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Abstract　U sing linear sta te feedback and linear feedfo rw ard con tro l of the
d istu rbances, the p rob lem of ach ieving the d ist rubance reject ion in a linear
t im e invarian t singu lar system is trea ted and a con struct ive so lvab ility condi2
t ion is p resen ted.
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I. In troduction
In recen t years, there has been a grow ing in terest in the system 2theo ret ic p rob lem of sin2

gu lar system s (o r genera lized sta te2space system s) due to the ex ten sive app lica t ion s of singu2
la r system s in la rge2sca le system s, singu lar pertu rba t ion theo ry, circu its, econom ics, con tro l
theo ry, and o ther areas.

D istu rbance reject ion is a feedback syn thesis p rob lem concern ing a system w ith a d istu r2
bance as an inpu t. T he pu rpo se of d istu rbance reject ion is to app ly feedback in such a w ay
tha t the d istu rbance has no influence on the con tro lled ou tpu t of the clo sed2loop system. T he
developm en t of necessary and sufficien t condit ion s fo r the so lvab ility of th is p rob lem fo r
sta te2space system s by W onham et a l has p rofound influence on geom etry con tro l theo ry,
part icu la rly by m ean s of an (A ,B ) 2invarian t sub space.

In th is paper, w e study distu rbance reject ion fo r the singu lar system s. L et X = R
n , U =

R
m , Y = R

p ,D = R
l. W e con sider the t im e2invarian t singu lar system of the fo rm

E xα( t) = A x ( t) + B u ( t) + S 1d ( t) , (1. 1a)

y ( t) = Cx ( t) , (1. 1b)

w here E , A : X → X , B : U → X , C: X → Y , S 1: D → X are linear m ap s w ith E singu lar. x
( t) , y ( t) , u ( t) , d ( t) a re funct ion s of t im e w ith va lues in X , Y ,U ,D respect ively, d ( t) rep re2
sen ts the d istu rbance as an inpu t to the system. W e invest iga te the quest ion s of w hen and
how the linear m ap F : X →U , F 1: D → X in the sta te feedback and linear feedfo rw ard con tro l
of the d istu rbances
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u ( t) = 2(F x ( t) + F 1d ( t) ) (1. 2)

m ay be cho sen so tha t the ou tpu t y ( t) of the clo sed2loop system

E xα( t) = (A - B F ) x ( t) + S d ( t) (1. 3a)
y ( t) = Cx ( t) (1. 3b)

is independen t of d ( t) , and the clo sed2loop system en joys un iqueness of so lu t ion, w here w e

deno te S =
△

S 1- B F. In the sta te space case, tha t is w hen E is a non singu lar square m atrix,
th is p rob lem w as discu ssed by [ 10 ]. W ithou t con sidering the linear feedback con tro l of the
d istu rbances, th is type of p rob lem w as con sidered in deta il in chap ter 4 of [ 2 ], and a com 2
p lete so lu t ion is p resen ted. Som e resu lts on distu rbance reject ion in singu lar system s are g iv2
en in [4 ], bu t there the class of feedback s con sidered is d ifferen t from ou rs as defined in (1.
2). In the sp irit ofW onham [ 2 ] , F letcher L R and A saraa iA A. [ 1 ] developed the necessary and
sufficien t codit ion fo r so lvab ility of th is sim ila r p rob lem , bu t their resu lt is fa r from being
exp licit and the con tro l u sed is the sta te feedback.

N o te tha t w e do no t need to assum e tha t the open2loop system en joys un iqueness of so2
lu t ion, bu t it is essen t ia l in a ll app roaches tha t F be cho sen so tha t un iqueness of so lu t ion s to
( 1. 3a) p reva ils, so w e need to avo id a t the ou tset the pa tho log ica l situa t ion tha t fo r no F

does clo sed loop regu larity ho ld. It is show n in [3 ] tha t th is is equu iva len t to the R egu laris2
ab ility A ssum p tion. W e w ill assum e tha t fo r a t least one com p lex num ber Κ, the m atrix [A -
ΚE ,B ] has (a t least) n linearly independen t co lum n s.

