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Abstract Inthispaper , weinvestigate the Ishikawaiteration processin a p - uniformly smooth Banach ace
X. Motivated by Deng!® and Tan and Xul®! , we prove that the Ishikawa iteration process converges strongly
to the unique lution of the equation Tx = f when T isalipschitzian and strongly accretive operator from X
to X, or to the unique fixed point of T when T isaLipschitzian and strictly pseudo contractive magpping from
a bounded closed convex subset Cof X into itsdf. Our resultsimprove and extend Theorem 4.1 and 4. 2 of

Tan and Xut®! by removing the restrion
limB, =0 or lima, = limB, =0

n-o n-o

in ther theorems. These a9 extend Theorems 1 and 2 of Dergm to the p - uniformly smooth Banach pace
setting.
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1. Introduction and preliminaries

Let T be a nonlinear operator with domain D( T) and range R( T) in area Banach face. Tis
said to be accretive!®! if the inequality

I'x- yll €l x-y+r(Tx- Tyl (1)

holdsfor each x and y in D( T) andfor all r =0. If (1) holdsonly for ome r >0, T issadto be
monotone®!. If X isa Hilbert pace then the accretive condition (1) reduces to

Tx - Ty,x-y =20 (2)
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foral x,yin X. Tisaccretiveif andonly if forany x,y D(T), thereexistsj J(x- y) such
that Tx- Ty,j = 0, where

J(x) ={x" X":x,x" = UIxl?=1x"1%, x X, (3

isthe normalized dudity mapping of X and - ,- denotes the duality pairing between X and X ~.
The accretive operators were introduced i ndependently by Browder!?! and Kato!®! in 1967.

Let C beanonempty subset of area Banach gpace X. A mapping T:C - X issaidto be strongly
accretive if for each x,yin Cthereisj J(x- y) such that

Tx - Ty,j = kll x- yl? (4)

for ome red constant k >0. Without lossof generdity , we assume that k (0,1) .
Let C be a nonempty subset of a real Banach pace x. A mapping T:C - X is said to be srictly
pseudocontractive if there exists t > 1 such that the inequality

Ix-yl <0 @+r)(x-y)-rt(Tx- Tyl (5

holdsfor dl x,yin Cand r >0. If ,in the above definition, t =1, then T issadto be apseudocorn-
tractive mapping.

Recently , Deng!®! answered positively Problem 2 in Chidume!”! | by removing the restrictiona , <
B,andlimB,=0. Ontheother hand, Tan and Xu'®' studied both the Mann and the Ishikawa itera
tion processin a p - uniformly smooth Banach gpace X and proved that the two processes converge
strongly to the unique olution of the equation Tx = f incase Tisalipschitzian and strongly accretive
operator from X to X, or to the uniquefixed point of T incase Tisalipshitzian and strictly pseu-
docontractive mgpping from a bounded closed convex subset Cof X into itsef. Hence, Tan and Xu'®
gave afirmative answers to Problems 1 and 2 of Chidume'”! respectively , and a9 extended al results
of Chidume!”! to the p - uniformly smooth Banach gpace etting.

In this paper , we investigate the Ishikawa iteration processin a p - uniformly smooth Banach
ace X. Our resultsimprove and extend Theorem 1 and 2 of Deng'® and Theorem 4.1 and 4. 2 of
Tan and Xu'®!.

To procced , we give ome preliminaries. Let X be aBanach pace. Recdl that the modulusp «(-)
of smoothnessof X is defined by

[6]

pP4() :sup{'Jz‘(II x+yl + I x-vyll)-1:x,y X, I xll =1,1yll =1},

T >0, and that X issaid to be uniformly smoothif lim , (T)/T =0. Recal a9 that for area num-
ber 1< p< 2, aBanach ace X issadto be p- uniformly smoothifp,(t) < d "fort >0 where d
>0isacongant. Itisknown (cf.[1]) that for a Hilbert pace H,

Pu) = (1+1H¥2-1 (6)

and hence His2 - uniformly smooth. Itisas knownthat if 1< p<2, LP(or I°) is p- uniformly
smooth ; whileif 2< p< o, LP(or IP) is2- uniformly smooth. Xu!l®! gave the following characteri-
zation for a p - uniformly smooth Banach space.
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Lemmal Let X be asmooth Banach space and p a fixed number in (1,2]. Then, X is p- uni-
formly smooth if and only if there exists a constant d, >0 such that

Ix+yl?P< I xIP+py,Jdp(x) +dpll yll® (7)
for all x,yin X, whereJ,(x) isthesubdifferentiable at x of the f unctional p'lll P,
It isknown that J,(x) = Il xll P"23(x) for x X, x#0, and
Jp(x):{x* X" oox,x" = IxUP 0 x"0 =101 x0hPh, x X.

When x isan LP(or I?) gace, the congtant d,in (1.7) has been calculated.
2. Main results

Theorem 1 let x beap - uniformly smooth Banach space with1<p< 2 and T:X -X
be a Lipschitzian and strongly accretive operator with Lipschitz constant L. DefineS: X
X bySx=f- Tx+ x. Let {0,} =0 and {B .} n=0 be two sequences of realsin [0,1]
satisfying

(1) n;an: oo and lima,=0;

k
4p°Lo(1+ L)
where Lg istheLipschitz constant of S withLo< 1+ L, tpisthe (smaller) solution of
the equation

(ii) 0<B,<min{t,, v} foreachn=0,

f(t) = p(p-1D(@QA- Kt- (1+ dpLB)tp'1+‘;‘pk=O(t > 0), (8)

and k (0,1) , d, are the constants appearing in (4) and (7) , repectively. Then for
each xpin X the Ishikawa sequence { x,} defined by

