
Journal of M athem atical R esearch & Expo sit ion
Vo l118, No12, 213- 216, M ay 1998

A Note on Ho
¨

lder Con tinu ity of the Grad ien t of the

Solution s for u t= div (û¨ uû p - 2¨ u) Ξ

D ong P im ing

(D alian Railw ay Institu te, D alian 116028)

Abstract　 In [1- 3 ], Ho
¨

lder con tinu ity fo r the spatial gradien t of w eak so lu tions of

u t = div (û¨ uû p - 2¨ u) in 8 T = 8 × (0, T )

w as estab lished, w here ¨ = gradx , 8 < R
N. W e discuss here how the condition

p > m ax{1,
2N

N + 2
}

is determ ined by the behaviour of u. Theo rem imp lies that fo r so lu tion in L
N
loc (8 T ) , the condition fo r

the gradien t of so lu tion being H o
¨

lder con tinuous needs on ly p > 1.
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1. In troduction

T h is paper is a supp lem en t of the resu lts in [ 1- 3 ]. T here Ho
¨

lder con t inu ity fo r the

spa t ia l g rad ien t of w eak so lu t ion s of

u t = div (û¨ uû p - 2¨ u ) in 8 T = 8 × (0, T ) (1. 1)

w as estab lished. H ere ¨ = gradx , 8 < R
N. T hey p roved tha t if

p > m ax{1,
2N

N + 2
}, (1. 2)

then the grad ien t of any so lu t ion u∈L
∞ (0, T : L

2 (8 ) )∩L
p (0, T :W

1, p (8 ) ) of (1. 1) is Ho
¨

lder

con t inuou s.

In th is no te, w e discu ss how the condit ion (1. 2) is determ ined by the behaviou r of u.

D ef in it ion　A solu tion u of (1. 1) is a f unction d ef ined in 8 T = 8× (0, T ) such tha t

u ∈L ∞ (0, T : L q (8 ) ) ∩L p (0, T :W 1, p (8 ) ) ,　q Ε 1, (1. 3)
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and f or any Υ∈C
1
0 (8 T ) , u sa tisf ies

∫∫8 T

[uΥt - û¨ uû p - 2¨ u õ ¨ Υ]d x d t = 0. (1. 4)

　　O u r resu lt is as fo llow s

Theorem　S upp ose tha t

p > m ax{1,
2N

N + q
}, (1. 5)

w here q is the constan t in (1. 3). T hen the g rad ien t of the solu tion of (1. 1) is loca l H o
¨

ld er

con tinuous in 8 T.

W hen q= 2, the T heo rem reduces to the resu lts in [1- 3 ].

M o reover, th is T heo rem im p lies tha t fo r loca l bounded so lu t ion s, the condit ion fo r the

grad ien t of so lu t ion being Ho
¨

lder con t inuou s needs on ly p > 1.

2. Proof of Theorem

L emma 2. 1　L et p > m ax{1, 2N
N + q

}. T hen

u ∈L s
loc (8 T ) f or any 1 Φ s < + ∞. (2. 1)

Proof　 If q= 1, then (2. 1) fo llow s from [4 ]. L et q> 1. In (1. 4) take test funct ion

Υ= uv ΑΝp ,

w here v = u
2, Α> - 1

2
, Ν∈C

∞
0 (8 T ) , 0Φ ΝΦ 1. T hen

1
2 (Α+ 1)∫8 v Α+ 1Νp (x , t) d x + (1 + 2Α)∫

t

0∫8 û¨ uû p v ΑΝp d x d s

　 Φ p
2 (Α+ 1)∫

t

0∫8 v Α+ 1Νp - 1ûΝtûd x d s + p∫
t

0∫8 û¨ uû p - 2¨ u¨ ΝΝp - 1uv Α d x d s.

D ropp ing the th ird term on the left hand side and u sing Ho
¨

lder inequality in the last term ,

w e get

ess sup t∈ (0, T )∫8 (Νûuû
2Α+ p

p )
(2Α+ 2) p

2Α+ p d x +∫
T

0∫8 û¨ (Νûuû
2Α+ p

p ) û p d x d t

　 Φ c∫
T

0∫8 û¨ Νû p ûuû 2Α+ p d x d t + c∫
T

0∫8 ûΝtûΝp - 1ûuû 2Α+ 2d x d t. (2. 2)

　　Fo r Α= q
2

- 1, the righ t hand side of (2. 2) is f in ite. T herefo re by em bedding inequality

( [5 ], p 62) , w e get u∈L
r
loc (8 T ) , r= p - 2+ q (1+

p
N

) and p - 2+ q (1+
p

N
) > q by (1. 5).

W e can now repea t the p rocess w ith 2 (Α+ 1) = p - 2+ q (1+
p

N
) and get

u ∈L s
loc (8 T ) ,　s = p - 2 + 2 (Α+ 1) (1 +

p
N

) ,

clearly p - 2+ 2 (Α+ 1) (1+ p
N

) > p - 2+ q (1+ p
N

) by (1. 5). By p roceed ing in th is fash ion,

L emm a 2. 1 fo llow s.
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　　U sing L emm a 2. 1 as in [2 ], w e can p rove the fo llow ing lemm a.

L emma 2. 2　L et p > m ax{1, 2N
N + q

}. T hen û¨ uû∈L
s
loc (8 T ) ,　1Φ s< + ∞.

