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A Priori Estimates for a Quasil inear Elliptic PDE 3
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Abstract 　 In the recent past many results have been established on positive solutions to boundary value prob2
lems of the form

- div (| Du ( x) | p - 2 Du ( x) ) = λf ( u ( x) ) } in} Ω,

u ( x) = 0 on 9Ω,

whereλ> 0 , Ω is a bounded smooth domain and f ( s) ≥0 for s ≥0. In this paper we study a priori esti2
mates of positive radial solutions of such problems when N > p > 1 , Ω= B1 = { x ∈RN ; | x | < 1} and f ∈C1

(0 , ∞) ∩ C0 ( [0 , ∞) ) , f (0) = 0.
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1. Introduction

In this paper , we consider the set of positive radial solution to the following quasilinear elliptic

PDE

div (| Du | p - 2 Du) +λ f ( u) = 0 in Ω, (1 . 1)

u = 0 on 9Ω , (1 . 2)

where Ω denotes the unit ball in RN ( N ≥ p) , andλ> 0. Here f : [ 0 , ∞) →R satisfies

f (0) = 0 , f′( u) ≥0 , lim
u →∞

f ( u)

uq = L 0 > 0 , (1 . 3)

lim
u →0

f ( u)

uq = L 3
0 (1 . 4)

for some q with p - 1 < q < ( ( p - 1) N + p) / ( N - p) . For N = p we have p - 1 < q < ∞.

Problems (1. 1) - (1. 2) arises f rom many branches of mathematics and applied mathematics.

The existence and uniqueness of the positive solutions of (1. 1) - (1. 2) have been studied by many au2
thors. See , for example , [1 - 12 ] and the references therein.

3 Received November 27 ,1995. Supported by the Foundations of Henan Education Committee , and the Commit2
teeon Science and Technology of Henan Province.
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　　A natural question which then arises is to determine howλand d = maxΩ u are related. When p = 2 ,

the related results have been obtained by [13 ]. In this paper , we will prove the following theorem.

Theorem 1 　If u is a solution of (1. 1) , (1. 2) with d = maxΩ u , and f satisfies (1. 3) and (1. 4) ,

then for smallλwe have

(
p

p - 1
) p - 1 ( N - 1) ≤

λf ( d)

dp - 1 ≤ C ,

where C is a constant that is independent of λand d .

Assuming now that (1. 1) , (1. 2) has a positive radial solution , let us denote it as uλ. Letting

dλ= maxΩ uλ, we then define vλ= uλ/ dλ. Then vλ satisfies

div (| Dv | p - 2 Dv) +
λ

dp - 1λ
f ( dλv) = 0 in Ω , (1 . 5)

v = 0 on 9Ω , (1 . 6)

0 < v ≤1 in Ω (1 . 7)

with the aid of theorem 1 , we will also prove the following theorem.

Theorem 2 　If uλsatisf ies (1 . 1) , (1 . 2) and f satisf ies (1 . 3) and (1 . 4) then ( f or some subse2

quence) limλ→0 vλ= v and v is a positive sol ution of

div (| Dv | p - 2 Dv) + L 1 vq = 0 in Ω ,

v = 0 on 9Ω ,

w here L 1 = limλ→0λf ( dλ) / dλ.

Theorem 3 　Assume that f satisf ies (1. 3) and (1. 4) . Let λn →0 and un be positive radial solutions

of (1. 1) - (1. 2) forλ=λn such that d = ‖un ‖∞→∞as n →∞. Then ( L 0λn) 1/ ( q - p + 1)
u n →ωq in

C1 (Ω
—

) as n →∞, where ωq is a positive radial solution of the problem

- div(| Dω | p - 2Dω) =ωq inΩ ,ω = 0 on 9Ω.

2. Preliminaries

We consider positive solution of (1. 1) , (1. 2) are radial solutions , thus , u = u ( r ,λ) satisfies

(φp ( u′) )′+
N - 1

r
φp ( u′) +λf ( u) = 0 , (2 . 1)

u (0) = d , u′(0) = 0 , u (1) = 0 , u′( r) < 0 for 0 < r < 1 . (2 . 2)

　　Multiplying (2. 1) by u′and integrating on (0 ,1) gives

( p - 1) / p | u′(1) | p +∫
1

0
( N - 1) / r | u′| p dr = λF( d) , (2 . 3)

—473—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



where F( u) = ∫u
0 f ( s) ds .

