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Abstract In this paper. the coucepts of @-contimmous functions and #-compactuess
in fyzzifying topology characterized in ternss of f-open sets is given. sowe properties of
f-continnous fuuctions and 8-compactuess are discussed.
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1. #-open sets and #-closed sets

Definition 1.1 For any A C X, the fuzzifying 6-closure Cly A of A is defined as follows:
z € ClyA := (VB)(B € N, » ~(ANn B) =0)).

Theorem 1.1 For any z.A,
(1)l=2 € A— 2cCla; (2)=(AC B)— (ClyAd C ClyB). (3) Cly(AU B) =
ClsA U ClyB.

Proof Straightforward.

Definition 1.2 Let ¥ be a class of fuzzifying topological spaces. A unary fuzzy predicate
Fo(Ty) € F(P(X)), called fuzzy 6-closed (f-open), is given as follows:

A€ Fy:= A= ClA(A € Ty := A € Fp),

1e.,

Fo = / inf (1 - ClA(2))/A. (T, :/ Fo(AC)/A).
JP(X) zeX\A P(X)
For any A C X, the fuzzy set of f-interior points of A is called the f-interior of A, and

given as follows:

¢ € IntgA 1= ~(z € Cly(A°)),
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le.,

Inty A = / 1 - ClgA®(z)/z.
X

Theorem 1.2 (1) A=Intyd - A€ Ty; 2QJFAcTh—>AcT; B)FAcF—
AcF.
Proof (1) [A e Ty) = [A° D ClAY] = (u;; (1 —ClyA%(z)) = [A = Intg A].
re

(2) [A€T) < inf(1- AC(z)) = inf N(4) =[4€T).

(3) Straightforward.

If (X,T) is a fuzzifying topological space, then we can prove that 75 ¢ F(P(X)) is a
fuzzxfym'Jr topology on X, and called the §-fuzzifying topology with respect to 7.

Definition 1.3 Let z € X. The 6-neighborhood system of z is denoted by NS ¢ F(P(X))

and defined as A € N® := 3B((B € N,)A (B C A)). Where [a A b] = max(0, [a] + [b] — 1).

Theorem 1.3 Forany A€ P(X),F A€ ThoVe(zrc A—- A€ N:f).

Proof [A € Ty] = (1 — ClyA%(z)) = inf (1 — infmin(1,1 — N,(B) + sup B(y))) =
T€EA B yeA('

'ilelfAj supmax(O,Nw(B)— inf (1-B(y))-1) = inf sup(N.(B)® infcv(l-—ﬁ(y))) = [(Vz)(z €
= B y€AC ©€A B yEA
A— (3B)Y(BEN)A(BCA)))=[Ve(z € A— A€ N))].
Theorem 1.4 ClyA = / 1- NS (4% 2.
X

Proof ClyA(z) = infmin(1,1— N,(B)+sup B(y)) = 1 - sup max(0, N,(B) —sup B(y)) =
B yEA B yEA

1-sup max(0, N,(B)+ inf (1-B(y)-1) = 1-[(3B)(B & NoJa(B € A°))] = 1-NE(4°).
B Y
" Theorem 1.5 For any AC X, A€ T — (ClA = 4).
Proof First we prove A €T — (~(AN B =0) — =(AnN B) = 0). In fact,
T(A)®[-(ANB) =] max(0, 11€1£ N, (A) + sup B(y) - 1)

yeEA
= max(0, sup B(y) — sup(l — N.(4)))
yEA €A
< max(0, ilelg(—B_(iB) - 14 N.(4)))
= max(0,§161§((3 U B')(z) - 1+ N (4)))
= max(0,sup(max B(z), B'(z)) — 1+ N:(4))). (%)
z€A
If z € B, then (x) = max(0,sup(B(z) - 1 + N4(A)) < sup B(z).
TEA xeA
If z ¢ B, then
(*) = max(0,sup(B’(z)— 1+ N,(4)))
c€A
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= max(0, sup(mfmm(l 1-N.(A4)+ sup(B —{z}y)) - 1+ N.(4)))

z€EA
< max(0, 51613(1 - N.(A) + sup(B {:c}(y) -1+ N.(A)))
= sup(B - {z})(y) = sup B( ) [~(An B =90)].
ye€A y€EA

