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A Note on Holder Continuity of the Gradient of the
Solutionsfor u= div(|vul *vu)
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Abstract In [1- 3], Holder continuity for the gatial gradient of weak lutions of
w= div(|vul *vu) inQ = Qx (0,T)
was established, where v = grads, QCR". W e discuss here how the condition

_N
p > max{l,N + 2}

is detem ined by the behaviour of u Theorem implies that for slution inL ' (Qr), the condition for

the gradient of lution being Holder continuous needsonly p> 1
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1 Introduction
This paper is a supplement of the results in [1- 3] There Ho Ider ocontinuity for the

gatial gradient of weak slutions of

u= div(|vul ?*vu) inQr= Qx (0,T) (11

was established Here V = gradi, QCR". They proved that if

p > max{l,N_ZM_+ 2}, (12

then the gradient of any olutionu L (0, T:L*(Q))nL" (0, T:W *"(Q)) of (1 1) isHolder

continuous
In this note, we discuss how the condition (1 2) is detemined by the behaviour of u

Definition A solution u of (1 1) isa function def ined in Qr= Qx (0, T) such that

u L°OT:LYD)) nL"(O,T:W"™(Q), q= 1, (13
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and for any @ Co(Qr), u satis ies

J]‘QT[UQP- |[vul?vues v@®dxdt= Q (1 4)

Our result isasfollow s

Theorem Suppose that

_ZN_}
N + g’

w here q is the constant in (1 3). Then the gradient d the solution & (1 1) is local H older

p > max{1, (15

continuous in Q.

W hen g= 2, the Theoran reduces to the resultsin [1- 3]

M oreover, this Theorem mplies that for local bounded olutions, the condition for the
gradient of olution being Ho Ider continuous needsonly p> 1

2 Proof of Theorem
Lenma2 1 Letp> max{l,,ﬁ—q}. T hen
U Lic(Qr) forany 1< s< + oo, (2 1)
Proof If g= 1, then (2 1) followsfrom [4] Letg> 1 In (1 4) take test function
P= uw"e,

w here v= u?, 05> - ‘ZL,E Cs (Qr), 0<E<1 Then

t
o+ 1 P
ﬁ(m o VT Ddx + (L 20(].0‘IQ|VU|V};Pdde
t t
= 2(o+ 1] ng“ &8 faxas+ E{ngvu [ ?v uv g8 *uv*dxds

D ropping the third tetm on the left hand side and using Ho Ider inequality in the last tem,
w e get

;
€ss sup: .7 Q(§|u |2m;:_p) 206 p X +J.J.Q|V (§|u |2m;:_p) |pdxdt
T T
S_fg[olv P |u [ Pdxdt + fJ'QIEtIE" Hu [ 2dxdt (2 2)
For o= -g- 1, the right hand sideof (2 2) isfinite Therefore by enbedding inequality
([5], p62), wegetu Lic(Qr), r=p- 2+ q(1+ ﬁ') and p- 2+ q(1+ Iﬁ-)> qby (1 5).
W e can now repeat the processw ith 2(o+ 1) = p- 2+ q(1+ I\IIL) and get

U Lbe(Q), s=p- 2+ 2(x+ 1)(1+ ,ff),

clearly p- 2+ 2(o+ 1) (1+ J)> p- 2+ q(1+ §) by (1 5). By proceeding in this fashion,

Lenma 2 1 follows
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UsingLenma 2 1asin [2], we can prove the follow ing lenma

Lenma 2 2 Letp>max{1, 2} Then [Vu| Lie(Qr), 1=s<+ o,

1N+ q
Lenma 2 3 Let p>max{ ,N+q} Then |[Vul| L&(Q).

Lenma 2 3 isobtained by a simple change of the proof of [3, Theorem 2 1] For clari-
ty, we give the details of the proof.

Proof of Lenma 2 3  For Po(xo, o) Qr, setB (xo,R) = {x R"“: |x- xo|< R},
Q (po,R)=B (x0,R) X (to- R? to) without lossof generaliy, we assume that u:;, D zu are in
suitableL ® paces (refer to the explanation in [3]). Clearly it is sufficient to discuss the case
1< p< 2

D ifferentiating (1 1) with respect to x;, we get

Ly - dv([vulvug+ GE TP Ve = a 2 3)

Set @ ux V'€, wherev= |vu [’ 0= 0, Eis the usual ¢' cutoff functionw ith respect to
Q (Po,R), Q(Po, (1- ®)R) (0< o< 1). M ultiplying (2 3) by Pand integrating over Q (Po,
R), we get (seep345in [3])

1 2 x+ 1 + - o P24 2
(s 1) ESSUPy R<t<erR§v dx + J‘I—Z‘XLH QREV 2 |vv [dxdt
ko 2
< ot 1
_fIQ(R)Ev 2 |vEl vv|dxdt+ 200+ 11[%{) |& v *dxdt,
w here c is independent of & U sing Ho Ider inequality and Sobolev's enbedding theorem, we
get
'[I- VP’?2+ (o 1) (1+ #)dxdt
QR- ®)
2
=< €SSsuUpt,- - 0)2R2<1<t0J.B(R ® cH.ldX) J].Q(R ®) |VV 4 |)dth

cj]-Q(R)vpLZmW §|2dxdt+J]- |§t |v°“ 1dxdt}”N. (2 4)
Setk= 1+ Z andRi= R (F+55), o 1= 2P i 1= 1,2, . § cbQ(R)), 0=
£§<1, &= 1onQ(R|+ 1). Then it follow sfrom (2 4) that

N.(.Lp.).+ I+ 1
ﬂ v o4 dxd) M
QR )

AI_ +k +k
< CRzﬂm.) dxdt+ﬂ dxdt}. (2 5)

W ithout loss of generality, wemay assume that for any 1> lo

= = +
ﬂ' vioa rdaxdt = 1,
QR

IA

. N- 2) (- p)
w here lo is a natural number such that 4 + k'o> Q
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Hencew e get from (2 5)

M), e
J:[ v oAk gy do¥e < ‘4]]' ‘dxdt
Y Q(R)

The standardM oser iteration procedure yields

N(2-p) I+ + +
J:r v oA 1dxdt)1/k‘ ( N J- Koy do)* ° o
QR ;) l w"

L etting |- o, we have

esssupo RV < (‘ch+ I (R) e Aoy dn)k °

hence by Lenma 2 2, Lanma 2 3 isproved
UsingLenma 2 3 asin [3], we can prove the Theorem.
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