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Abstract　 In th is paper, the au tho r u ses the m ono tone itera t ive techn ique and
cone theo ry to invest iga te the ex trem al so lu t ion s of tw o2po in t boundary value
p rob lem s fo r non linear second o rder im pu lsive in tegrod ifferen t ia l equa t ion s of
m ixed type in Banach speces based on a com parison resu lt.
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1. In troduction

T he theo ry of im pu lsive d ifferen t ia l equa t ion s is a new im po rtan t b ranch of d ifferen t ia l
equa t ion s ( see [ 1 ] ). Con sider the ex istence of ex trem al so lu t ion s of tw o po in t boundary
value p rob lem s ( BV P ) fo r non linear second o rder im pu lsive in tegrod ifferen t ia l equa t ion s of
m ixed type in Banach space E.

- u″= f ( t, u , T u , S u ) , 　　t ≠ tk ,
△ uû t= tk = I k (u ( tk ) ) ,

△ u′û t= tk = I k (u ( tk ) ) , 　　k = 1, 2, . . . , m ,

au (0) - bu′(0) = x 0, 　　cu (1) + d u′(1) = x 1,

(1)

w here f ∈C [J × E× E× E , E ], J = [0, 1 ], E is a rea l Banach space, 0< t1< . . . < tm < 1,
I k , I k∈C [E , E ], aΕ 0, bΕ 0, cΕ 0, d Ε 0, 　 ac+ ad + bc> 0 are con stan t, x 0, x 1∈E ,
△uû t= tk = u ( t

+
k ) - u ( t

-
k ) , w here u ( t

+
k ) and u ( t

-
k ) deno te the righ t and left lim its of u ( t) a t t=

tk , respect ively, k = 1, 2, . . . , m . △ u′û t= tk has a sim ila r m ean ing fo r u′( t) , and the opera2
to rs T , S are g iven by

T u ( t) =∫
t

0
k ( t, s) u (s) d s, 　　S u ( t) =∫

1

0
k 1 ( t, s) u (s) d s, (2)
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w ith k∈C [D , R
+ ], k 1∈C [D 0, R

+ ], D = { ( t, s)∈R
2û 0Φ sΦ tΦ 1}, D 0= { ( t, s)∈R

2û0
Φ t, sΦ 1}, R

+ = [ 0, + ∞ ]. In the specia l case w here T = S = Η, [ 2 ] d iscu ssed the ex is2
tence of so lu t ion s of BV P (1) by m ean s of the fixed po in t theo ry. In th is paper, w e sha ll ob2
ta in a com parion resu lt fo r the BV P (1) and p rove an ex istence theo rem of m in im al and m ax i2
m al so lu t ion s of BV P (1) by m ean s of the m ono tone itera t ive techn ique and cone theo ry.

2. Severa l L emma s

L et PC
1 [J , E ]= {u: u is a m ap from J in to E such tha t u ( t) is con t inuou sly d ifferen2

t iab le a t t≠ tk , lef t con t inuou s a t t= tk and u ( t
+
k ) , u′( t

-
k ) , u′( t

+
k ) ex ist, k= 1, 2, . . . , m }.

Eviden t ly, PC
1 [J , E ] is a Banach space w ith no rm úuú PC1= m ax{úuú PC , 　úu′ú PC } 　w here ú

uúPC = sup
t∈J

úu ( t) ú , 　 úu′úPC = sup
t∈J

úu′( t) ú. N o t ice tha t PC [J , E ]= {u: u is a m ap from J in to

E such tha t u ( t) is con t inuou s a t t≠ tk , lef t con t inuou s a t t= tk , and u ( t
+
k ) ex ists, k= 1, 2,