Xns1 = (1 - 0p) Xp +0,Sypand y, = (1 - Bn) Xn +anxn, nz=0
converges strongly to the unique olution of the equation Tx =f.
Proof Wefirst observe that the equation Tx = f has a unique olution which we denote
by g. Infact, the existence follows from Morales*! and the uniqueness from the strong
accretivenessof T. We ds observe that for x,y X,

Sx - Sy,Jp(x-y) =- Tx- Ty,Jp(x-y) + I x-ylP

Sl x- oyl P2 Tx- Ty, d(x-y) + 1 x-ylP

< - klbx- ylP20 x- yl?2+ 101 x-ylP
= (1- kI x-yllP.
It follows that
I Xns+1 - q"p = I (1-0,)(xn- @ +0,(Sys- 0 P
S (L-0a)Pl xp- gl P+ @ (1-a,)"" Sy, - q,3p(x- 0
+ deth ll Sy, - qll P. (9)
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Snce
Il Sy, - gl P < LgNy,- qllP
an- q;Jp(Xn' q) S (1' k) " Xn' q"p,

I Yn - q"p = (1'Bn)(xn' Q) +Bn(sxn' q) P
(L-B)Pl Xo- gl P+ Ba(L-B)P ! Sxn- q,3p(Xn - 0)
+ dBhll Sxn - qll'?
(1-Bo)P+ p- KWBa@-B)™ + dLBD I % - gl P
= t,l x, - gl P,

where t, = (1-Bn) "+ p(1- KWB.(1-Bn) P "+ dLBF,

I yn - Xo P =BRI - Sxo P =BRNI (xn- g + (g- Sxp) II'P
2B %, - gl P+ Il Sx, - gl P
2°(1 + LOBRN Xq - gl P,

IN

IN

<
<

Syn - Sxn,Jp(Xn- @ < Loll yp- Xxoll - Il xp- gl !
< 2LBa(@+LY)YPH x,- qll P,
and
Syn - 0,Jp(Xn- @ = Syn- SXn,Jdp(Xn- @ + Sxn- q,Jp(xn- Q)
< LB @+LDYP+(1- K) I xu- gll P,
we obtain from (8)
I Xpsa - gl P s ((L-0p)P+ @o(1-0,)P (1- k+2LBa(1+LYHYP)
+ dpLforhtn) I x, - gll P.
Sncel<p< 2, (1- t)P<1- pt+tPand (1- t)P '<1- (p-1)tfor0< t< 1,
we obtain
th= (1-Bn)P+ p(1- KWB(1-PBn)P "+ dLBBR
<1- pBa- p(p- 1 (1- KWBH+ (1+ dLBBS. (10)
SnceB,< tyfordl n> 0, we havefrom (8) p(p- 1) (1- KPB%- (1+ d,LB)BL=> -

‘;pan. Hence it follows that t, < 1- ‘; piB , for eech n > 0.0On the other hand, snce

lim, .0, =0, there exists a pogtive integer N such that 0 <0, < t,for eech n= N.
Thisimplies that
th= (1-0)°+ p(l- KO, (1-0,)"t+ dLph

<1- %pl@(nforeachn > N.
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Therefore, we obtain that for each n= N,

I Xp+1 - gl P
S[@-a)P+ Pa@-a)P @- K+ pa@-0a)P 2L B2+ LBYP
+ LR - 5 pB Tl X - qll®

<S[th+ plOn- (p- Dad) - 2LB.@A+ LHYP - 'Jz'pkdpLBJBn] Il x,- qll P

< [1- 'JZ‘pIO(n +2pLo(L+ L)Y B, - 2p(p- D Lo(1+ LYYEHP,

i 'Jz‘pkdpLSC(ﬁSn] Il X, - qll P,

Sncelim, .0, =0 implieslim, .o B ,=0, we have
BBl {2Lo(L+LE) V8 Bn- (- DLo(L+LE) &R, - SpkaLEB,)

=2pLo(1+LB)YP <2p’Lo(1+LP)YP.
From this and the condition (ii) , we derive that thereis a pasitive integer No > N such
that for each n= Ng,

I x,e1 - gll®

<[1- ';‘plﬂn +2p2Lo(1+ LOYRBA]- Il xo- gl P

o1 2 Vp k . ol P
<1 2pb(n+2p Lo(1 + L§) AL+ LD an]ll x, - gl
S[l-';‘(p- 1) ko]l xo- gl P

< [exp(- ']2‘(p— D))l xe- qllP
< [exp(- ']2‘(p— Dk YT xu - qll "

This immediately implies the strong convergence of {xn} to g since the series ) fl, di-
verges. The proof is complete. O
Reviewing the proof of Theorem 1, we can s= that the following consequence is true.

Theorem 2 Let C be a nonempty bounded closed convex subset of a p - uniformly
smooth Banach space X with1< p< 2and T:C -Cbhealipschitzian and strictly pseu-
docontractive mapping with Lipschitz constant L. Let {0 .} =0 and {Bn} n=0 be se
quences of realsin [ 0, 1] satisfying

(i) Zoanz co and lima,=0;
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. . k
(ii) 0<B,<min{ tp,4p2L(l+ Lp)”p} foreachn> 0,

where t, is the (smaler) lution of the equation

F() = p(p-D(L- KWt- (L+ dLP) "L+t

2
k=(t-1)/tandt (1, ), d,aretheconstantsappearingin (5) and (7) , regpective-
ly. Then, for each xoin C, the Ishikawa sequence { x,} defined by

Xn+1 = (1 - an) Xn +anTyn and Yn = (l - Bn) Xn +BnTXn, n=0
converges strongly to the unique fixed point of T.

pk = 0 (t > 0),
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