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Abstract: In the p resen t paper, w e first g ive som e examp les of m in im al su rfaces in the
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6
w ith constan t Kaβh ler angles and constan t cu rvatu res, and then
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11In troduction
L et S

6
be the un it sphere in R

7. T hen there is an almo st comp lex st ructu re J on S
6

w h ich m akes S
6

in to a nearly ∗ aβh ler m an ifo ld in the sense that , fo r any vecto r field X on

S
6 ,

(¨ X J) (X ) = 0, (1. 1)

w here ¨ deno tes the L evi2C ivita covarian t differen t ia t ion related to the standard m etric

on S
6 . In the past years, m uch p rogress has been m ade in the study on m in im al su rfaces

in S
6[125 ] . A s a natu ral ex tension, w e ob tained in [ 6 ] the fo llow ing rig id ity theo rem :

Theorem 1. 1 [6 ]　L et M be a comp lete and m in im a l imm ersed su rf ace in S
6

w ith constan t

K aβh ler ang le. If the Gauss cu rva tu re K Ε 0, then either K ≡0 or K ≡1.

T hus it is wo rthy to find all m in im al su rfaces in S
6
w ith constan t Kaβh ler angles and

constan t Gauss cu rvatu res K = 1 o r K = 0. N o te that no m in im al su rfaces ex ist in S
n (fo r

any n ) w ith constan t cu rvatu re K〈0 [7 ]. In th is paper, after som e p relim inary lemm as, w e

w ill g ive in Sect ion 3 examp les of superm in im al su rfaces in S
6
w ith constan t Kaβh ler angles

and constan t cu rvatu res K = 1 and K = 0. Fu rthermo re, w e are ab le to p rove theo rem s
show ing that these examp les are in a sense un ique ones, see T heo rem s 412 and 413 fo r
detail.
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2. Prel im inary L emmas

T h rough ou t th is paper, w e use the sam e no tat ions and conven t ions as in [ 6 ]. Fo r

examp le, the range of indices w ill be as fo llow s:

1 Φ A , B , C , ⋯ Φ 6, 　1 Φ i, j , k , ⋯ Φ 2,

3 Φ a , b, c, ⋯ Φ 4, 　5 Φ Α, Β, Χ, ⋯ Φ 6.

　　T he m ult ip licat ion of the Cayley num bers defines one cro ss2p roduct“×”on R
7

as

fo llow :

x × y =
1
2

(x y - y x ). (2. 1)

T he standard inner p roduct on R
7

can be refo rm u lated as

(x , y ) = -
1
2

(x y + y x ).

　　 It can be show n that
[8 ], the operat ion × in (2. 1) sat isfies the fo llow ing iden t ity:

x × (y × z ) + (x × y ) × z = 2 (x , z ) y - (x , y ) z - (y , z ) x. (2. 2)

Fu rthermo re, fo rm u la

Jx (X ) = x × X , 　x ∈ S
6, 　X ∈ T xS

6 (2. 3)

defines an almo st comp lex st ructu re J on S
6 , w h ich is also nearly Kaβh lerian in the sense

of (1. 1).

D efine a subgroup G 2 of the o rthogonal group O (7) by

G 2 = {g ∈O (7) ; g (x × y ) = g (x ) × g (y ) }, fo r all x , y ∈ R7. (2. 4)

T hen G 2 is no th ing bu t the group of ism etries on S
6
p reserving the nearly Kaβh ler st ructu re

J
[4 ], [5 ].

N ow letM be an o rien ted m etric su rface, that is, an o rien ted R iem ann ian m an ifo ld of

dim ension 2, and x be a m in im al imm ersion ofM in to S
6 . Fo r any o rthono rm al fram e {e1,

e2} on M , the Kaβh ler angle of x is the angle Ηbetw een J (d x (e1) ) and d x (e2) on S
6 , sa t is2

fying 0 Φ ΗΦ Π [6 ]. In w hat fo llow s, w e w rite ei also fo r d x (ei) to simp lify m at ters.