. . . , m } is a lso a Banach space w ith no rm úuúPC = sup
t∈J

úu ( t) ú L et the Banach space E be par2
t ia lly o rdered by a cone P of E ; i. e. , uΦ v if and on ly if v - u ∈P. P is sa id to be no rm al
if there ex ists a po sit ive con stan t N such tha t ΗΦ uΦ v im p lies úuúΦ N úv ú. L et K = {u∈
PC [J , E ]: u ( t) Ε Ηfo r a ll t∈J }. T hen K is a cone in space PC [J , E ], and so PC [J , E ]
is part ia lly o rdered by K : uΦ v iff v - u∈K ; i. e. , u ( t) Φ v ( t) fo r a ll t∈J . Eviden t ly, if P
is no rm al, then K is a lso no rm al. T he p ropert ies of the cone and the part ia l o rder m ay be
found in [3 ]. L et J ′= J ø{ t1, t2, . . . , tm }. A m ap u∈PC

1 [J , E ]∩ C
2 [J ′, E ] is ca lled a so2

lu t ion of BV P (1) if it sa t isf ies (1).
Con sider the BV P

- u″+ M 2u = g ( t) , 　t ≠ tk ,
△uû t= tk = I k (u ( tk ) ) ,

△u′û t= tk = I k (u ( tk ) ) , 　k = 1, 2, . . . , m ,

au (0) - bu′(0) = x 0, 　cu (1) + d u′(1) = x 1,

(3)

w here M > 0 is a con stan t, g∈PC [J , E ]. Fo r conven ience, w e deno te I k = I k (u ( tk ) ) , I k = I k

(u ( tk ) ).

L emma 1　u∈PC
1 [J , E ]∩ C

2 [J ′, E ] is a solu tion of B V P (3) if and on ly if u∈PC [J , E ]
is a solu tion of the f ollow ing im p u lsive in teg ra l equa tion.

u ( t) = H 0 ( t) x 0 + H 1 ( t) x 1 +∫
1

0
G ( t, s) g (s) d s + 6

m

k= 1
[G ( t, tk ) (- I k ) + H ( t, tk ) I k ],

(4)

w here

G ( t, s) =
Θ

2M
H 0 ( t) H 1 (s) , 　0 Φ s < t Φ 1,
H 0 (s) H 1 ( t) , 　0 Φ t Φ s < 1,

(5)

H ( t, s) =
Θ

2M
H 0 ( t) H ′1 (s) , 　0 Φ s < t Φ 1,
H ′0 (s) H 1 ( t) , 　0 Φ t Φ s < 1,

(6)

H 0 ( t) =
1
Θ (dM + c) eM (1- t) + (dM - c) e- M (1- t) , (7)
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H 1 ( t) =
1
Θ (bM + a) eM t + (bM - a) e- M t , (8)

Θ= eM (dM + c) (bM + a) - (dM - c) (bM - a) e- M > 0. (9)
Proof　 F irst suppo se tha t u∈PC

1 [J , E ]∩ C
2 [J ′, E ] is a so lu t ion of BV P (3) , and let D =

d öd t. T hen

- (D - M ) (D + M ) u = g ( t) , t ≠ tk.

L et y ( t) = (D + M ) u ( t). T hen

(eM tu ( t) )′= eM ty ( t) , 　 (D - M ) y ( t) = - g ( t) , 　t ≠ tk. (10)

It is easy to see by in tegra t ion of (10) tha t

u ( t) = e- M t u (0) +∫
t

0
y (s) eM sd s + 6

0< tk< t

eM tk I k , 　t ∈ J , (11)

y ( t) = eM t u′(0) + M u (0) - ∫
t

0
g (s) e- M sd s + 6

0< tk< t

e- M tk ( I k + M I k ) , t ∈ J . (12)

Sub st itu t ing (12) in to (11) , by m ean s of au (0) - bu′(0) = x 0, cu (1) + d u′(1) = x 1, and som e
com pu ta t ion s, w e can ob ta in (4).

Conversely, assum e tha t u∈PC [J , E ] is a so lu t ion of Equat ion (4). D irect d ifferen t ia2
t ion on (4) im p lies, u ( t)∈PC

1 [J , E ]∩ C
2 [J ′, E ] is a so lu t ion of Equat ion (3).