So, ["(ANB =0)] x [~(AN B = &)] > T(A). Therefore,

[ChA=TA) = inf(ClA(z)ox A(=))
= inf(inf(N.(B) « sup B(y)) oc mf(N(c) o sup B(y)))
2 inf inf((Na(B) o sup B(y)) « (Nz(B) sup B(y)))
> igfigf(zlelg B(y) « sup B(y)) 2 inf inf 7(4) = T(4).

2. #-continuous functions

Definition 2.1 Let (X,7),(Y,U) be two fuzzifying topological spaces. A unary fuzzy
predicate Csg(Cs) € F(YX), called fuzzy strong -continuity, (fuzzy 6-continuity) is given
as follows:

Cso(f) := (VX)(Vu)(u € NJ,) = AVI(V € NJ) A (F(V) C v))),
Co(f) := (VX)(Vu)(u € Nf,) = QV)(V € NY) a (£(V) C 2))).

Theorem 2.1 For any f € YX, we set
(1) aa(f):= (VA)f (CleA) f(A));_
(2) as(f) = (VB)(Clof~(B) C £7I(B));
(3) as(f):= (YB)(B € Fy) — (f(B) € )
(4) as(f) = (Yu)((u € U) - (fW(u) € T¥)
Then, |= Cso(f) & ai(f),i=1,2,3,

4.
Proof (a) First, we prove [Csg(f)] < [a1(f)]- Since

[ea(f)] = inf inf min(1,1 - f(ClsA)(y) + F(A)(y))-

It 1s sufficient to show that for any A andy € Y

min(1,1 - f(ClyA)(y) + F(A)(¥)) > [Csa(£)]

)(y)_lt holds obviously. Now assume f(ClyA)(y) > f(A)y). In
[~(f(B) N f(A) = 0]. Therefore,

f(CleA)(y) - f(A)(y) = sup infmin(1,1— No(B)+ sup B(z)) - (1 - Ny((F(A)°))
f(z)=y €A
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< sup(infmin(1,1 - No(B) + sup f(B B)(2)) = 1+ Ny ((£(4))9)

2€f(A)
= sgp(me((f(A)) ) - sup max(0, N (B) - e f(B)(2)))
= sub(Ny(a)((£(4))° = supmax(0, N(B) + inf (1~ f(B)(z)) - 1))

= sgp(Nf(I)((f(A))C) ~ supmax(0, No(B) + [£(B) € ((f(4))°) - 1))

< sup sup(Ny(z)() — sup max(0, N.(B) + [f(B) C u] - 1)),

win(1,1 - f(ClyA)(y) + FA)())
> inf inf min(1, 1~ Ny(z)(u) + supmax(0, N.(B) + [£(B) € u] = 1)) = [Co( )]

(b) To prove [a1(f)] < [as(f)]. For any B € P(Y), with f~ lf(Clyf-I(B)) 2
Clof~I(B), ff~I(B) € B,ff-(B) C B, f/(ff-1(B)) C f~!(B), we have

)
[Clf~(B) C fW(B)] > [ff(Clf(B)) C fI(B)
> [f7f(ClofI(B)) C FI(FF-N(B))] > [f(Clof

{
—~

Therefore,

[a2(f)]

inf[Cls f~(B) ¢
inf[£(Cly4) C F(A)] = al(f)J.

v

(c) We want to show that [as(f)] < [a3(f)]. In fact for any B € P(Y),
[Clof~I(B) € f7!(B) @ Fy(B) = infmin(1,1 - Clyf™/(B)(z) + f7(B)(2)) ® Fv(B)
= inf min(Fy (B), max(0, Fy (B) + f7/(B)(z) - Clyf7(B)(2))),

Fy(B)+ f7I(B)(z) - 1 [BCB]+f (B)(z) -1
<[f” (B)Qf \(B) + F(B)(z) - 1
= mfmin(1,1 - f(B)(z) + f7/(B)(2)) + f7I(B)(2) - 1
(B)(z), F(B)(2)) < £7I(B)(=),
[Clyf7I(B) € £7!(B)] @ Fy(B) < infmin(1,1 - Clof~|(B)(z) + f(B)(2))
= [fU(B) € T),
[Clof{(B) C F7I(B)] < (Fv(B) « [f(B) € F4)).