Another useful identity is obtained by multiplying (2. 1) by rN - 1 and integrating on (0 , r) . This

gives

- rN - 1φp ( u′) = λ∫
r

0
sN - 1 f ( u ( s) ) ds . (2 . 4)

Now using the fact that f is increasing , u is decreasing and u ≥0 , we obtain

- u′≥ (
λf ( u) r

N
) 1/ ( p - 1)

. (2 . 5)

3. Proof of Theorem

We first recall a Pohozaev identity which was obtained by Ni and Serrin[8 ] .

Lemma 3. 1 　L et u ( r) be a sol ution of (2 . 1) i n ( r1 , r2) < (0 , ∞) and let a be an arbit rary con2
stant . Then , f or each r ∈( r1 , r2) we have

d
dr

[ rn{ (1 - 1/ p) | u′| p + F( u) +
a
r

uu′| u′| p- 2} ] = rn- 1[ nF( u) - auf ( u) + ( a + 1) - n/ p) | u′| p ].

Proof of Theorem 1 　The left hand side of the inequality mentioned in theorem 1 above is now estab2
lished with identity (2. 3) . First , using Holder′s inequality we have

d = u (0) - u (1) =∫
1

0
- u′ds =∫

1

0

- u′
p

r

p
rdr ≤ (∫

1

0
( - u′) p/ rdr) 1/ p ( p - 1

p
) ( p - 1) / p .

Using (2. 3) we now obtain

dp ≤ ( p - 1
p

) p - 1∫
1

0

( - u′) p

r
dr ≤ ( p - 1

p
) p - 1 λF( d)

( N - 1)
.

Finally , since f′≥0 we have

F( d) =∫
d

0
f ( s) ds = df ( d) - ∫

d

0
sf′( s) ds ≤ df ( d) .

Therefore ,

( ( p - 1) / p) p - 1 ( N - 1) ≤
λf ( d)

dp - 1 . (3 . 1)

Thus , the left hand side of the inequality in theorem is eastablished.

To obtain the other half of theorem 1 , we begin with inequality (2. 5)

- u′≥ (
λf ( u) r

N
) 1/ ( p - 1) .

Next , using (1. 3) and (1. 4) we see that there exists a C > 0 such that

- u′≥ (
λf ( u) r

N
) 1/ ( p - 1) ≥ ( Cλruq

N
) 1/ ( p - 1)

.
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Dividing by uq/ ( p - 1) and integrating this inequality we obtain

1
u

( q - p +1) / ( p - 1) -
1

d
( q - p +1) / ( p - 1) ≥ Cλ1/ ( p - 1)

rp/ ( p - 1)
.

Therefore ,

(
u
d

) ( q - p +1) / ( p - 1) ≤ 1
1 + Cλ1/ ( p - 1)

d
( q - p +1) / ( p - 1)

rp/ ( p - 1) . (3 . 2)

　　We will now estimate | u′(1) / d| f rom above and below. This will in turn lead to an upper bound

for λdq - p + 1～λf ( d) / dp - 1 for small λ (and thus large d by (3. 1) ) .

First , we estimate | u′(1) / d| f rom above. From (2. 4) and (1. 3) and (1. 4) we have

| u′(1) | p - 1 = λ∫
1

0
sN - 1 f ( u) ds ≤ Cλ∫

1

0
sN - 1 uqds.

Using (3. 2) , we obtain

|
u′(1)

d
| p - 1 ≤ Cλdq - p +1∫

1

0
sN - 1 ( u/ d) qdr

≤ Cλdq- p +1∫
1

0

rN - 1 dr
1 + C (λdq- p +1) q/ ( q - p +1)

rpq/ ( q - p +1) .

Letting

s = (λdq - p +1) 1/ p r ,

ds = (λ dq - p +1) 1/ pd r ,

we obtain

|
u′(1)

d
| p - 1 ≤ 1

C (λdq - p +1) ( N - p) / p∫
(λd

q- p+1
)

1/ p

0

sN - 1 ds
1 + Cspq/ ( q - p +1) . (3 . 3)

　　Now we estimate | u′(1) / d| f rom below.

