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Abstract　T h is no te estab lished equ ivalence relat ions among the m atrix no rm s related to the

lp no rm and the lp operato r no rm fo r 1Φ p Φ∞, w h ich comp letes the comparison resu lts in

[1, 2 ].
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1. In troduction

Fo r a po sit ive num ber 1Φ p Φ∞ and a com p lex m atrix A = (a ij )∈ C n× n, w e deno te by

ûA û p = 6
n

i, j= 1

ûa ij û p
1
p

the lp no rm of the m atrix A , and by úA ú p = m ax{ûA x û p:　 x∈ C
n ,　 ûx û p = 1}the lp opera2

to r no rm of the m atrix A , w here ûx û p = (6
n

i= 1

ûx iû p
1
p w ith x = (x 1, x 2,. . . , x n) T (T deno t ing

the tran spo se). Fo r these tw o no rm s, T asci[ 2 ] p roved the fo llow ing com parison resu lt, w h ich

is a con jectu re of Go ldberg and N ewm an [ 1 ]:

Theorem 1　L et p sa tisf y 1Φ p Φ∞. T hen f or a ll A ∈ C n×n it hold s tha t

ûA û p Φ n
1
p úA ú p ,

w here the inequa lity is sha rp.
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　　T asci a lso confirm ed tha t th is theo rem natu ra lly leads to a sim p le com parison of the lp q

no rm , defined as

ûA û p q = 6
n

j= 1
6

n

i= 1
ûa ij û p

q
p

1
q
,

and the lq opera to r no rm.

Theorem 2　L et p , q sa tisf y 1Φ p , qΦ∞. T hen f or a ll A ∈ C n× n it hold s tha t

ûA û p q Φ Ρp q (n) úA ú q,

w here

Ρp q (n) =
n

1
q , fo r p Ε q

n
1
p , fo r p Φ q.

T he m ain pu rpo se of th is no te is to estab lish the reverse rela t ion s of the inequalit ies in

T heo rem 1 and T heo rem 2, so tha t the com parison s of lp no rm s, lp opera to r no rm s as w ell as

the m ixed no rm s are com p leted, and to genera lize these resu lts so tha t the rela t ion s betw een

the lp and lq no rm s as w ell as betw een the lp and lq opera to r no rm s can be estab lished.

2. The ma in results

T he m ain resu lts of th is no te are T heo rem 3 and T heo rem 4 given below. In their

p roofs, w e w ill u se the know n inequality

ûx û p Φ Κp q (n) ûx û q,　　Κp q (n) =
1, fo r p Ε q

n
1
p - 1

q , fo r p Φ q
,　　1 Φ p , q Φ ∞

o r

ûx û q Φ Κqp (n) ûx û p ,　　Κqp (n) =
1, fo r q Ε p

n
1
q

- 1
p , fo r q Φ p

,　　1 Φ p , q Φ ∞.

N o te tha t Ρp q (n) = n
1
q Κp q (n) = n

1
p Κqp (n) = Ρqp (n) ho ld fo r a ll 1Φ p , qΦ∞.

Theorem 3　L et p sa tisf y 1Φ p Φ∞. T hen f or a ll A ∈ C n× n it hold s tha t

úA ú p Φ Βp (n) ûA û p ,

w here

Βp (n) =
1, fo r p Φ 2

n1- 2
p , fo r p Ε 2.

Proof　Becau se of 1Φ p Φ∞, w e see tha t there ex ists a un ique po sit ive num ber qΕ 1 such

tha t
1
p

+
1
q

= 1. N o ticing tha t Βp (n) = Κqp (n) ho lds a t th is t im e. Con sidering the H o¨lder′s in2
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equality, w e can get fo r any x∈ C
n ,　　x = 6

n

i= 1
x iei tha t

ûA x û p = 6
n

i= 1
x iA ei p Φ 6

n

i= 1
ûx iûûA eiû p Φ 6

n

i= 1
ûx iû q

1
q 6

n

i= 1
ûA eiû p

p

1
p

= ûx û q 6
n

i, j = 1
ûa ij û p

1
p = ûA û p ûx û q Φ Βp (n) ûA û p ûx û p ,　

w here e1, e2, . . . , en are the standard basis of C
n. T herefo re, the conclu sion of T heo rem 3 is

t rue.