Start ing from any o rthono rm al fram e field {e1, e2} onM , w e can const ruct along x an

o rthono rm al fram e field E = {ei, ea, eΑ} on S
6 , such that the fo llow ing are sat isfied in case

Η≠ 0, Π[6 ] :

J (e1) = e2co sΗ+ e3sinΗ, J (e2) = - e1co sΗ+ e4sinΗ,

J (e3) = - e1sinΗ- e4co sΗ, J (e4) = - e2sinΗ+ e3co sΗ,

(¨ e1J) (e2) = 3D e5sinΗ, J (e5) = e6,

(215)

w here e′Αs are free of the cho ice of ei and globally defined, w h ile e′a s depend on ei . Such a

fram e field E , o r the co rresponding {x ; ei, ea, eΑ} , of S
6

along x w ill be called“sp ecia l”in

the sequel, w here x deno tes the po sit ion vecto r in R
7.
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　　L et {ΞA } be the dual fram e field of {eA }, and ΞA B the componen ts of the L evi2C ivita con2
nect ion of S

6
w ith respect to the specia l fram e field E along x. Pu t

Ξia = ∑ha
ij Ξj , ΞiΑ = ∑h Α

ij Ξj ,

then one can p rove:

L emma 211 [6 ]　If sinΗ≠0, then the f ollow ing id en tities hold f or the im m ersion x :

Ξ16 + Ξ25co sΗ+ Ξ35 sinΗ= - Ξ2 sinΗ,

Ξ26 - Ξ15co sΗ+ Ξ45 sinΗ= Ξ1 sinΗ,
(2. 6)

Ξ15 = Ξ26co sΗ+ Ξ36 sinΗ, Ξ25 = - Ξ16co sΗ+ Ξ46 sinΗ, (217)

d Η= Ξ14 - Ξ23, (Ξ13 + Ξ24) co sΗ+ (Ξ34 - Ξ12) sinΗ= 0. (218)

L emma 212 [6 ]　If x is m in im a l w ith constan t K aβh ler ang le Η≠ 0, Π, then a long x , the

f ollow ing id en tities hold:

Ξ34 = Ξ12, Ξ13 + Ξ24 = 0, Ξ56 = 0, (219)

[ (h
5
11)

2 + (h
5
12) + (h

6
11)

2 + (h
6
12)

2 ]co sΗ= 2 (h
5
11h

6
12 - h

5
12h

6
11). (2110)

　　U sing (212) , (213) and (215) , it is easy to p rove ano ther lemm a:

L emma 213　F or any im m ersion x of M in to S
6, if the K aβh ler ang le Η≠0, Π, then the

f ollow ing equa lities hold :

e5 × e6 = x , e3 × e4 = cscΗx × (e1 × e4) - cscΗco tΗx + co t2Ηe1 × e2, (2. 11)

e3 × e5 = 2cscΗx × (e1 × e5) 2co tΗe2 × e5,

e4 × e5 = 2cscΗx × (e2 × e5) + co tΗe1 × e5,
(2. 12)

e3 × e6 = 2sinΗe1 × e52co sΗe4 × e5,

e4 × e6 = 2sinΗe2 × e5 + co sΗe3 × e5,
(2. 13)

w here cscΗ=
1

sinΗ.

3. Exam ples

　　N ow w e give tw o exam p les of m in im alsu rfaces in S
6 , w h ich are of con stan t cu r2

vatu res and con stan t Kaβh ler ang les.

Exam ple 3. 1　L et S
2 = { (x 1, x 2, x 3) ∈R3; x

2
1 + x

2
2 + x

2
3 = 1} , Η∈ [0, Π] . D efine x :

S
2 → S

6 < R7
as

x (x 1, x 2, x 3) = (x 1, x 2, x 3co sΗ, x 3 sinΗ, 0, 0, 0). (3. 1)
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T hen fo r any local iso therm al coodinates (u , v ) on S
2 ,

J
5x
5u

= (x 2
5x 3

5u
co sΗ- x 3

5x 2

5u
co sΗ, x 3

5x 1

5u
co sΗ- x 1

5x 3

5u
co sΗ,

x 1
5x 2

5u
- x 2

5x 1

5u
, 0, x 1

5x 4

5u
- x 4

5x 1

5u
, 0, 0) ,

(J
5x
5u

,
5x
5v

) = 〈co sΗ(x 2
5x 3

5u
- x 3

5x 2

5u
, x 3

5x 1

5u
- x 1

5x 3

5u
, 　　　　　　　

x 1
5x 2

5u
- x 2

5x 1

5u
) , (

5x 1

5v
,

5x 2

5v
,

5x 3

5v
)〉. 　　