Therefore

< min(f~

[a2( f)] [(VB)(Clf~\(B) C £7\(B)]
(-

[(YB)(B € Fy)

IAN 1
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[@a(f)] = infmin(1,1 - Fy(B)+ F¥(7(B))
= infmin(1,1-U(Y\B) + To(X\f~(B)))
= infmin(1,1 - U(Y\B) + To(f (Y \B)))
= infmin(1,1 - U(w) + T(£(w))) = [a(f)].

(e) Finally, since [Csp(f)] = igfigfmin(l, 1- N}/(z)(u) + sup max(0, N (V) + [f(V) C
u] — 1)), it suffices to show that for any ¢ € X and u € P(Y),

min(1, 1 = Nji,(u) + sup max(0, No(V) + [f(V) € u] - 1)) > [ea(f)]-

If N}/(;p)(u) < Sl;pmax(O,Nz(V) + [f(V) C u] - 1), it holds obviously. Now assume
N}/(w)(") > 51‘1/p max(0, No(V) + [f(V) C u] - 1). In fact, V C f~!(u) implies f(V) C u.
Therefore
HOR sup max(0, N.(V) + [f(V) C ] - 1)
< N}y (w) — supmax(0, No(V) + [V € £7/(u)] - 1

= N}/(w)(u) - 51‘1/pmax(0, N.(V)+ iof (1-V(z))-1)

ze(f~I(V)©

= sup U(A)-supmax(0,N,(V)- sup V(z))
f(z)€ACu v z€f~Hu)

< sup (U(A) - supmax(0,N,(V)~ sup V(z)))
f(z)€ACu v z€f~1(AC)

= sup (U(A)—(1-infmin(1l,1 - N, (V)+ sup V(2))))
fz)€ACu v zef~1(4€)

= sup  (U(A) - (1-ClofTI(A%)(2)))
f(z)€ACu

< swp (U(A)- inf (1-ClfTi(A%)(2)))
Fx)EACu xeft(4)

= sup (U(4) - To(F7(4)).
f(x€ACu

min(1,1 — Ny, (u) + sgp max(0, N.(V) + [f(V) Cu] - 1))

: , _ -
> f(miggunun(l,l U(A) + To(f(A)))

> inf min(1, 1 - U(B) + T(f/(B)) = [as( )

Theorem 2.2 For any f € YX we set
(1) Bi(f) = (VA)f(CleA) C Clof(A));
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(2) Ba(f):= (VB)(ClefI(B) C f~! CleB))

(3) Bs(f):= (VB)(B € F}) - f \(B) € F¥);

(4) Ba(f):= (VB)(B €Uy — (B ) ),

(5) Bs(f):= ( B)(B e U) — (Clf~\(B) C f7I(B))).
Then = Co(f) — Bi(f),7=1,2,3,4,5.

Proof The proof is similar to that of Theorem 2.1.
Theorem 2.3 For any f € YX,C(f) = Co(f)-
Proof This proof is trivial.

3. #-Compactness in fuzzifying topology

Definition 3.1 Let ¥ be a class of fuzzifying topological space. A unary fuzzy predicate
Ty € F(X), called fuzzy 0-compactness, is given as follows:

To(X,T) := (VA)(Ko(A, X) — (3D)(D < A) A K(D,X) A FF(D)))
where Ko(A, X) = K(A X) A (A C Ty), K(A, X) = (Y2)(34)(z € 4 € A).
Theorem 3.1 = I(X,T) — To(X,T).
Theorem 3.2 Let (X, T) be a fuzzifying topological space, and let
mn = (VA)((A C Tg) A fI(A) — (3z)(VA) (A € A) — (z € 4)))

72 1= (VA)(IB)(((A C Fo) A (B € Tg)) A (YD)(D < A) A FF(D) —
~(AD C B) - ~(NAC B))
then =Te(X,7) & v;,1=1,2.

