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Inver ses of Regular Strong Endamorphisn s of Graphs*
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(Dept of M ath , Shanghai Jiaotong U niversity, 200240)

Abstract In thispaper we explicitly describe all the commuting p seudo-inverses of a com-
pletely regular strong endomorphisn of a grgph from a vievpoint of combinatorics The
number of them isal® given In addition, a strong endomorphisn of a graph, whose com-
muting pseudo-inverse set coincidesw ith itspseudo-inverse set, is identified

Keywords strong endomorphisn, (commuting) pseudo-inverse, monoid, graph

Classification AM S(1991) 05C25/CCL 0157 5

Thispaper isa continuation of [1], inw hich pseudo-inversesof a strong endomorphign
of agraphwere investigated, in particular, the characterization and the enumeration of them
w ere explicitly described Themain purposeof thispaper isto characterize and to enum erate
commuting pseudo-inverses of a completely regular strong endomorphisn of a graph It
turns out that pseudo-inverses and commuting p seudo-inverses of a strong graph endomor-
phian indeed possess distinctly comparable features from the vievpoint of combinatorics In
addition, a strong endomorphisn of a graph, whose commuting pseudo-inverse set coincides
w ith itspseudo-inverse set is identified T hese results reveal the interconnection betw een the
combinatorial structure of a graph and the algebraic structure of its correponding monoid
Readers are referred to [2] and [3] for more background information in this line

L et a be an elanent of a samigroup S. If there existsx S such that axa= a, then a is
said to be regular and x is called apseudo-inverse of a; moreover, if there existsx S such
that axa= a and ax= xa, then a is said to be completely regular and x is called a commuting
pseudo-inverse of a (cf [4]or [5]). A samigroup is said to be regular (or completely
regular) if all its elenents are regular (or completely regular). In [2] and [6], it isproved
that the monoid of strong endomorphisnsof a graph isaways regular In [7], completely
regular endomorphisn sof a grgph are characterized

Only finite undirected graphsw ithout loop s and multiple edges are considered in thispa-
per. W e denote by V (G) (or just G) and E (G) the vertex set and edge set of a gragph G re-
gec tively. For definitions of endomorphisn, strong endomorphisn and automorphisn of a
graph, readers are referred to [1] or [2]. By End(G), sEnd(G) and A ut(G) we denote the
set of endomorphisns, strong endomorphisnsand automorphisnsof graph G regectively.
Apparently, A ut(G) S sEnd(G) S End(G). It iswell-known that End(G) and sEnd(G) are
monoids and that A ut(G) is a group with regpect to the composition of mappings
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Letf sEnd(G). We denote by Sr the induced subgraph of G with Vv (S¢) = f (V
(G)), by P the equuivalence relation onV (G) induced by f, i e , forany a,b V (G), (a,
b) A ifandonlyiff (a)=f (b). Forx GandAcV (G), f '(x):={a G|f (a)= x} and
f '(A):= . af *(x). Foravertexa G, weputN (a)={b G|{a,b} E(G)} (the
neighbourhood of a in G). The relation TonV (G) isdefined by the rule that (a,b) Tif and
only if N (@)= N (b). Clearly, the relation Tis an equivalence relation onV (G). By [a]-we
denote the equivalence classof the vertex a of graph G w ith regpect to the relation T Funda-
mental definitions and notations not defined in thispaper should be referred to [8] and [9]
CPI(f) and PI(f) denote the sets of commuting pseudo-inverses and p seudo-inverses of f
repectively, i e, PI(f)={g sEnd(G) |[fgf = f};CPI(f)={g sEnd(G) |fof = f; of =
fg}. Evidently, CPI(f) S PI(f).

Theoren 1[7, Theoran 2 7] LetG bea graph and letf sEnd(G). Then f is canpletely
regular if and only if forany x G, |[x]pfn St |: 1

Lenma 2 LetGbeagraphand letf sEnd(G). If f iscanpletely regular, then for any x
S, f'x)n si|=1

Proof Sincex Si, thereexistsx G such thatf (x )= x. Asf iscompletely regular,
using Theorem 1we have |[x']5n Si |= 1 It is routine to check that f *(f (x'))= [x']y,

and o f *(x)= [x']4. Hence, |[f "(x)n Si|=1 O

Definition 3 LetG beagraph and letf sEnd(G) such that f iscanpletely regular. D & ine
amapping g:V (G) - V.(G) by thefollov ing rule
f '(x) n St if x S
@D 90 Vii(x]ens) if x V(G)S
(Justasin [1], by, eg g(x) f *(x)n Si, wemean that* select avertexy f *
(x)n Srand setg(x)=y" )