Fo r a g iven linear m ap M , w e a lso deno te the m atrix rep resen ta t ion M . T he im age set of
M is deno ted by Im M , the kernel of M is deno ted by KerM . superscip t21 deno tes inverse im 2
age of a linear m ap. W e adop t the fo llow ing key concep t:

D ef in it ion 1. 1　A p a ir of subsp aces u , v is sa id to be ({A , E }, B ) 2inva rian t subsp ace p a ir

con ta ined in Ker C , if ( i) A v Α E v + ImB , v Α KerC; ( ii) E uΑ A u+ ImB , uΑ KerC.
W e define the classes of sub spaces

T 1 ({A , E },B ) =
△

{v Α X ûv Α KerC , A v Α E v + ImB }.

T 2 ({A , E }, B ) =
△

{uΑ X ûuΑ KerC , E uΑ A u+ ImB }.

T 1 ({A , E},B ) and T 2 ({A , E},B ) a re both closed und er ad d ition. S o they have their la rg est

m em bers. W e sym boliz e the sup rem a l of T 1 ({A , E},B ) , T 2 ({A , E},B ) as T 3
1 , T 3

2 sep era te2
ly. T he com p u ta tion of T 3

1 , T 3
2 is g iven in the nex t sect ion. Fo r T 3

1 , T 3
2 w e define the

classes of friends as fo llow s

F (T 3
1 ) =

△
{F : X →U û (A - B F ) T 3

1 Α E T 3
1 },

F (T 3
2 ) =

△
{F : X →U ûE T 3

2 Α (A - B F ) T 3
2 }.

F rom T heo rem 2. 1 of [1 ], w e can easily ob ta in the fo llow ing resu lt.
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Theorem 1. 1　If
(a)　T 3

1 ∩KerE = 0,
(b)　dim (E T 3

2 ∩ Im B ) Φ dim {u∈T 3
2 : A u∈ ImB }, then there ex ists a linea r m ap F∈

F (T 3
1 ) ∩ (F T 3

2 ) , such tha t A 2B F 2ΚE has linea rly ind ep end en t colum n f or som e com p lex

num ber Κ.

Proof　F rom T heo rem 2. 1 of [1 ], fo r T 3
1 , T 3

2 sa t isfying (a) (b) , there ex ists a linear m ap

F and a sub space w , w ith T 3
1 Αw Α T 3

1 + T 3
2 such tha t

(A - B F )w Α Ew , E T 3
2 Α (A - B F ) T 3

2

and the m atrix A 2B F 2ΚE has linearly independen t co lum n s fo r som e com p lex num ber Κ. W e

see tha t w Α T 3
1 + T 3

2 Α Ker C , 　A w Α Ew + ImB , so Ξ∈ T 3
1 {A , E }, B ). Since T 3

1 is

the sup rem al m em ber of T 1 ({A , E },B ) , w e have w = T 3
1 . □

II. Cond it ion s for the solvab il ity of the problem : geom etr ic character iza t ion

In th is sect ion, w e w ill study the com pu ta t ion of T 3
1 , T 3

2 by m ean s of sub space re2
cu rsin s. F ina lly, geom etric characteriza t ion fo r the so lvab ility of the d istu rbance reject ion
p rob lem fo r singu lar system s w ill be p resen ted.

W e resum e ou r d iscu ssion by in troducing a num ber of sub space recu rsion s. F irst,W e de2
f ine T

(k ) by T
(k+ 1) = A (E - 1 (T

(k) + ImB ) ∩ Ker C ) , T
(0) = 0. It is t rivia l to show tha t lim

k→∞

{T
(k ) } ex ists since {T

(k) } is m ono tone nondecreasing. L et th is lim it be T
3 . D efine a second

sub space sequence {N
(k) } by

N
(k+ 1) = T 3 + E (A - 1 (N (k ) + ImB ) ∩ kerC ) ,

N
(0) = T 3 + Im E.

{N
(k ) } is m ono tone non ircreasing and its lim it is deno ted by N 3 . F ina lly, define tw o im po r2

tan t sequences {P
(k) } and {S

(k) } by

P
(k+ 1) = Ker C ∩ A - 1 (E P

(k) + ImB ) , P
(0) = R n ,

S
(k+ 1) = Ker C ∩ E - 1 (A S

(k ) + ImB ) , S
(0) = R n.

W ith in a t m o st n step s, recu rsion {P
(k) } converge to T 3

1 , recu rsion {S
(k ) } converge to T 3

2 ,
exact ly. W e have tha t

Proposit ion 2. 1　N 3 = E T 3
1 + A T 3

2 .