T heo rem 3 natu ra lly resu lts in the fo llow ing resu lt w h ich describes the rela t ion betw een

the opera to r no rm and the m ixed no rm.

Theorem 4　 L et p , q sa tisf y 1Φ p , qΦ∞. T hen f or a ll A ∈ C n×n it hold s tha t

ûA û p q Ε n
1
p

Βq (n) Ρp q (n) úA ú q.

Proof　W e first no te tha t ûx û qΦ Κp q (n) ûx û p and ûA û q= ûA û qq= û (ûA e1û q, ûA e2û q, . . . , ûA en

û q) û q from the defin it ion s. Since

　　ûA û p q = û (ûA e1û p , ûA e2û p , . . . , ûA enû p ) û q Ε 1
Κqp (n) û (ûA e1û q, ûA e2û q, . . . , ûA enû q) û q

=
1

Κqp (n) ûA û q Ε 1
Κqp (n) Βq (n) úA ú q,

w e imm edia tely know tha t the conclu sion of T heo rem 4 is co rrect.

Based on the above theo rem s, w e can easily get the fo llow ing co ro lla ries.

Corollary 1　L et p sa tisf y 1Φ p Φ∞. T hen f or a ll A ∈C n×n it hold s tha t

1
Βp (n) úA ú p Φ ûA û p Φ n

1
p úA ú p.

w here the inequa lities a re sha rp.

Corollary 2　L et p , q sa tisf y 1Φ p , qΦ∞. T hen f or a ll A ∈C n×n it hold s tha t

n
1
p

Βq (n) Ρp q (n) úA ú q Φ ûA û p q Φ Ρp q (n) úA ú q.

3. Further genera l iza t ion s

In th is sect ion, w e w ill set up the com parison rela t ion s am ong lp and lq no rm s, lp and lq

opera to r no rm s as w ell as the m ixed no rm s. Fo r th is pu rpo se, w e first p rove the fo llow ing
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theo rem.

Theorem 5　L et p , q sa tisf y 1Φ p , qΦ∞. T hen f or a ll A ∈ C n× n it hold s tha t

n
1
p - 1

q

Ρp q (n) ûA û q Φ úA ú p Φ n
1
q

Βp (n) Ρp q (n) ûA û q.

Proof　W e first verify the left2hand inequality. F rom the p roofof the T heo rem in [2 ] w e can

get ûA û q Φ n
1
q m ax

1Φ i, jΦ n
ûA ej û q . Con sidering again ûx û q Φ Κqp (n) ûx û p (Π x ∈ C n) w e have

ûA û q Φ n
1
q Κqp (n) m ax

1Φ i, jΦ n
ûA ej û p Φ n

1
q - 1

p Ρp q (n) m ax
ûx ûp = 1

ûA x û p = n
1
q - 1

p Ρp q (n) úA ú p ,

tha t is, the left2hand inequality of th is theo rem ho lds.

N ow , w e tu rn to the righ t2hand inequality. F rom the p roof of T heo rem 4 and con sider2
ing the inequality ûx û p Φ Κp q (n) ûx û q (Π x∈ C

n) , w e can get ûA û p Φ Κp q (n) ûA û q. T h is inequali2
ty com b in ing w ith T heo rem 3 imm edia tely g ives the inequality w hat w e are test ing.

Corollary 3　L et p , q sa tisf y 1Φ p , qΦ∞. T hen f or a ll A ∈ C n× n it hold s tha t

1
Κqp (n) ûA û q Φ ûA û p Φ Κp q (n) ûA û q.

T heo rem 5 w ith either Co ro lla ry 1 o r Co ro lla ry 2 can resu lt in the conclu sion s in the fo l2
low ing co ro lla ry, respect ively.

Corollary 4　L et p , q sa tisf y 1Φ p , qΦ∞. T hen f or a ll A ∈ C n× n it hold s tha t

n
1
p 21

q

Βq (n) Ρp q (n) úA ú q Φ úA ú p Φ Βp (n) Ρp q (n) úA ú q.

n
1
q

Βq (n) Ρp q (n) 2 ûA û p Φ ûA û p q Φ n - 1
p Βq (n) Ρp q (n) 2ûA û p;

n
1
p - 1

q

Βq (n) Ρp q (n) ûA û q Φ ûA û p q Φ Βq (n) Ρp q (n) ûA û q.
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