L emma 2. 3　L et p > m ax{1, 2N
N + q

}. T hen û¨ uû∈L
∞
loc (8 T ).

L emm a 2. 3 is ob ta ined by a sim p le change of the p roof of [3, T heo rem 2. 1 ]. Fo r cla ri2
ty, w e give the deta ils of the p roof.

Proof of L emma 2. 3　 Fo r P 0 (x 0, t0 ) ∈ 8 T , set B (x 0, R ) = {x ∈R
N : û x - x 0 û < R },

Q (p 0, R ) = B (x 0, R )× ( t0 - R
2, t0) w ithou t lo ss of genera liy, w e assum e tha t u t, D

2
x u are in

su itab le L
q spaces ( refer to the exp lana t ion in [3 ]). C learly it is sufficien t to d iscu ss the case

1< p < 2.

D ifferen t ia t ing (1. 1) w ith respect to x j , w e get

5
5 t

u x j
- d iv (û¨ uû p - 2¨ u x j

+ ( 5
5 x j

û¨ uû p - 2) ¨ u ) = 0. (2. 3)

　　Set Υ= u x j v
ΑΝ2, w here v = û¨ uû 2, ΑΕ 0, Ν is the u sua l c

1 cu t2off funct ion w ith respect to

Q (P 0, R ) , Q (P 0, (1- Ρ)R ) (0< Ρ< 1). M u lt ip lying (2. 3) by Υand in tegra t ing over Q (P 0,

R ) , w e get (see p 345 in [3 ])

1
2 (Α+ 1) esssup t0- R < t< t0∫B R

Ν2v x + 1d x +
(1 + 2Α) (p - 1)

4 ∫∫QR

Ν2v
p + 2Α- 4

2 û¨ v û 2d x d t

　 Φ c∫∫Q (R )
Νv

p + 2Α- 2
2 û¨ Ν‖¨ v ûd x d t +

1
2 (Α+ 1)∫∫Q (R )

ûΝtûv Α+ 1d x d t,

w here c is independen t of Α. U sing Ho
¨

lder inequality and Sobo lev′s em bedding theo rem , w e

get

∫∫Q (R - ΡR )
v

p - 2
2 + (Α+ 1) (1+ Α

N
)
d x d t

Φ esssup t0- (1- Ρ) 2R 2< t< t0
(∫B (R - ΡR )

v Α+ 1d x ) 2öN ×∫∫Q (R - ΡR )
(v

p + 2Α
2 + û¨ v

p + 2Α
4 û 2) d x d t

Φ c{∫∫Q (R )
v

p + 2Α
2 û¨ Νû 2d x d t +∫∫Q (R )

ûΝtûv Α+ 1d x d t}1+ Α
N . (2. 4)

　　Set k = 1+ 2
N

and R l= R ( 1
2

+
1

2l+ 1) , Α+ 1= N (2- p )
4

+ k
l, l= 1, 2,⋯. Νl∈C

1
0 (Q (R l) ) , 0Φ

ΝlΦ 1, Νl= 1 on Q (R l+ 1). T hen it fo llow s from (2. 4) tha t

(∫∫Q (R l+ 1)
v

N (2- p )
4 + k l+ 1

d x d t) 1ök

Φ c
4l

R 2 {∫∫Q (R l
)
v

N (2- p )
4 + k l

d x d t +∫∫Q (R l
)
v

(N - 2) (2- p )
4 + k l

d x d t}. (2. 5)

　　W ithou t lo ss of genera lity, w e m ay assum e tha t fo r any l> l0

∫∫Q (R l
)
v

(N - 2) (2- p )
4 + k l

d x d t Ε 1,

w here l0 is a na tu ra l num ber such tha t
(N - 2) (2- p )

4
+ k

l0> 0.
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　　H ence w e get from (2. 5)

(∫∫Q (R l+ 1)
v

N (2- p )
4 + k l+ 1

d x d t) 1ök Φ c
4l

R 2∫∫Q (R l
)
v

N (2- p )
4 + k l

d x d t.

　　T he standard M o ser itera t ion p rocedu re yields

(∫∫Q (R l+ 1)
v

N (2- p )
4 + k l+ 1

d x d t) 1ök l+ 1

Φ ( c
R N + 2∫∫Q (R )

v
N (2- p )

4 + k l0
d x d t) k- l0.

　　L ett ing l ∞, w e have

esssupQ (R ö2) v Φ ( c
R N + 2∫∫Q (R )

û¨ uû
N (p - 2)

2 + 2k l0
d x d t) k- l0 ,

hence by L emm a 2. 2, L emm a 2. 3 is p roved.

U sing L emm a 2. 3 as in [3 ], w e can p rove the T heo rem.
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关于 u t= d iv (û¨ uû p - 2¨ u)方程解的梯度

Ho
¨

lder连续性的一个注记

董 丕 明
(大连铁道学院计算机系, 116028)

摘　要

对文献[1- 3 ]中的结果: u t= div (û ¨ u û p - 2 ¨ u )在 8 T = 8× (0, T )上弱解的空间梯度是

Ho
¨

lder连续的做一个补充. 在这个注记里,讨论了条件 p > m ax{1,
2N

N + 2
}是怎样由 u 的性质

所决定的. 属于L
N
loc (8 T )空间解的梯度是Ho

¨
lder连续的条件仅仅是 p > 1.
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