Remark 4 Under the hypothesis d D & inition 3,
(1) themapping g defined by (3 1) iswell def ined;
(2) forany x G, [x]sn Si= {gf (x)}

Proof (1) ByLemma2, forany x Si, f "(x)nSi# @and 0 g (x) iscorrectly defined
Since f iscompletely regular, 0 by Theorem 1 forany x G, [x]sn Si# @ Evidently,
[x]sn SISV (Sr), of *([x]nn Si)# @ Hence, forx V (G) S, g(x) isalw correctly
defined T his justifies the conclusion

(2) Letx G Sincef (x) Sr, by (3 1) of x)=g(f (x)) f *(f (x)) n S. Since
f 1F (x))=[x]s, of (x) [x]sn Si. Asf iscompletely regular, by Theoram 1 |[x]pfn
St |: land 0 [x]nn Si= {df (x)} O

Lenma 5[3, Lenma6] LetG beagraphand letf sEnd(G). Then, forany x,y G, N
(f (x))=N (f (y)) if and only if N (x)=N (y).

Lenma 6 LetG beagraphand letf sEnd(G). Then, forany x G, [x]s S [x]+
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Proof Leta [x]s. Thenf (a)=f (x) and N (f (a))=N (f (x)). Thus, byLenma
5 N (a)=N (x), whichmeans thata [x]+ O

Lenma 7 [1, Theorem 2 8] LetG bea graph and letf sEnd(G). Let g beamapping
fran V (G) toitself. Theng PI(f) if and only if for any x Sr, g(x) f *(x) and for
any x V (G)Sr, g(x) f '([x]n Si).

Lenma 8 Under the hypothesis d D & inition 3, g PI(f).

Proof By Renark 4, g iswell defined Forany x St, by (31), g(x) f *(x)n Src
f '(x). UsingLenma6, we have [x]s,n SiS[x]n Siforany x G Thus, f *([x]sn
Si)<S f *([x]n Si). Hence forany x V (G) Sr, g(x) f *([x]en Si). So, from
Lenma 7 it follows thatg PI(f). O

Proposition 9 U nder the hypothesis & D € inition 3, g CPI(f).

Proof ByLenma8, it renains to prove that fg= gf. Let x Si. Sincef is completely
regular, byLemma2f *(x)n Sr= {y} for omey G Soby (3 1), wehaveg(x) {y},
ie g(x)=vy. Sincey f *(x), f(y)=x Hence fg(x)=1f (g(x))=f (y)=x On the
other hand, sincex S+, x [x]sn St Then, using Remark 4(2) we have x= gf (x).
This verifies that fg (x) = gf (x) forany x S
Now, letx V (G) St Thenacoordingto (3 1), g(x) f *([x]sn Si) and 20 fg(x)
[x]sn Si. Hence, by Remark 4(2) we alo have fg(x)= gf (x) forany x V (G) St
Consequently, fg= ¢gf. Thiscompletes the proof O

Proposition 10 L etG bea graph and letf sEnd(G) such that f iscampletely regular. If g
CPI(f), then forany x St, g(x) f *(x)n Si; forany x V (G)>sr, g(x) f°
([X]ﬂfﬂ St).

Proof Letx Sr Sinceg CPI(f), g PI(f). ThenbyLenma7, g(x) f *(x). Since
f iscompletely regular, by Lenma2f *(x) n Si= {y} for smey G Thusf (y)= x and
o of (y)=g(x). Sinceg CPI(f), fg= gf. So, it follows that fg(y)= g (x). Evidently,
fg(y) Srand 0 g(x) S Hence wehavethatg(x) f *(x)n Siforany x St

Now, letx V (G) Si. Sinceg CPI(f), wehavefgf (x)=1f (x) andfg(x)= gf (x).
So, ffg(x)=f (x), whichmeansthat fg(x) f *(f (x)). Notice that f *(f (x))= [x]s
and that fg(x) S Hence, fg(x) [x]sn St o thatg(x) f *([x]sn Si). Thiscom-
pletes the proof. O

Now, combining Propositions 9 and 10, w e obtain the characterization of the commuting
p seudo-inverses of a completely regular strong endomorphisn f of a grgph G asfollow s

Theoren 11 LetG bea graph and letf sEnd(G) such that f is canpletely regular. Then
the f ollav ing W o statanents are equivalent:

(1) g CPI(f);

(2) gisamapping fran V (G) toitself such that (3 1) is satid ied.