We reture to (2. 1) , (2. 2)

(φp ( u′) )′+
N - 1

r
φp ( u′) +λf ( u) = 0 , 　0 < r < 1 ,

u (0) = d > 0 , u′(0) = 0 , u (1) = 0 , u′( r) < 0 .

We define

E ( r) = ( p - 1) / p | u′| p ( r) +λF( u ( r) )

and

H ( r) = r E ( r) + ( N - p) / puu′( r) | u′| p - 2 .

By Lemma 3. 1 , we obtain on ( r0 , r1) after a lengthy computation

rN - 1
1 H ( r1) - rN - 1

0 H ( r0) =∫
r

1

r
0

λrN - 1 [ N F( u) - ( N - p) / puf ( u) ] dr. (3 . 4)
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Let t0 be such that d ≥ u ( r) ≥ kd for all 0 ≤ r ≤ t0 and u ( t0) = kd for (
N - p

N p
) 1/ ( q + 1) < k < 1.

Then from (2. 4) we have

( - u′) p - 1 =
λ

rN - 1∫
r

0
sN - 1 f ( u) ds

and hence

λf ( kd) r ≤ N ( - u′) p - 1 ≤λf ( d) r

on [0 , t0 ]. Integrating on [0 , t0 ] gives

C1 ( dp - 1

λf ( d)
) 1/ p ≤ t0 ≤ C1 ( dp - 1

λf ( kd)
) 1/ p , (3 . 5)

where C1 = [ ( p/ ( p - 1) ) p - 1 (1 - k) p - 1 N ]1/ p > 0. Substituting r0 = 0 and r1 = t0 in (3. 4) and us2

ing (3. 5) gives

　　 tN - 1
0 H ( t0) ≥∫

t0

0
λrN - 1 ( N F( u) - ( N - p) / puf ( u) ) dr

≥∫
t
0

0
λrN - 1 ( N F( kd) - ( N - p) / pdf ( d) ) dr

≥λ[ N F( kd) - ( N - p) / pdf ( d) ]
tN

0

N

≥
CN

1

N
[ N F( kd) - ( N - p) / pdf ( d) ] ( dp - 1

f ( d)
) N/ p 1

λN/ p . (3 . 6)

Since f satisfies (1. 3) and (1. 4) , we then have that there exists A ≥0 such that

N F( u) - ( N - p) / puf ( u) ≥ - A

for all u . Thus , we have by (1. 3) , (1. 4) , (3. 4) and (3. 6)

( p - 1) / p | u′| p (1) = H (1) ≥
CN

1

N
λ( p - N) / p [ N F( kd) - ( N - p) / pf ( d) d ] ( dp - 1

f ( d)
) N/ p

　 - Aλ(1 - tN
0 ) / N ≥ cλ( p - N) / p d [ N ( p - 1) + p - q ( N - p) ]/ p - Aλ

≥ cλ( p - N ) / p d [ N ( p - 1) + p - q ( N - p) ]/ p .

Therefore ,

| u′| p (1)

dp ≥ c
(λdq - p +1) ( N - p) / p . (3 . 7)

Hence , combining (3. 3) and (3. 7) gives

　　 C
(λdq - p +1) ( N - p) / p ≤| u′(1) / d | p

　　　≤ C
(λdq- p +1) ( N - p) / ( p - 1) (∫

(λd
q- p+1

)
1/ p

0

sN - 1 ds
1 + Cspq/ ( q - p +1) ) p/ ( p - 1)

. (3 . 8)

Now we let T = (λdq - p + 1) 1/ p , and by rewriting (3. 8) we see that we have

C T
( N - p) / ( p - 1) ≤ (∫

T

0

sN - 1 ds
1 + Cspq/ ( q - p +1) ) p/ ( p - 1)

. (3 . 9)
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We want to show now that T is bounded asλ→0. We need to consider separately the cases N > p and

N = p .

Case I　N > p

Suppose now that T →0 asλ→0. We will show that is impossible. First , if the term on the right

is bounded then we are done (this is the case if q < ( p - 1) N / ( N - p) ) .

Assuming , therefore , that is term goes to infinity asλ→0 we divide both sides by T
( N - p) and get

0 < Cp - 1 < (
∫

T

0
sN - 1 ds/ (1 + Cspq/ ( q - p +1) )

T
( N - p) / p ) p .