Proof　 It fo llow s imm edia tely from the defin it ion s tha t T
(k ) = A S

(k)
fo r a ll kΕ 0, T hu s, w e

have T 3 = A T 3
2 , and therefo re N

(0) = A T 3
2 + E P

(0). N ow assum e tha t N
(k) = A T 3

2 +
E P

(k). T hen

—525—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



　　N
(k+ 1) = A T 3

2 + E (A - 1 (N (k) + ImB ) ∩ KerC )

= A T 3
2 + E {A - 1 (A T 3

2 + E P
(k) + ImB ) ∩ KerC }

= A T 3
2 + E { (T 3

2 + A - 1 (E P
(k) + ImB ) ) ∩ KerC }

= A T 3
2 + E {T 3

2 ∩ KerC + A - 1 (E P
(k ) + ImB ) ∩ KerC }　 (T 3

2 Α KerC )

= A T 3
2 + E {T 3

2 + P
(k+ 1) = A T 3

2 + E T 3
2 + E P

(k+ 1)

= A T 3
2 + E P

(k+ 1)　 (E T 3
2 Α A T 3

2 ).

T h is p roves tha t N
(k+ 1) = A T

3
2 + E P

(k+ 1)
fo r a ll　 kΕ 0. Con sequen t ly, w e conclude tha t

N 3 = A T 3
2 + E T 3

1 . □

W e can now p resen t ou r resu lt as fo llow s.

Theorem 2. 1　If
(a)　T 3

2 ∩KerE = {0},
(b)　dim (E T 3

2 ∩ ImB ) Φ dim {u∈T 3
2 : A u ∈ ImB },

(c)　E x (0- )∈N 3 ,
then the d istu rbance rejection p roblem f or sing u la r sy stem s is solvable v ia sta te f eed back if and

on ly if Im S Α N 3 + ImB .

Proof　N ecessity. T ak ing the L ap lacian tran sfo rm of (1. 3a) (1. 3b) w ith in it ia l coondit ion
E x (0- ) , w e get

[sE - (A - B F ) ]x (s) = E x (0 - ) + S d (s) , (2. 1a)
y (s) = Cx (s) , (2. 1b)

x (s) , y (s) , d (s) a re iden t if ied by the infin ite sequences

{x - Λ, x - Λ+ 1,. . . , x 0, x 1,. . . },
{y - Λ, y - Λ+ 1,. . . , y 0, y 1,. . . },
{d - Λ- 1, d - Λ, d - u- 1,. . . , d 0, d 1,. . . }

separa tely, defined by [9 ].

x (s) = x - ΛsΛ + x - Λ+ 1s
Λ- 1 + . . . + x - 1s + x 0 + x 1s

- 1 + x 2s- 2 + . . . ,
y (s) = y - ΛsΛ + y - Λ+ 1s

Λ- 1 + . . . + y - 1s + y 0 + y 1s- 1 + y 2s- 2 + . . . ,
d (s) = d - Λ- 1s

Λ+ 1 + d - ΛsΛ + d - Λ+ 1s
Λ- 1 + . . . d - 1s + d 0 + d 1s- 1 + d 2s- 2 + . . . ,

(2. 2)
(2. 3)
(2. 4)

w hen no confu sion is po ssib le, w e abu se the term ino logy and refer to x (s) , y (s) , d (s) o r to
their lau ren t expan sion s as the tra jecto ry, the ou tpu t and the d istu rbance genera ted by the
in it ia l condit ion E x (0- ).

N ow , d istu rbance reject ion dem ands fo r som e F , fo r any E x (0- ) ∈ N
3 , the L au ren t

expan sion s of x (s) , y (s) , d (s) w h ich sa t isfy (2. 1a) (2. 1b) sa t isfy the fo llow ing equat ion s
fo r som e Λ:
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E x - Λ = S d - Λ- 1, C x - Λ = 0,
E x - Λ- 1 = (A - B F ) x - Λ + S d - Λ, C x - Λ- 1 = 0,
　. . . 　. . .
E x - 1 = (A - B F ) x - 2 + S d - 2, C x - 1 = 0,
E x 0 = (A - B F ) x - 1 + S d - 1, C x 0 = 0,
E x 1 = (A - B F ) x 0 + E x (0 - ) + S d 0, C x 1 = 0,
E x 2 = (A - B F ) x 1 + S d 1, C x 2 = 0,
　. . . 　. . .

