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tion ispresented

Keywords singular system, disturbance rejection, invariant subspace, feed-
forw ard control, state feedback, subgpace recursion

Classif ication AM S(1991) 93C45/CCL TP273

l Introduction

In recent years, there has been a grow ing interest in the systen-theoretic problem of sin-
gular systems (or generalized state-gpace system s) due to the extensive applicationsof singu-
lar systans in large-scale systans, singular perturbation theory, circuits, econom ics, control
theory, and other areas

D isturbance rejection is a feedback synthesisproblen concerning a system w ith a distur-
bance as an input The purpose of disturbance rejection is to gpply feedback in such away
that the disturbance has no influence on the controlled output of the closed-loop systen. The
development of necessary and sufficient conditions for the solvability of this problen for
state-gpace systems by Wonhanm et al has profound influence on geometry control theory,
particularly by meansof an (A ,B)-invariant subgpace

In this paper, we study disturbance rejection for the singular systeans Let X =R", U=
R"™, Y= R",D = R. W e consider the tme-invariant singular system of the form

Ex(t) = Ax(t) + Bu(t) + Sud (1), (1 1a)
y(t) = Cx (1), (1 1b)

whereE,A: X - X,B:U - X,C:X - Y,Su:D - X are linear mapsw ith E singular. x
(1),y (®),u(t),d(t) arefunctionsof timew ith valuesin X ,Y,U,D regectively, d(t) repre-
sents the disturbance as an input to the system. W e investigate the questions of when and
how the linearmap F: X - U,FuD - X in the state feedback and linear feedfomw ard control
of the disturbances
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u(t) = -(Fx(t) + Fud(t)) (12
may be chosen s that the output y (t) of the closed-loop system

Ex() = (A - BF)x(t) + sd(t) (1 3a)
y(t) = Cx (1) (1 3b)

is indgpendent of d (t), and the closed-loop system enjoys unigueness of lution,wherewe
denote S= S:- BF. In the state ace case, that iswhen E is a nonsingular square matrix,
thisproblem was discussed by [10] W ithout considering the linear feedback control of the
disturbances, this type of problen was considered in detail in chapter 4 of [2], and a com-
plete oolution ispresented Some resultson disturbance rejection in singular system s are giv-
en in [4], but there the class of feedbacks considered is different from ours as defined in (1
2). In the girit of Wonham'?, FletcherL R andA saraaiA A. ™ developed the necessary and
sufficient codition for solvability of this smilar problen, but their result is far from being
explicit and the control used is the state feedback

Note that we do not need to assume that the open-loop system enjoys uniguenessof -
lution, but it is essential in all gpproaches that F be chosen 0 that uniquenessof solutions to
(1 3a) prevails, © we need to avoid at the outset the pathological situation that for no F
does closed loop regularity hold It is shown in [3] that this is equuivalent to the Regularis-
ability A ssumption W ew ill assume that for at least one complex number A thematrix [A -
AE,B ] has (at least) n linearly independent columns

For agiven linearmapM , w e al® denote thematrix representationM. The image set of
M isdenoted by ImM , the kernel of M isdenoted by KerM. superscipt-1 denotes inverse im-
age of a linear map. W e adopt the follow ing key concept:

Definition 1 1 A pair o subgpaces U, V is said to be ({A, E},B)-invariant subgpace pair

contained in Ker C, if (i) AVEEV+ mB, VEKerC; (i)EUSA U+ mB, USKerC.
W e define the classes of subgaces

T :({A,E},B)={VEX [vEKerc, AVEEV+ mB}.
T:({A,E},B)={ucsx |UEKerC, EUSAU+ mB}.

T:{A,E},B) and T 2({A,E},B) are both closed under addition So they have their largest
members W e symbolize the supremal o T :({A,E},B), T 2({A,E}.B) asT 1, Tz seerate
ly. The canputation & T 1, T 2 is given in the next section For T 1, T 2 we define the
classes of friends as follow s

F(T:)={F:Xx ~u|(A- BF) T: € ET:},
F(T:)={F-X >U[ET:< (- BF)T:}

From Theorem 2 1of [1], we can easily obtain the follow ing result
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Theorem 1 1 |If

(@ TinKerE=0,

(b) dm(ET:2nmMmB)=<dm{u T:2: Au mB}, then there exists a linear map F
F(T:)n (FT2),such that ABF-AE has linearly indegpendent column for sane canp lex
number A

Proof From Theoren 2 lof [1],for T 1, T 2 satisfying (a) (b), there exists a linear map
F and a subgpaceWw , with T:1 SW ST 1+ T 2 such that

A-BF)WCEW ,ET2c(@A-BF)T -
and thematrix A B F-A E has linearly independent columns for some complex number AW e
ssethatW S T:1+ T2SKerC, AWSEW+ mB, 0w Ti1{A,E},B). Since T: is
the supremalmenber of T :({A,E},B), we havew = T1 ]

Il Conditionsfor the solvability of the problan: geametr ic character ization

In this section,we w ill study the computation of T 1, T 2 by means of subgace re-
cursins Finally, geometric characterization for the lvability of the disturbance rejection
problem for singular systamsw ill be presented

W e resumeour discussion by introducing a number of subgace recursions First,W e de-
fineTPby T*? = AE *(TY+ mMB) n Kerc), T? = 0. Itistrivial to show that Im

{T Y} exists since {T ¥} ismonotone nondecreasing L et this Imit be T ". Define a second
subgpace sequence {N “} by

NP =T+ E@'NY+ mB) n kerC),
NO =T + mE

{N “} ismonotone nonircreasing and its Iimit is denoted by [\ . Finally, define wo impor-
tant sequences {P “} and {s“} by

p&Y= Kercn A "(EPY+ mB),P?=R",
s“V= Kercn E'as®”+ mB),s?=R"

