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The Singular Integral of an Analytic Polyhedron
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Abstract Combining R. Harvey and J. Porking s methods and traditiond methods, we define the current
Cauchy principad vauesin thispgper by usng homotopy formula and integra trandormations. We study the
boundary vaue of Weil type polyhedron integras and obtain Plemej formulas, which are different from the
methods usudly in the studies of boundary value problems.
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1. Definitions and lemmas

Definition 1'*!  The domain is called the non - degenerate Weil polyhedron in C", if for a do-
main D D  there are f unctions F(z), j=1, ,N, hoomorphicin D, such that

={z D:| F(z2]<1,j=1, ,N}, n<N,DCC"

and for

z S Jn={z D:| F(]l= =] FRDI=1
rank(grad Fj;(z), , grad ij(z))T:k, wherel< j3< < jk< N, and1< k< n, namely
@1 Fa ® «Fji #0, p; being strongly polysubharmonic f unctions of the nei ghbourhood in S;,

Sj:{Z D,pj(Z):O,jzl, ,N}

Lemma 11?1 Let be the non - degenerate Weil polyhedron over a bounded domain in C" with c®
- boundary. Then foranyf(z) A( ),

IQf(Z,Z) :L(nz-Ti;D“—l,<Z,-Is f@) Dy, i,

f(z) ifz ,

0 ifz (D' _) - jN:]_rj, io
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where

Dj, i, = gl .2 = F](Z ,:)

gl qgn

n

1j:11 5N|i:1| yn

and p;i (€ ,z) isdetermined by Hefer theorem, namely

FC,2) = »Z(Zi' z) pi@€ , 2)

and for fixed{ , F;( ,z) holomorphicfor z, andfor fixedz, F{ ,z) iscontinuousand differentiable.
The other notions are referred to [ 3].
Because S;={¢ a ,p;()=0},j=1, , N, Sj,» k=S, n n S, thecharacterigtic
manifold of dimengon nis
Q = Sj

jl< <jn 1 jn'
In addition, it will be required that the defining functionspjof  are real , ecificaly we will assume

that p; has the expangon

Pi(z2) =p;jC) + Re(M ,2)(pC ,2)) - C - 2] +Y (,2) (2)
for zand{ near , where
M (€ ,z) never vanishes and is holomorphic in z for each fixed( (©)]
ly€.2 | <clC- z|?% (4)
YC.2 2¢cl - z|%if pC.2- € - 2 =0. (5)

Y (€ , z) vanishesto second order on the diagonal. Let Q(z,{ - z) denote the quadratic part of
Yy ( ,z) expandedinl about{ = z with fixed z. Then

y€.2) = Q(z{ - 2 +0(C - z]%. (6)
Definition 2 The analytic polyhedrons satisfyi ng the conditions (2) - (6) arecalled Weil type poly-

hedrons.

Lemma 2! Let p; be generating f unctions defined on V CC"x C". Let A={( ,z) V| IILq] p
€,2)-@C - 2)] =0} andXe (€ ,z) bethe characteristic function of the set

€2 viIlin€2 @- 2126, (7

where p ,2)- € - 2) = Y1pi€ ,2)- Ci- z),j=1, ,N,theform K, which smoothinV -
A , defines the Cauchy principal value currentson V thenfor f(z) A:( ) theformulas

Kf =1

0 e T e 6o o0 K€ 02 1) ()
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exist , where U; and U, are open stsin C"and V isanopen st in C" x C".

2. Plemelj formuls
Theorem  Suppaose that p;( , z) aresupport functions for Q related to =~ ={z | HNzl pj (2)
<0} which satisfies (2) - (6) , each coefficient of k({ , z) has a locally integral restriction inQ
with either z or{ fixed. Thenforf Cy (Q) andz Q, the principal valueintegral (8) exists.
Futhermore we have Plemelj formula

k" f(2) = kf(2) -B(2)f(2), 9)
whereB (z) is afunction of z which isin dependent of € .

Proof LetX © be the characteristic function of

N

=zt [Pi@ >0 0z - - TF).

i=1
Let B ={C| [Ty p;@ ,2)- @ - 2)| <€} and X" be the characteritic functionof ~— - B . Then
we have
X =17 X = (1%t +181%Y,

where S = 9B n " and Q& =Q - B ischaracteristic manifold of dimenson n.

By Stokestheorem, wehave  =-[d |],if X * are the characterigtic functionsof = and
Q istheoriented characteristic manifoldof * ,then ¥ "= - & ~ =[Q]in and[Q]=& "= 9
X"+ & T=[(Q1°+[Q1*°, [Q] & " =0® , wherep isa strongly polysubharmonic function. If |
®| =10onQ ,then [Q]'"°=% "=0 @, [Q]°'=0K " =0p.

From (2) - (6) , we can choose sufficiently small€ >0 suchthat B n © C CD. Let f(z)
C’(Q) and f=1inB n *. By usng homotopy formulaforX * f and the proof of Theorem 8. 38

in[5],for w " we have
K(F[Q1%) (w) = k(F[Q 1% (w) + k([$1°%) (w).
The right hand Sdeiscontinwousin ~ ~ n B . Thus

K [f(2] = k(f[21°) (2 + k([S]1°H(2) = 11+ I
By Lemma 2 the integra 1, exists. Therefore it is sufficient to prove
lim k(1$1%%(2) =-B(2).