w here〈õ, õ〉deno tes the standard inner p roduct in R
3. If w e pu t

Κ= û 5x
5u

û = û 5x
5v

ûand e1 =
1
Κ

5x
5u

, e2 =
1
Κ

5x
5v

,

then by the fact that S
2

is a un it sphere in R3, w e can w rite

(Je1, e2) = co sΗ. (3. 2)

T hus, the Kaβh ler angle of x equals iden t ically to Η. C learly, K ≡ 1.

Exam ple 3. 2　L et Ηbe as in Examp le 3. 1, and define ( cf. [ 5 ])

　　　x Η(u , v ) =
1

3
(co s ( 1

3
Η+ 2 v ) , co s ( 1

3
Η+

3
2

u -
1

2
v ) ,

co s ( 1
3

Η-
3
2

u -
1

2
v ) , 0, - sin ( 1

3
Η+ 2 v ) ,

- sin ( 1
3

Η+
3
2

u -
1

2
v ) , - sin ( 1

3
Η-

3
2

u -
1

2
v ) ) ,

(u , v ) ∈ R2. (3. 3)

It is easily verif ied that x Η is a m in im al imm ersion of the fla t R
2

in to S
6 , i. e. , K ≡ 0. L et

e1 =
5x Η

5u
, 　e2 =

5x Η

5v
.

By fu rther ca lcu la t ion s, w e can find the specia l fram e field {e1, e2, e3, e4, e5, e6} of x Η. In part icu la r
w e have

　　 　　　Je1 = ( 2
3

sin ( 2
3

Η- 2 v ) , -
1

6
sin ( 2

3
Η-

3

6
u +

1

2
v ) ,

-
1

6
sin ( 2

3
Η+

3

6
u +

1

2
v ) , 0, -

2
3

co s ( 2
3

Η- 2 v ) ,

1

6
co s ( 2

3
Η-

3

6
u +

1

2
v ) ,

1

6
co s ( 2

3
Η+

3

6
u +

1

2
v ) ) ,

　　　　　　e2 = (-
2
3

sin ( 1
3

Η+ 2 v ) ,
1

6
sin ( 1

3
Η+

3
2

u -
1

2
v ) ,

1

6
sin ( 1

3
Η-

3
2

u -
1

2
v ) , 0, -

2
3

co s ( 1
3

Η+ 2 v ) ,

1

6
co s ( 1

3
Η+

3
2

u -
1

2
v ) ,

1

6
co s ( 1

3
Η-

3
2

u -
1

2
v ) ).
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T herefo re

(Je1, e2) = co sΗ,

i. e. , x Η has con stan t Kaβh ler angle Η. T he com ponen ts fo r the second fundam en ta l fo rm of x Η are

as fo llow s:

h 3
11 = - h 4

12 = - h 4
21 = - h 3

22 =
1

2
,

h 4
11 = h 4

22 = h 3
12 = h 3

21 = 0, h 5
ij = h 6

ij = 0, i, j = 1, 2.

4. Un iqueness Theorem s

　 In th is sect ion, w e p rove tw o un iqueness theo rem s.

Theorem 4. 1　L et M be a connected m etric su rface, x, xζ be tw o m in im al imm ersion s ofM in to S 6

w ith con stan t Kaβh ler angle Η, Ηυ respect ively, 0〈Η, Ηυ〈Π. Suppo se tha t, w ith respect to tw o specia l

fram e fields a long x and x determ ined by a sam e loca l fram e field onM , the connect ion m atrices

Ξ, Ξ� of R7 equal to each o ther. T hen x is G 2 2congruen t to x if and on ly if Ηυ= Η.

Proof　L et {x ; ei, ea , eΑ} and its t ilde deno te the tw o specia l fram e fields of x , x ju st m en t ioned.

　 If G is a subgroup ofO (7) , T hen, the term of x being G2cong ruen t to x is equ iva len t to x = g õ
x fo r som e g ∈G . Since G 2 is the au tom o rph ism group of the nearly Kaβh ler sphere S 6 , the“on ly

if”part of the p ropo sit ion is t rivia l.