W ithin at most n steps, recursion {P “} converge to T 1, recursion {S“} convergeto T :,
exactly. W e have that

Proposition 21 N =ET:+AT 2.
Proof It follow s mmediately from the definitions that T“=As® for all k= 0, Thus, we

have T "= AT:, and thereforeN = AT :+ EP? Now assume that N ¥=AT : +
EP® Then
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N“Y=AT:+EQ "N+ mB) n KerC)
=AT:+ E{A'AT:+ EP¥+ mB) n KerC}
=AT:+ E{(T:2:+ A "(EP¥+ mB)) n KerC}
=AT:+ E{T:2:n Kerc+ A"'(EP¥ + mB) n KerC} (T : S KerC)
=AT:+ E{T:+P“"=AT:+ ET:+ EP“?
=AT:+ EP*?Y (ET:<AT:)

ThisprovesthatN “?=AT:+ EP* ” forall k= Q Consequently, we conclude that
N =AT:+ET:. 0
W e can now present our result asfollow s

Theorem 2 1 |If

(@) T :2nKere= {0},

(b) dmET:z2nmMB)=dm{u T::Au mB},

(e Ex(0-) N~ .
then the disturbance reection problen for singular systams is solvable via state f eedback if and
only if mSESN "+ mB.

Proof N ecessity. Taking thel aplacian transform of (1 3a) (1 3b) with initial coondition
Ex (0- ),we get

[SE- (A - BF)]x(s) = Ex(0- ) + sSd(s), (2 1a)
y(s) = Cx(s), (2 1b)
x(s),y(9),d(s) are identified by the infinite sequences

{X-H,X»u+1,... y X0, X1,. .. },
{y- Y-+ 1y0 e Y0, Y10 . },
{d-u- 1,d- u,d-u- 1ye oo ,dO,dl,...}

separately, defined by [9].

X(s) = X-uS'+ Xo w18 T+, + X.1S+ Xo+ X1S '+ Xo8 T+, .., (2 2
y(s) = yous'+ y s T+ 4+ y st yot yls T4 yos 4L, (2 3)
d(s) = d- w18+ d.us'+ d-we1s" "+ ... doas+ dot dis T+ des ..., (24)

w hen no confusion ispossible,w e abuse the teminology and refer to x (s),y (s), d (s) or to
their laurent expansions as the trajectory, the output and the disturbance generated by the
initial condition Ex (0- ).

Now, disturbance rejection demands for some F, for any Ex (0- ) N *, thel aurent

expansions of x (s),y (s), d (s) which satisfy (2 1a) (2 1b) satisfy the follow ing equations
for soame p:
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Ex- .= Sd. s 1, Cx- .= 0,

EX- M- 1= (A - BF)X- u+ Sd- Hy CX- - 1= 0,
Ex-1= (A - BF)x-2+ Sd- 2, Cx-1= 0,
Exo= (A - BF)x-1+ Sd. i, Cxo= 0,
Exi= (A - BF)xo+ Ex(0- ) + Sdo, Cxi= 0,
Ex2= (A - BF)x1+ Sdi, Cxz2= 0,

Note that P?=R", from the first equation we get that
Sd-w1= Ex-u=A@A 'Ex-w) ATISET:+ mB.

Fom the second equation,w e get
Sd.u= Ex-uw1- (A - BF)X..
= AMA 'EX-uw1) - E[E'(AX-u- BFxu)]
AT:i+ET:SET:+AT:+ mB.
By the ssmeway,weknow Sd« ETi+A T2+ mB forallk>= - p- 1, ©

MSSET:+AT:+ mB.

Sufficiency. Suppose T 1, T 2 satisfy (a) (b), from Theoren 1 L,wecan find F T
(T:)nT(T:2) suchthat A- BF) T:SET:, ET:2S(A-BF)T:2 andA- BF-
AE has linearly independent columnsfor some complex number A By theorem 1 of [3], from
thematrix A- BF- AE having linearly independent columnsfor some complex number Awe
can reach the uniquenessof lution to the closed-loop system (1 3a). thus it is sufficient to
consider existence of slutions since MSSET 1+ AT 2+ mB, according to Theorem 3 2
of [1],weknow (1 3a) (1 3b) hasa lution x (1), furthemorex(t) T i+ T:<SKerC
whichmeansy (t)= Cx ()= Q@ This completes the proof.
The proof of follow ing lenma isobvious and isomitted

Lenma Given S1,B and a subgpace VE X, thereexists Fi:D —» X such that

m(S:- BF1)) € mB + vy

if and only if mMS:S mB + V.
A ccording to the above lenma and Theoren 2 1, we can obtain our f inal result easily.

Theorem 2 2 |If
(@ T inKere= {0},
(b) dmET:2n mMB)=dm{u T::Au mB},
(0 Ex(0-) N~
then the disturbance rejection f or singular systans via linear state f eedback and linear f eedf or-
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ward control d the disturbances is solvable if and only if m SiS N+ mB.

IIl Conclusion

W e have provided necessary and sufficent condition for the solvability of disturbance re-
jection for singular systens W e have taken care to ensure that the resulting closed-loop sys
tem has snooth lutions for aw ide class of disturbance functions and initial conditions and
that W hen a solution exists, it is unique

Ourmodeof argument has been in the irit of W onham ™ and the structure of our p roof
clearly resanbles that of the corregponding result in the state gpace case W e have found the
usual presentation, in temm s of the properties of uniquely edtemined maximal elenents of
certain collections of subgpaces, by meansof some subgace recursions Thismeans that our
result is constructive and algorithmic

Throughout thispaperw e have had inmind a linear systam described by am ixture of al-
gebraic and differential equations, the extension of these results to the discrete-time case
should not present any major difficulty.
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