Con sider the linear BV P

- u″+ M 2u = - N T u - N 1S u + h ( t) , 　t ≠ tk ,
△uû t= tk = I k (Γ( tk ) ) ,

△u′û t= tk = I k (Γ( tk ) ) , 　k = 1, 2, . . . , m ,

au (0) - bu′(0) = x 0, 　cu (1) + d u′(1) = x 1,

(13)

w here M > 0, N Ε 0, N 1Ε 0 are con stan t , h , Γ∈PC [J , E ]. In the fo llow ing deno te

k 3 = m ax
( t, s)∈D

ûk ( t, s) û , 　k 1
3 = m ax

( t, s)∈D 0

û k ( t, s) û.

L emma 2　 If

N k 3 + N 1k 3
1 < M 2, (14)

then the linea r B V P (13) has ex actly one solu tion u∈PC
1 [J , E ]∩ C

2 [J ′, E ] g iven by

u ( t) = H 3
0 ( t) x 0 + H 3

1 ( t) x 1 +∫
1

0
G 3 ( t, s) h (s) d s +

6
m

k= 1
[G 3 ( t, tk ) (- I k ) + H 3 ( t, tk ) I k ]. (15)
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W here

H 3
0 ( t) = H 0 ( t) +∫

3

0
Q ( t, r)H 0 (r) d r, 　H 3

1 ( t) = H 1 ( t) +∫
1

0
Q ( t, r)H 1 (r) d r, (16)

G 3 ( t, s) = G ( t, s) +∫
1

0
Q ( t, r)G (r, s) d r, 　H 3 ( t, s) = H ( t, s) +∫

1

0
Q ( t, r)H (r, s) d r, (17)

Q ( t, s) = 6
∞

n= 1
k2

(n) ( t, s) ,

k 2
(n) ( t, s) =∫

1

0
. . .∫

1

0
k2 ( t, r1) k2 (r1 , r2). . . k2 (rn- 1, s) d r1. . . d rn- 1,

k2 ( t, s) = - N∫
1

s
G ( t, r) k (r, s) d r - N 1∫

1

0
G ( t, r) k1 (r, s) d r,

M oreover the f ollow ing iequ lities hold :

ûk 2 ( t, s) û Φ 1
M 2 (N k 3 + N 1k 3

1 ) = k 3
2 , ( t, s) ∈D 0, 　ûQ ( t, s) û Φ k 3

2

(1 - k 3
2 ) , t, s ∈ J .

T he p roof is sim ila r to tha t of the lemm a in [4 ]. W e om it it.

L emma 3　 If

N k 3 + N 1k 3
1 Φ m in{ l1, l2}, (18)

w here

l1 =
1

4bdM
(- Θ+ Θ2 + 16 (bdM ) 2) , l2 =

M
2 - (eM - 1) + (eM - 1) 2 + 4M 2 ,

is sa tisf ied , then (14) is sa tisf ied and

H 3
0 ( t) Ε 0, H 3

1 ( t) Ε 0, G 3 ( t, s) Ε 0 , Π ( t, s) ∈D 0,

w here H
3
0 ( t) , H

3
1 ( t) and G

3 ( t, s) a re g iven by (16) and (17).
T he p roof is ana logou s to tha t of the Co ro lla ry 1 in [4 ].

Corollary 1 ( Com parison R esu lt )　 L et (18) be sa tisf ied , supp ose tha t u∈PC
1 [J , E ]∩ C

2

[J ′, E ] sa tisf ies

- u″+ M 2u Ε - N T u - N 1S u , 　t ≠ tk ,
△uû t= tk = Η,

△u′û t= tk Φ Η, 　k = 1, 2, . . . , m ,

au (0) - bu′(0) Ε Η, 　cu (1) + d u′(1) Ε Η,

then u ( t) Ε Ηf or t∈J .
L et J 0= [0, t1 ], J 1= ( t1, t2 ], . . . , J m - 1= ( tm - 1, tm ], J m = ( tm , 1 ]. Fo r B < PC [J , E ],

w e deno te B ( t) = {u ( t) : u∈B }< E ( t∈J ).

