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1 Introduction

For apositive number 1<=p=oc and a complex matrix A= (a;) Cnx n, we denote by
pl= (Sl

the I, nom of thematrixA, and by |A [p=max{ |Ax [ x C" |x |= 1}the I, opera-

tor nom of thematrix A, where |x |»= [(.an: [xi |ﬂ ?’Lwith x= (x1,X2,... ,xna)" (T denoting

the trangpose). For these wo noms, Tasci'” proved the follow ing comparison result, w hich

is a conjecture of Goldberg and N evman'*:

Theoren 1 Letp satify 1=p=o. Thenfor all A  Cnxn it holds that

1
A=,

w here the inequality is sharp.
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Tasci alo confirmed that this theoran naturally leads to a smple comparison of the Ipg
nom, defined as

lA |pq = [JZ"l[Z” |aij |‘ﬂ ﬁ'] t,

i=1
and the lqoperator nom.

Theorem 2 Letp, qsatify 1< p,q=c. Thenfor allA Cn nit holds that

P\ |pq = Opq(n) "A "q,

w here

1

na, for

Ga() = ", 0P
ne, forp < g

%
o

Themain purpose of this note is to establish the reverse relations of the inequalities in
Theorem 1and Theoren 2, o that the comparionsof [, noms, I, operator norm sasw ell as
themixed nomrm s are completed, and to generalize these results 20 that the relations betw een
the I, and I nor s asw ell as betw een the I, and Iqoperator nom s can be established

2 Themain results

The main results of this note are Theorem 3 and Theorem 4 given below. In their
proofs, wew ill use the know n inequality

1, forp = q
|X |p = Aa(n) |X |q, Xq(n) = 11 , 1= p,g= »
ne a, forp < g¢q
or
1, forg=p
|X |q§ A (N) |X |py Ap (n) = 11 ' 1=p,q= .
na », forg=p

Note that Gsa(n)= na 2w (n) = n» Ap (n) = G (n) hold for all 1= p, q= o.

Theoren 3 Letp satify 1= p=o. Thenfor allA Cnx nit holds that

N OR
w here
1, forp < 2
B (n) = L2
n e, forp = 2
Proof Becauseof 1= p=o, we see that there exists a unique positive number g= 1 such
R

that 0 + q- 1 Noticing that 8 (n) = A» (n) holdsat this time Considering theH older’s in-
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equality, we can get for any x C", X= ;Xiei that

ph= [Sael, = Shlhel = (Sl (S kel
bl S Il P = b bbel= B0 B kbl

wheree, e, ... ,e are the standard basisof C" Therefore, the conclusion of Theoren 3 is
true

Theorean 3 naturally results in the follow ing result w hich describes the relation betw een
the operator norm and them ixed nom.

Theoren 4 Letp,qsatify 1= p,q= . Then forall A Cnxnit holds that

b= T b

Proof W efirst note that |x [s=<Aq(n) [x pand |A |:= A |«= [(Aels Aeln ..., e
) |a from the definitions Since

fo= [(heb el ---,hal)lqz—ﬁp(n)l(%alq,V\ezlq,---,k\enlolq

v P g

w e mmediately know that the conclusion of Theoran 4 is correct
Based on the above theoran's, w e can easily get the follow ing corollaries

Corollary 1 Letp satify 1=p=o. Then for all A Cnxn it holds that

T b= kb=

w here the inequalities are sharp.

Corollary 2 Letp,qsatify 1< p,q=<o. Thenfor allA Cnxn it holds that

Bq(”)of) (n) oy B k= e = ) A b

3 Further generalizations

In this section, wew ill set up the comparison relations anong |, and lqnom's, 1, and Iq
operator norm s asw ell as themixed noms For thispurpose, we first prove the follow ing
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theorem.
Theoren 5 Letp,q atis‘y 1< p,gq=o. Then for aIIA Cnx nit holds that

(n) el N P B> (n) o;,q(n) B o A b

Pr oof Wefirst verify the left-hand inequality. From the proofof the Theorem in [2] we can
get ] | < nv max |ae | Considering again |x | < A»(n) |x [ (¥x  C") we have

1=i,j=n

lAl = nqup(n) max %a| = nq PO};q(n) max P‘X|p— nq poﬁq(n) ||°\ ||P1

1=i,j=n

that is, the left-hand inequality of this theorem holds

Now, we turn to the right-hand inequality. From the proof of Theoran 4 and consider-
ing the inequality |x [p=2Aq(n) |x [«(Vx C", wecanget A [s=<Aq(n) JA |« Thisinequali-
ty combiningw ith Theorem 3 immediately gives the ineguality w hat w e are testing

Corollary 3 Letp,qgsatify 1= p,q=c. Thenfor allA Cnx n it holds that

p(n) lA |q— lA |p— qu(n) IA |q

Theorem 5w ith either Corollary 1 or Corollary 2 can result in the conclusions in the fol-
low ing corollary, respectively.

Corollary 4 Letp,qsatify 1= p,gq=o. Thenfor allA Cnx it holds that

Bq(n)g o B E= kb= Bmamkk

_n—zlA |p = |A |pqS n f’-Bq(n)Ofaq(n)zlA |p;

Ba(n) 0pq (n)

o am k= b= e R L
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