We will now show that if T →∞asλ→0 then the right hand side of the above goes to zero and thus

contradicts the above inequality. Applying L′Hopital′s rule we obtain

　　0 < Cp - 1 ≤ ( lim
T →∞

∫
T

0
sN - 1 ds/ (1 + Cspq/ ( q - p +1) )

T
( N - p) / p ) p

= ( lim
T →∞

TN - 1/ (1 + C T pq/ ( q - p +1) )
( N - p) / p T

( N - 2 p) / p ) p

= (
p

N - p
) p ( lim

T →∞

T [ ( p - 1) N + p ]/ p

1 + C T pq/ ( q - p +1) ) p

= (
p

N - p
) p ( lim

T →∞

1
T - [ ( p - 1) N + p ]/ p + C T [ q ( N - p) - ( p - 1) N - p ]/ p ( q - p +1) ) p .

As T →∞ this goes to zero for p - 1 < q < [ ( p - 1) N + p ]/ ( N - p) and N > p . Hence we obtain

the desired contradiction.

Case II　N = P

For N = p , we can only conclude from (3. 3) ad (3. 7) (since Aλ/ dp →0 asλ→0) that

0 < c1 < |
u′λ(1)

d
| ≤ ( C∫

T

0

sN - 1 ds
1 + Cspq/ ( q - p +1) ) 1/ ( p - 1)

≤ ( C∫
∞

0

sN - 1 ds
1 + Cspq/ ( q - p +1) ) 1/ ( p - 1) ≤ c2 < ∞,

where c1 , c2 are independent of λ. We now define

vλ =
uλ
dλ.

Assuming that T →∞asλ→0 we conclude from (3. 2) that

vλ →0 (3 . 10)

uniformly say for 1/ 2 ≤ r ≤1.

Claim 　vλ, v′λ, (φp ( v′λ) )′are uniformly bounded on [1/ 2 ,1 ] .

Once the claim is proven , we can then conclude that there is a subsequence with vλ→v and v′λ

→v′uniformly on [1/ 2 ,1 ] . From (3. 10) , we have that v ≡0 on [1/ 2 ,1 ] . On the other hand , we

have that

0 < c1 ≤ | v′λ(1) | ≤ c2 .
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Therefore , v′(1) = limλ→0 v′λ(1) ≤ - c1 < 0. Thus , v > 0 on (1 - ε,1) . This contradicts that v ≡0

on [1/ 2 ,1 ]. Thus , we only need to prove the claim.

Proof of Claim　Recalling (2. 4) and (3. 2) gives

rN - 1 ( - v′) p - 1 =
λ

dp - 1∫
r

0
rN - 1 f ( u) d r ≤ cλdq - p +1 rN - p∫

r

0
sp - 1 vqds

≤λdq - p +1 rN - p∫
r

0

sp - 1 ds
1 + C (λdq - p +1) q/ ( q - p +1)

spq/ ( q - p +1) .

Letting

t = (λdq - p +1) 1/ ps ,

dt = (λdq - p +1) 1/ p ds ,

gives

( - rv′) p - 1 ≤λdq - p +1∫
(λd

q- p+1
)

1/ p
r

0

t p - 1 dt
1 + Ct pq/ ( q - p +1) ≤∫

∞

0

t p - 1 dt
1 + Ct pq/ ( q - p +1) = B < ∞.

Thus , for r ∈[1/ 2 ,1 ] we have

| v′| ≤ B ,

where B is independent of λ. From the differential equation we have

| (φp ( v′) )′| =
N - 1

r
| v′| p - 1 +

λ
dp - 1 f ( v d) .

Using (3. 2) again gives

　　| (φp ( v′) )′| ≤ B p - 1 ( N - 1) / r + Cλvqdq- p +1

≤ B p - 1 ( N - 1) / r +
λdq- p +1

C (λdq - p +1) q/ ( q - p +1)
rpq/ ( q - p +1)

≤ B p - 1 ( N - 1) / r +
1

(λdq - p +1) ( p - 1) / ( q - p +1)
rpq/ ( q - p +1) ≤ C

on [1/ 2 ,1 ] because by assumptionλdq - p + 1 →∞asλ→0. Thus

v , | v′| , | (φp ( v′) )′| ≤ C

and this completes the proof of the claim.

