k (x , y , z ) con ta in s

such a linear facto r lk (x , y , z ) tha t its locu s

L k (x , y , z ) = { (x , y , z ) lk (x , y , z ) = 0} (2. 32)

covers the comm on boundary of 8 k and 8 k+ 1. In o ther w o rds, (2. 31) im p lies the C
0- sm oo th

connect ion of R
k (x , y , z ) and R

k+ 1 (x , y , z ) , therefo re (2. 12) and (2. 13) are sufficien t w h ile

their necessity is obviou s. T heo rem 1 is hereby com p letely p roved.

Remark 1　E specia lly if 5, 6, 7, 8, 9 and 10 are m idpo in ts on co rresponding edges of tet ra2
hedron 8 , then condit ion s (2. 2) - (2. 5) can be w rit ten as fo llow s

(Α1 - Α8) (Α2 - Α9) (Α3 - Α10) = (Α8 - Α2) (Α9 - Α3) (Α10 - Α1) ,

(Α1 - Α8) (Α2 - Α6) (Α4 - Α5) = (Α8 - Α2) (Α6 - Α4) (Α5 - Α1) ,

(Α3 - Α10) (Α1 - Α5) (Α4 - Α7) = (Α10 - Α1) (Α5 - Α4) (Α7 - Α3) ,

(Α2 - Α6) (Α4 - Α7) (Α3 - Α9) = (Α6 - Α4) (Α7 - Α3) (Α9 - Α2).

Remark 2　U nder condit ion s (2. 2) - (2. 4) w e can find ou t a basis system of so lu t ion s of e2
quat ion s (2. 25)

C 1 = CG 2, 9G 3, 10G 4, 5, C 2 = CG 1, 10G 3, 9G 4, 5,

C 3 = CG 2, 9G 10, 1G 4, 5, C 4 = CG 3, 10G 2, 9G 5, 1, (2. 33)

w here C is an arb it ra ry nonzero con stan t.

3. C
1

ra tiona l spl ines

L et

H k
m , n = C k

m C k+ 1
n (u k

m v k+ 1
n - u k+ 1

n v k
m ) , (3. 1)

and deno te by V k the vo lum e of the tet rahedra l cell 8 k and by S
k
p ; x the area of the triang le

w h ich is the p ro ject ion of the triangu lar p lane co rresponding to vertex p
k on to the YO Z

p lane.

Theorem 2　T he necessa ry and suf f icien t cond itions f or the ex istence of S R
1
1, 1 (8 ,V ) sa tisf y ing

(1. 1) a re g iven by (2. 2) - (2. 13) and

V k6
4

n= 1
H k

1, nS
k+ 1
n; t + V k+ 16

4

m = 1
H k

m , 1S
k
m ; t = 0,

V k6
4

n= 1
H k

3, nS
k+ 1
n; t + V k+ 16

4

m = 1
H k

m , 2S
k
m ; t = 0,

V k6
4

n= 1

H k
4, nS

k+ 1
n; t + V k+ 16

4

m = 1

H k
m , 4S

k
m ; t = 0,

(3. 2)
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w here

5D (3, 4, 1, õ)
5 t

≠ 0, 　 fo r　t = x , y o r z. (3. 3)

Proof　F rom (2. 17) and (2. 30) w e ob ta in

N k (x , y , z ) = 6
4

m = 1
6

4

n= 1
C k

m C k+ 1
n (u k

m v k+ 1
n - u k+ 1

n v k
m )W k

m (x , y , z )W k+ 1
n (x , y , z ). (3. 4)

Since (2. 2) - (2. 13) are sa t isf ied, w e have

N k (x , y , z ) = lk (x , y , z ) l3
k (x , y , z ) ,

w here l
3
k (x , y , z ) is linear. If L k (x , y , z ) is no t para llel to , fo r exam p le, the X - ax is, i. e. ,

5 lk (x , y , z )
5 x

≠ 0,

then it fo llow s from Bezou t’s theo rem tha t

5N k (1k )
5 x

=
5N k (3k )

5 x
=

5N k (4k )
5 x

= 0

are the necessary and sufficien t condit ion s fo r R
k (x , y , z ) and R

k+ 1 (x , y , z ) to be C
1 sm oo th ly

connected over 8 k∩ 8 k+ 1, w h ich yields (3. 2) by m ean s of (2. 15) , (3. 4) and ou r conven t ion

abou t the labeling a t the very beginn ing tha t 1k = 1k+ 1, 3k = 2k+ 1 and 4k = 4k+ 1. T he theo rem is

p roved.
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三维空间中的有理样条插值
檀 结 庆

(合肥工业大学数力系, 合肥 230009)

摘　要

对三维空间某个多面体区域的四面体剖分, 通过在每个四面体胞腔的棱和顶点设置适当

的插值结点. 本文给出了 (1, 1)型C
0 及C

1 光滑的非奇异有理样条存在的充分必要条件.
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