Recalling the characterization of pseudo-inversesof a regular strong endomorphisn of a
graph (cf [1, Theorem 2 8]), we have
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f 1 (x) if X  Si;

£ '([x]rn Sr) ifx V(G) S
f '(x) n S if X S
f_l([X]pf n St) if x V(G)\Sf.

g PI(f)<=g(x) {

g CPI(f) =g (x)

From the above formulationsw e can see that the two purely algebraic concepts, namely,
p seudo-inverses and commuting p seudo-inverses of a strong endomorphisn, indeed possess
distinctly comparable combinatorial features

Corollary 12 LetG bea graph and let f sEnd(G) such that f is canpletely regular. Then
if f A ut(G);

1
|_| X V(6)s |f ) 1([X]Pf n Sr) | otherw ise
Proof ByLemma?2, |f *(x)n Si|=1forany x Si Itiswell knowvn thatAut(G) isa

group and o eachf A ut(G) iscompletely regular A I notice that f A ut(G) if and only
if vV (G) si= @ Hence, the conclusion follow s directly from Theoren 11 O

lcPi() | =

123435 £nde) (. [1,

Renark 13 Ingeneral, if f sEnd(G) such that [CPI(f) |= A4, it isnof necessiarily that f
5
A ut(G). For example, observe thegraph G in Fig. 1 and f = [ ]

Example 4 4]).
otice that St= {1234} andV (G) “S¢= {5}. By Theoran 11, it is routine to check that

1234

97 13421

A ut(G).

is the unique commutingp seudo-inverse of f. However, it is clear that f /

Example 14 Herewe still take the graph and the strong endomorphisn f in [1, Example
2 10] asan exanple

=

Fig 1
. 12345 . .
It is known that f = [2 5 33J s End (G). Using Theoran 1, we can easily check

that f is completely regular.

Si={235}, f (2 n Si={12}n {235}= {2}, f (B n Si= {45} n {235}= {5}, f '
(5)n Si={3}n {235}= {3};

V(G) si= {14}, £ '([1]5n Si)=f ({12} n {235})=f *({2})= {12}, f *([4]s N
Si)=f *({45}n{235})=f *({5})= {3}
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So, by Theoram 11 and Corollary 12w e see that CPI(f ) exactly contains the follow ing
two elanents, i e

~ 12345
cm«)_{n[1253J}

In [1, Exanple 2 10], we deduced |PI(f) |= 24, and now |[CPI(f) |= 2

Now, at the end of thispaper, we turn to a natural question: forwhich f sEnd(G),
PI(f )= CPI(f). Wewill see that such strong endomorphisn s are none other than automor-
phisns W efirst list know n statanents as lanmas

Lenma 15 [1 Remark 2 11] LetG beagraph and letf sEnd(G). Thenf A ut(G) if
and only if [PI(f) |= 1

Lenma 16 [6 Lenma2 2] LetG bea graph and letf sEnd(G). Then for any x G,
[X]TﬂSfig

Theorem 17 LetG bea graph and letf sEnd(G). Then PI(f)= CPI(f) if and only if f
A ut(G).

Proof Sufficiency. Letf Aut(G). Notice that CPI(f ) S PI(f). Then from Corollary 12
andL enma 15, it follow s directly that PI(f )= CPI(f ).

N ecessity. Now, we assume that f / Aut(G) andwewant to prove that PI(f ) # CPI
(f). If f isnot completely regular, then CPI(f)= @and o PI(f)# CPI(f) because PI(f)
# @ So, we suppose f is completely regular.

Since f / Aut(G), thereexistsavertex a Gwith a/ Si. Defineamapping g:V (G) -
V (G) by the follow ing rule

g(f (@) = &
g(x) f '(x)ifx SiNf (@)}
g(x) f '([x]en S¢) ifx V(G) s

Considering that for any x G, [x]+n Si# @byL enma 16 and that [x ]-n SfS Si, we
have f *([x]=n Sr)# @ Forx SiNf (a)}, obviously f *(x)# @ Hence, themapping g
iswell defined W e further prove that g PI(f) but g/ CPI (f).

Noticethatf (a) Srandg(f (a))=a f *(f (a)). So, foranyx Sr, g(x) f *(x).
Thus, byLenma?7, g PI(f). However, sincea/Sr, a/f '(f (@))n Sr, ieg(f(a))/
f '(f(@)n S.. So, puty=f (a) andwe seethaty Srbutg(y)/f *(y)n S Recall
that w e have supposed that f is completely regular. Thus, from Theorean 11 it follow s m-
mediately that g/ CPI(f). Consequently, PI(f)# CPI(f). Thiscompletes the proof [
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