Where, fI(A) := (VB)((B < A) A FF(B) —» (3z)(VB)((B € B) — (z € B))) and
ND € F(X),z e ND := (VA (A €D — zc A).

Proof (a) First, we prove [[4(X,7T)] = [y1]. For any A € T(P(X)), we set

AC = / A(A)/AC
AeP(X)

Then

| (AC T) & (A° C Fo)i k= FF(A) & FF(AC); = (B < A%) & (B < 4);

| K(A4,X) o ~(32)(VA)((4 € A%) - (z € 4)); '

= ~fI(A°) & (3B)((B < A®) A FF(B) A ~(3z)(VB)((B € B) — (z € B))) =
(3B)(BS < A)A FF(B®) A K(B®,X) & (3D((D < A) A FF(D) A K(D, X)

o (VA)((AC C Fo) A FI(AS) - (F2)(VA) (A € A%) - (z € 4))) =
(VA)(AC C F) - (~(3)(VA)(A € AC) - (z € A)) = ~fI(A))) &
(VA)(A C Tp) = (K(A,X) — (3ID)(D < A) A K(D, X) A FF(D)))) <
(VA)((A C To) A K(A,X) - (3D)((D < A) A K(D, X) A FF(D))) = Ty(X,T).
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(b) Let B® € P(X) and for any A € F(P(X)), then
[(AU{B°}) C 7o)
= infmin(1,1 - (AU {BC}(A) + Fo(A))
= infmin(1,1 - A(A4) + 7)) A infmin(1,1 - [4 € {B°}] + Fo(4))
=[(A C Fo) A (BC € Fg)] = (A C F) A (B € Tg)).
For any B € F(P(X)),let D = B\{BC} ¢ ]—'(P(X)).

C
o -{ %0 4750

Then
D <B,DU{B°} > B,[FF(D)| = [FF(B)],[D < A] = [B < AU{B°})]
and
[(Y¥D)((P < A) A FF(D) — (32)(VA)(A € DU{B°Y}) - (z € 4)))]
= mf mm(l 1-[FF(D)]+ sup in}f('D U {B°})(4) x A(z)}

< BS(ALB{BC}) (1’]‘ - [FF(B)] + s‘:Pn}lfB(A) x A(z)) — [fI(AU {BC})]

Furthermore, we have

[11]® [((A € Fo) A (B € T)) A (YD)((D < A) A FF(D) — ~(ND) C B))]
= [n] @ [((AU{B°Y}) C Fy) A (YD)(D < A) A FF(D) —
(32)(VA)A € (DU{B}) - (z € 4)))]
=[] ® [((AU{B°}) C F4) A FI(AU{B})]
< [(3=z)(VA)(A € (AU{B°}) - (z € 4))]
= [~(NA C B)).

Therefore, [y1] < i&fsgp(((A C Fo)A(B € Fg)) A(VD)(D < A)AFF(D) - -(ND C
B)) = ~(NAC B)) = 1]

Conversely,

[v2] ® [(A € Fg) A FI(A)]

= [} @ [((A\{B}) u{B}) C Fo) A fI((A\{B}) U {B})]

= [12] ® [((A' € Fo) A (B € Ty)) A ((YD)((D < A') A FF(D) —

(3z)(VA)(A € (DU{B}) — (z € 4)))]

[12]® (4’ € Fo) A (BC € To)) A ((YD)((D < A') A FF(D) — ~(nD C BY))]
[~(nA" C B)] = [(32)(YA)((A € (A" U{B})) = (z € 4))]
[(3=2)(VA)((4 € A) = (= € 4))].

I VAN
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Therefore,

[2] < inf((A € Fo) A FI(A) = (32)(VA)((A € A) = (z € A))] = [n].

Theorem 3.3 For any fuzzifying topological space (X,T) and (Y,U) and f € YX is
surjection, = Tg(X,7T) A Co(f) — To(Y,U).

Proof The proof is omitted.
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