Proof of Theorem 2 　From (2. 4) we have that

rN - 1 ( - v′) p - 1 =
λ

dp - 1∫
r

0
sN - 1 f ( vλd) ds.

From theoerm 1 , we have that λf ( d) / dp - 1 ≤ C. Thus , since f′( u) ≥0 we have that

rN - 1 ( - v′) p - 1 ≤ C
rN

N
.
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Hence ,

| v′| p - 1

r
≤ C.

Substituting back into (2. 1) we further obtain

| (φp ( v′λ) )′| ≤ N - 1
r

| v′λ| p - 1 +
λf ( d)

dp - 1 ≤ C.

so combining the above and recaling that 0 ≤ vλ≤1 we obtain that

vλ, | v′λ| , | (φp ( v′) )′| ≤ C.

Thus , by the Arzela - Ascoli theorem , there is a subsequence of theλ (still denotedλ) such that

φp ( v′λ) →ω] v′λ →φ- 1
p (ω) = v′uniformly ,

vλ =∫
r

1
v′λ( s) ds →∫

r

1
φ- 1

p (ω) ds = v uniformly.

For some further subsequence (again denotedλ) , we have

lim
λ→0

λf ( d)

dp - 1 = L 1 < ∞.

Since vλ→ v uniformly on [0 ,1 ] , we also have that v (0) = 1 and v (1) = 0. Now , since L 1 < ∞we

have by (3. 8) that - v′(1) = limλ→0 v′λ(1) = c > 0. Thus , for all φ> 0 there existsδ> 0 such that

vλ≥εfor 0 ≤ r ≤1 - δ. Returning to

( - v′λ) p - 1 =
λ

rN - 1 dp - 1∫
r

0
rN - 1 f ( vλd) dr ,

for 0 < r ≤1 - δ< 1 , this converges to

( - v′) p - 1 =
L 1

rN - 1∫
r

0
rN - 1 vqdr.

Thus , v is a solution of

(φp ( v′) )′+
N - 1

r
φp ( v′) + L 1 vq = 0

on 0 < r ≤1 - δ. This holds for allδ> 0. Now asφ→0 also δ→0 , thus v is a solution on 0 < r <

1. Further , v > 0 on [0 ,1 ]. This completes the proof of Theorem 2.

Proof of Theorem 3 　Let un = ‖un ‖∞ u n . Then , v n ( r) satisfies ‖v n ‖∞= 1 and

- ( rN - 1 | v′n | p - 2 v′n)′= λn rN - 1 ( ‖un ‖∞) q - p +1 [ f ( ‖u n ‖∞) / ‖un ‖
q
∞] in (0 ,1) ,

v′n (0) = 0 , v n (1) = 0 .
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We shall show that the limit of {λn ‖u n ‖
q - p + 1
∞ } is a non - zero number as n →∞. In fact , we shall

see that λn ‖un ‖
q - p + 1
n →/ 0 as n →∞. On the contary , if λn ‖un ‖

q - p + 1
∞ →0 as n →∞, then let λn

‖un ‖
q - p + 1
∞ = T n and T n →0 as n →∞. Thus ,

- div (| Dv n | p - 2 Dv n) = T n [ f ( ‖un ‖∞ v n) / ‖u n ‖
q
∞].

This and the regularity of - div ( | D | p - 2 D) implies that v n →0 as n →∞, since { f ( ‖un ‖∞ v n) /

‖un ‖
q
∞} is uniformly bounded. This contradicts the fact that ‖v n ‖= ∞= 1 for all n . By proof of

theorm 1 , T n is a bounded. Let z n = ( L 0 T n) 1/ ( q - p + 1)
v n and T = lim n →∞ T n . Then , the arguments

above imply that z n → z in C1 (Ω) and z = ( L 0 T) 1/ ( q - p + 1)
v . Here v satisfies

- ( rN - 1 | v′| p - 2 v′)′= L 0 rN - 1 v q i n (0 ,1) ,

v′(0) = 0 , v (1) = 0 .

Hence , z satisfies the problem

- ( rN - 1 | z′| p - 2 z′)′= rN - 1 z q in (0 ,1)

and

z′(0) = 0 , 　z (1) = 0 .