Let

Be(2) =- k([S1°Y (2) :I k€ ,2). (10)
3

4

By calculating the integra on the right hand sde of (10) , we have

€.z = ity o - @ - 217 (11)
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where

Notice that the integral is taken over the characteristic manifold and order of sngular point of theinte-

grd with kernd k(@ , z) isproper. For smplicity , we assume D'y, j#0at z

FC,2) = Zj)_éizgl_)_ 2=z (zi - ¢) +';"_ %Z%;)'k 2=z (zi - ¢i) (z - C 1) (12)
for{ inthe neéighbourhood (z,0) O >&. By Taylor s theorem,
pi(2) =pj(Z)+2ReZ'@_i§il(zi-Zi)+O(IZ - z1?). (13)

By (2) - (4) , we have
Pi(2) =p;€) +Re(V;€ ,2)(z-L)) + 0L - 219, Vi€ ,2 =ul ., pC 2.
Thus we have the following estimate in U (z 0) :
| ReFi ,2) | = ']2‘(| pi(z2) |+ M| C - z|2) J} M > 0.
We use coordinate trandormationin U (z,0) which changel ;, ., ,into the real coordinates x;,
X2n, let x;(€) beoontinwousing and x;(z) =0, i=1, ,2n. Let x1=p;) -p;(2) and xp =
ImF; ,z). We have

| ReFJ(Z'ZH2_12"(|pj(Z)I+G(X§+ + x3n) o > 0.

Letn €) =p;@) -pj(z) +IMF(z,{) = x1+ix2,Nl) = xx+ ixk+1, k=3, ,2n-1.nQ) =
N1@) N2@), N2n-1)). We have

2 2 2 2
|C - z|®2Y%(x3+ + X3n).

Thus
| ReFC .2 | 2 Z01P(D [+ (G+ + )]
> Thmina)[1p;(D) [+ 3+ + 3]

2
Mi[| Pi(2) |+ (X3 + + x50 1.

Snce x;=p; ) -P;(2) ,x2=IMF@ ,2). Let x3=L2- X2, X4=N2- Y2, ,X2n=Nn- Yn,%& =
>é+iy},Zq:Zq+nq,0(:1, ,n. We have

I(X2  Xop)

dxz  dxzn =] anNi1L2N2, ,Zn,ﬂn)lo(d)'
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d n
By Definition 1, |a(nlz(zxr212 XZZ) L —J'm'E¢0and0(a() :|—1—|| dxz  dxan AMdxs
I

dxzn. Snce
FC,2) | ReFE.,2) |+ ImFC,2) |, (16)
by (10) and (11) , we have
B (2) Pl g
1B (2) | =| I
(@) s 1., R@ .2
By the equivaclent integral representation of Well mtegral representation , we have
dx dxop
|BE(Z)|—| (2]_[)J’><()\+ A ) 22+ 22 5. D
€ >\, 20 [(I Po(2) | + x5 + X3n) + X3]2
- D" : 17
hZ( ) he\ [n | (17)
Snce N isfinite, thereexists|Po(2)| =min{|P;(2)] ,j = , N} and
c o S DAy | = T 18
J‘O\ls >)\j)\zn2) 1hZ( ) heN [y | (n- 11 (18)
Let
X2 =Yoosp, Y, =Y,
x3 =Ysnpio8ps, xzn =Y SMPiSPo Y Sy o 38MPan. 2,
O0<Y SYo, 0y = <1, ,0=<WYz,2< 2T,
J =y 2dm P En® W, Sy, s
Thus we have
2
M Yoo qu Y&+ po(2)
< = Mgl €. 19
B (D1 =15 g o0 b ST AETERLE (19
Egecialy when |po(2)| = O 8) Yo -0ande * -0, the right hand sdeof (19) isconvergent. Let
L YG+Po(2) ]
= liml .
L UNTWEY

If [Po(2)| =O(§) , thenB = C (constant) ; If [Po(2)| =0(Yd) .[Po(2)| =y fand O< v <2,

thenP = - o. If |[Po(2)]| =§¢,v>2and|Po(z)| =& olry o, then =0. But by conditions (2) -

(6) , there existsP =B (2) .
Let us return to the proof Lemma 2. Let

@=0n@| [l n€.2-€C.2)<¢) (20)
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and

Q-a =21 [ n€.2- €. 2126} (21)
We have
Jof@KC .2 =[ 1@ - 1(D1KC.D + (I kC.2).
Let
JoolT@ - 1@1K€ .2 = 1, 1@, k€2 = 12
And

=, oy Q) - F(DIKE D = i+ 1k

Now we estimate 11. By (20)
(@y-@) CU(zd) na  €o<9).
Smilar to the estimation of (10) , we have by following [6] , that

Y&+ Po(2) |
YI€) +|po(2) |’

|I k€ ,2z) | € MIn M > 0.
@ -Q

Snce f{) C&"(Q)o Thus, f€) H@,Q),|fC)- f(2)| < MySHand

Y5+ po(2) |
yi€) +|po(2) |’

where (@ ,- @) CU(z8) nd ,and x;=0Yyi€) < x5+ +x5,<Y,. Foranye >0, wecan

| 11 < My%In M, = MM; > 0.

appropriately choosey 2(€ ) , for example€ =Y 3|Po(z)| , wherey sisa sufficiently large constant , we
ad o can choosey 2€) =y £ . Now for fixede (0 <€ <Y s) whereysis indgpendent of { and z, we
have

M
| 171 < A% Mﬂ”fﬁ M, M >0.

Namely , theintegra |17 exists, and theintegral 1%isa convergent. By Theorem 1, theintegral |,
is convergent.
D the principa value (8) exigts.

+

Smilarly , when z , we have

k¥ f(2) = kef (2) +B1(2) f(2). (22)
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