L emma 4[ 5 ]　 If B is bound ed and the elem en ts of B a re equ icon tinuous on each J k (k = 0, 1,
. . . , m ) , then Α(B ) = sup t∈J Α(B ( t) ) , w here Αd enotes the K u ra tow sk i m easu re of noncom p act2
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ness.

3. Ex istence theorem

In the fo llow ing, w e sha ll u se the o rdered in terva l [p , q ] in space PC [J , E ], i. e. ,

[p , q ] = {u ∈ PC [J , E ]: p Φ u Φ q,
i. e. ,

p ( t) Φ u ( t) Φ q ( t) fo r a ll t ∈ J }.

L et u s list som e assum p tion s:
(H 1)　there are p , q∈PC

1 [J , E ]∩ C
2 [J ′, E ], p ( t) Φ q ( t) fo r t∈J such tha t

- p ″Φ f ( t, p , T p , S p ) , 　t ≠ tk ,
△p û t= tk = I k (p ( tk ) ) ,

△p ′û t= tk Ε I k (p ( tk ) ) , 　k = 1, 2, . . . , m ,

ap (0) - bp ′(0) Φ x 0, 　cp (1) + d p′(1) Φ x 1;

- q″Ε f ( t, q, T q, S q) , 　t ≠ tk ,
△qû t= tk = I k (q ( tk ) ) ,

△q′û t= tk Φ I k (q ( tk ) ) , 　k = 1, 2, . . . , m ,

aq (0) - bq′(0) Ε x 0, 　cq (1) + d q′(1) Ε x 1.

(H 2)　there ex ist M > 0, N Ε 0 and N 1Ε 0 such tha t

f ( t, u , v , w ) - f ( t, u , v , w ) Ε - M 2 (u - u ) - N (v - v ) - N 1 (w - w ) ,

w henever

t ∈ J , p ( t) Φ u Φ u Φ q ( t) , T p ( t) Φ v Φ v Φ T q ( t) , S p ( t) Φ w Φ w Φ S q ( t).

(H 3) 　I k (u ) = x 0
(k ) , w henever p ( tk ) Φ uΦ q ( tk ) , w here x 0

(k)
is a fixed elem en t of E, I k

(u ) Φ I k (u ) w henever p ( tk ) Φ uΦ uΦ q ( tk ) , k = 1, 2, . . . , m .
(H 4)　N k

3 + N 1k
3
1 Φm in{ l1, l2}, w here l1, l2 are g iven by L emm a 3.

Theorem　L et P < E be a reg u la r cone, (H 1) , (H 2) , (H 3) and (H 4) be sa tisf ied , then there
ex ist sequences {p n ( t) }, {qn ( t) }< PC

1 [J , E ]∩ C
2 [J ′, E ] such tha t

p ( t) = p 0 ( t) Φ p 1 ( t) Φ. . . Φ p n ( t) Φ . . . Φ qn ( t). . . Φ q1 ( t) Φ q0 ( t) = q ( t). (19)

and p n ( t)→ u 3 ( t) , qn ( t)→ u
3 ( t) as n→∞ un if orm ly in t, u3 , u

3 ∈PC
1 [J , E ]∩ C

2 [J ′, E ].
M oreover, u3 and u

3
a re m in im a l and m ax im a l solu tions of B V P (1) on the ord ered in terva l

[p , q ] resp ectively.