N o te tha t P
(0) = R

n , f rom the first equa t ion w e get tha t

S d - Λ- 1 = E x - Λ = A (A - 1E x - Λ) ∈ A T 3
1 Α E T 3

1 + ImB .

Fo rm the second equat ion,w e get
　　　　　　S d - Λ = E x - Λ- 1 - (A - B F )X - Λ

= A (A - 1EX - Λ+ 1) - E [E - 1 (A X - Λ - B F x Λ) ]
　∈A T 3

1 + E T 3
2 Α E T 3

1 + A T 3
2 + ImB .

By the sam e w ay,w e know S d k∈E T 3
1 + A T 3

2 + ImB f or a ll kΕ - Λ- 1, so

Im S Α E T 3
1 + A T 3

2 + ImB .

Sufficiency. Suppo se T 3
1 , T 3

2 sa t isfy (a) (b ) , from T heo rem 1. 1, w e can find F ∈ T
(T 3

1 )∩T (T 3
2 ) such tha t (A - B F ) T 3

1 Α E T 3
1 , 　E T 3

2 Α (A - B F ) T 3
2 . and A - B F -

ΚE has linearly independen t co lum n s fo r som e com p lex num ber Κ. By theo rem 1 of [ 3 ], from
the m atrix A - B F - ΚE having linearly independen t co lum n s fo r som e com p lex num ber Κ,w e
can reach the un iqueness of so lu t ion to the clo sed2loop system (1. 3a). thu s it is sufficien t to
con sider ex istence of so lu t ion s. since Im S Α E T 3

1 + A T 3
2 + ImB , acco rd ing to T heo rem 3. 2

of [1 ], w e know (1. 3a) (1. 3b) has a so lu t ion x ( t) , fu rtherm o re x ( t) ∈T 3
1 + T 3

2 Α Ker C

w h ich m ean s y ( t) = Cx ( t) = 0. T h is com p letes the p roof.
T he p roof of fo llow ing lemm a is obviou s and is om it ted.

L emma　G iven S 1,B and a subsp ace v Α X , there ex ists F 1: D → X such tha t

Im (S 1 - B F 1) Α ImB + v

if and on ly if Im S 1Α ImB + v.

A ccord ing to the above lem m a and T heorem 2. 1, w e can obta in ou r f ina l resu lt easily.

Theorem 2. 2　If
(a)　T 3

1 ∩KerE = {0},
(b)　dim (E T 3

2 ∩ ImB ) Φ dim {u∈T 3
2 : A u ∈ ImB },

(c)　E x (0- )∈N 3 ,
then the d istu rbance rejection f or sing u la r sy stem s v ia linea r sta te f eed back and linea r f eedf or2
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w a rd con trol of the d istu rbances is solvable if and on ly if Im S 1Α N 3 + ImB .

III. Conclusion

W e have p rovided necessary and sufficen t condit ion fo r the so lvab ility of d istu rbance re2
ject ion fo r singu lar system s. W e have taken care to en su re tha t the resu lt ing clo sed2loop sys2
tem has sm oo th so lu t ion s fo r a w ide class of d istu rbance funct ion s and in it ia l condit ion s and
tha t. W hen a so lu t ion ex ists, it is un ique.

O u r m ode of argum en t has been in the sp irit ofW onham [ 2 ] and the structu re of ou r p roof
clearly resem b les tha t of the co rresponding resu lt in the sta te space case. W e have found the
u sua l p resen ta t ion, in term s of the p ropert ies of un iquely ed term ined m ax im al elem en ts of
certa in co llect ion s of sub spaces, by m ean s of som e sub space recu rsion s. T h is m ean s tha t ou r
resu lt is con struct ive and algo rithm ic.
　　T h roughou t th is paper w e have had in m ind a linear system described by a m ix tu re of a l2
geb ra ic and differen t ia l equa t ion s, the ex ten sion of these resu lts to the d iscrete2t im e case
shou ld no t p resen t any m ajo r d iff icu lty.
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奇 异 系 统 的 干 扰 解 耦

范文涛　谭连生
(中国科学院武汉数学物理研究所, 武汉430071)

摘　　要

　　本文针对线性的不变奇异系统, 讨论了利用一般状态反馈及前馈控制的组合来达到其干
扰解耦的条件. 文中构造性地给出了这一问题可解的充分必要条件.
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