This implies that

( L 0λn) 1/ ( q - p +1)
un → z in Ω.

This completes the proof of this theorem.

4. The N = 1 Case

For N = 1 , equations (1. 1) , (1. 2) become

(φp ( u′) )′+λf ( u) = 0 in 0 < r < 1 ,

u (0) = 0 , u (1) = 0 , u′(0) = A .

Note that u must be symmetric about r = 1/ 2. We therefore denote u (1/ 2) = d = maxΩ u . Multiply2

ing by u′and integrating on (0 , r) gives

p - 1
p

| u′| p ( r) +λF( u) =
p - 1

p
A p ,

where F( u) = ∫u
0 f ( s) ds . Thus , at r = 1/ 2 we obtain

p/ ( p - 1)λF( d) = A p .

Thus ,

| u′| p = p/ ( p - 1)λ[ F( d) - F( u) ].

Therefore , integrating on (0 ,1/ 2) , we have

∫
1/ 2

0

u′dr
p

F( d) - F( u)
= 1/ 2

p
pλ

p - 1
.
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Letting s = u ( r) , then ds = u′( r) dr , gives

∫
d

0

ds
p

F( d) - F( s)
= 1/ 2

p
pλ

p - 1
.

Thus ,

∫
d

0

p
f ( d) d

F( d) - F( s)
ds = 1/ 2

p
pλf ( d) d

p - 1
.

Letting t = s/ d gives dt = ds/ d and , hence

∫
1

0

p
f ( d) d

F( d) - F( t d) dt = 1/ 2
p

pλf ( d)
( p - 1) dp - 1 .

Thus , to show that λf ( d) / dp - 1 is bounded , we only need to consider the left hand side of the above

equation. Using (1. 3) it is st raightforward to see that

lim
d →∞

f ( d) d
F( d) - F( t d) =

q + 1
1 - tq +1 .

Thus , we would like to such that

lim
d →∞∫

1

0

p
f ( d) d

F( d) - F( t d)
dt =

p
q + 1∫

1

0

dt
p

1 - tq +1
.

In order to do this , we will break the integral into two pieces and show that each is finite. For 0 ≤ t

≤1/ 2 we have

lim sup
d →∞ ∫

1/ 2

0

p
f ( d) d

F( d) - F( t d) dt ≤lim sup
d →∞

p
f ( d) d

2 p ( F ( d) - F (1/ 2 d) )

=

p

2 q +1 ( q + 1)

2 p + q +1 - 2 p .

For 1/ 2 ≤ t ≤1 we have F( d) - F( t d) = f ( c) (1 - t) d , where t d ≤ c ≤ d . Since f is increasing

we have f ( c) ≥ f ( t d) . Thus ,

lim sup
d →∞ ∫

1

1/ 2

p
f ( d) d

F( d) - F( t d)
dt ≤lim sup

d →∞ ∫
1

1/ 2

p
f ( d) d

f ( t d) (1 - t) d

≤lim sup
d →∞

p
f ( d)

f ( d/ 2)∫
1

1/ 2

dt
p

1 - t
= p/ ( p - 1) 2 [ ( q - 1) p +1 ] .

Thus , by the dominated convergence theorem we have

lim
λ→0

p
pλf ( d)

( p - 1) dp - 1 = lim
d →∞∫

1

0

p
f ( d) d

F( d) - F( t d) dt =
p

q + 1∫
1

0

dt
p

1 - tq +1
< ∞.

The proof of Theorem 2 for the case N = 1 is similar to the proof for N ≥ p decribed earlier.
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一类拟线性椭圆型偏微分方程的先验界的估计

杨 作 东
(河南师范大学数学系 , 新乡 453002)

摘　要

近几年对边值问题

- div (| Du | p - 2 Du) = λf ( u) } 在Ω上

u | 9Ω = 0

正解方面已经得到了许多结果. 这里λ> 0 ,Ω是有界区域和对 s ≥0 , f ( s) ≥0. 在本
文中在条件 N ≥ p > 1 , Ω= B 1 = { x ∈RN , | x | < 1}和 f ∈C1 (0 , ∞) ∩ C0 ( [0 , ∞) ) ,
f (0) = 0 , 研究了这类问题的正对称解的先验界估计.
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