Proof　Fo r any Γ∈[p , q ] ( i. e. , Γ∈PC [J , E ] and p ( t) Φ Γ( t) Φ q ( t) fo r t∈J ). Con sider
linear BV P (13) w here
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h ( t) = f ( t, Γ( t) , T Γ ( t) , S Γ ( t) ) + M 2Γ ( t) + N T Γ ( t) + N 1S Γ ( t) (20)

By lemm a 2 , (13) has exact ly one so lu t ion u∈PC
1 [J , E ]∩ C

2 [J ′, E ] g iven by (15). D efine
A Γ= u , then A is an opera to r from [p , q ] in to PC

1 [J , E ]∩ C
2 [J ′, E ]< PC [J , E ] and Γ is a

so lu t ion of BV P (1) if and on ly if Γ = A Γ.
By Co ro lla ry 1, w e can show

p Φ A p , 　　A q Φ q (21)

and

A Γ1 Φ A Γ2, 　if　p Φ Γ1 Φ Γ2 Φ q. (22)

N ow , let p 0= p , q0= q, p n= A p n- 1, qn= A qn- 1 (n= 1, 2, . . . ). It fo llow s from (21) and
(22) tha t (19) ho lds. By defin it ion of A , w e have

　 　　　 p n ( t) = H 3
0 ( t) x 0 + H 3

1 ( t) x 1 + ∫
1

0
G 3 ( t, s) h n- 1 (s) d s + 6

m

k= 1
[G 3 ( t, tk ) ( - I k

(p n- 1 ( tk ) ) + H 3 ( t, tk ) I k (p n- 1 ( tk ) ) ], (23)
w here
　　　　　　　 hn- 1 ( t) = f ( t, p n- 1 ( t) , T p n- 1 ( t) , S p n- 1 ( t) ) +

M 2p n- 1 ( t) + N T p n- 1 ( t) + N 1S p n- 1 ( t).

F ina lly, w e sha ll show tha t p n ( t) → u 3 ( t) , qn ( t) → u
3 ( t) ( n→∞) un ifo rm ly in t, u3 ,

u
3 ∈PC

1 [J , E ]∩ C
2 [J ′, E ] a re m in im al and m ax im al so lu t ion s of BV P (1) on the o rdered in2

terva l [p , q ] respect ively.
L et B = {p n}< [p , q ],B ( t) = {p n ( t) }< E , t∈J . In the fo llow ing, w e sha ll show B is a

rela t ively com pact. By virtue of the regu larity of P and (19) , w e first have B ( t) is a rela t ive2
ly com pact, i. e. ,

Α(B ( t) ) = 0 , 　t ∈ J (24)

and then, w e ob ta in tha t K is a no rm al cone in PC [J , E ]. T herefo re, [p , q ] is bounded set
in PC [J , E ]. By the no rm ality of K ,w e can p rove {p n′( t) ûn∈N } is a bounded set in PC [J ,
E ]. A pp lying the m ean value theo rem , w e ob ta in tha t the elem en ts of B = {p n} are equ icon2
t inuou s on each J k , k = 1, 2, . . . , m . By L emm a 4 and (24) , w e have Α(B ) = sup t∈J Α (B
( t) ) = 0. H ence, {p n} is a rela t ively com pact set in PC [J , E ]. In view of the no rm ality of K
and (19) , {p n} in PC [J , E ] converges to u 3 ∈[p , q ], i. e. , {p n ( t) } converges to u3 ( t) u2
n ifo rm ly on J . T ak ing lim its in (23) as n→∞ , w e get tha t u3 is a so lu t ion of BV P (1).

Sim ila rly, w e can show tha t {qn} in PC [J , E ] converges to u
3 ∈PC [J , E ] and tha t u

3 is
a so lu t ion of BV P (1). It fo llow s by u sing standard argum en ts in [3 ] tha t u3 , u

3 are m in i2
m al and m ax im al so lu t ion s BV P (1) on the o rdered in terva l [p , q ] respect ively.

Remark　By the theo rem 2. 2 in [ 6 ], if E is w eak ly com p lete and P is no rm al, then P is
regu lar. H ence, the m ain resu lt in ou r paper fo r the case tha t E is w eak ly com p lete and P is
no rm al st ill ho lds.
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Banach 空间中二阶混合型脉冲积微分方程边值问题的
单调迭代技巧

韦 忠 礼
(山东建筑工程学院基础部, 济南250014)

摘　　要

利用单调迭代技巧和锥理论研究了 Banach 空间中二阶混合型脉冲积微分方程的两点边
值问题的极解.
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