　Fo r the“if”part, w e need a fundam en ta l theo rem of R iem ann geom etry. By th is theo rem and

the assum p tion, there is som e g ∈O (7) such tha t, a t any po in t ofM , the specia l fram e fields of

x and x are g 2rela ted, i. e. ,

x = g õ x , eυA = g õ eA , 1 Φ A Φ 6. (4. 1)

　　Since the Kaβh ler angles of x and x are a sam e con stan t, w e see from (2. 3) , (2. 5) and (4. 1)

tha t,

J (g (eA ) ) = g J (eA ) , (4. 2)

o r, equ iva len t ly,

x × eυA = g (x × eA ). (4. 3)

　　T ake differen t ia t ion s of (4. 3) , w e get

∑Ξieυi × eυA + ∑ΞA B x × eυB = ∑Ξig (ei × eA ) + ∑ΞA B g (x × eB ).

T hu s by (4. 3) , w e have

g (ei × eA ) = eυi × eυA = g (ei) × g (eA ). (4. 4)
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N ow , w e can u se L emm a 2. 3 w ith (4. 3) and (4. 4) to get

g (e3 × e4) = g (e3) × g (e4) , g (e5 × e6) = g (e5) × g (e6) ,

g (e3 × e5) = g (e3) × g (e5) , g (e4 × e5) = g (e4) × g (e5) ,

g (e3 × e6) = g (e3) × g (e6) , g (e4 × e6) = g (e4) × g (e6).

(4. 5)

　F ix one po in t o on M . {x ; ei, ea , eΑ} at o is a standard basis fo r R7 , and a ll the rela t ion s from

(4. 3) to (4. 5) are equ iva len t to g ∈G 2 (cf. the defin it ion (2. 4) of G 2 ). □

　N ow w e are in a po sit ion to p rove ou r un iquness theo rem s.

　F irst, if the Gau ss cu rva tu re K ≡ 1 , then x is to ta lly geodesic. T hu s the fo llow ing theo rem is a

d irect con sequence of T heo rem 4. 1.

Theorem 4. 2　L etM be a com p lete and connected m etric su rface, and x be a m in im al imm ersion

ofM in to S 6 w ith con stan t Kaβh ler angle Η∈ (0, Π) . If the Gau ss cu rva tu re K ≡ 1 , then up to a

G 2 2congruence, x ex ists un iquely.

　Sim ila rly, w e have fo r the case K ≡ 0 ,

Theorem 4. 3　L et R2 be the 2 2p lane w ith the standard fla t m etric, and x be a superm in im al im 2
m ersion of R2 in to S 6 w ith con stan t Kaβh ler angle Η∈ (0, Π) . T hen, up to a G 2 2congruence and a

ro ta t ion on R2 , x ex ists un iquely.

Proof　L et (u , v ) be the canon ica l coo rd ina tes on R2 such tha t the standard fla t m etric is w rit ten

by d s2 = d u 2 + d v 2 . Set e1 =
5

5u
, e2 =

5
5v

and thu s {Ξ1, Ξ2} = {d u , d v }. T herefo re by (2. 9) ,

Ξ34 = Ξ12 ≡ 0. (4. 6)

　N o te tha t a ro ta t ion on R2 does no t change the standard m etric and the com p lex structu re, it

m akes no change on the Kaβh ler angle of x .

　Becau se of P ropo sit ion 4. 1, w e need on ly to show tha t the connect ion m atrix of R2 , w ith re2
spect to the“specia l’’ fram e field a long x , can be un iquely determ ined. To th is end, let E = {ei,

ea , eΑ} be the specia l fram e field a long x determ ined by e1 and e2 , and ha
ij , hΑ

ij the com ponen ts of the

second fundam en ta l fo rm of x w ith respect to E .

　Set

H a = ha
11 - - 1ha

12, H Α = h Α
11 - - 1hΑ

12,

and

f = û∑
a

H 2
a + ∑

Α
H 2

Αû 2.

T hen f is a g loba lly defined, and x is ca lled superm in im al if f ≡ 0.

　Since H a
2 ≡ 0 by the m in im ality and (2. 9) , f ≡ 0 if and on ly if ∑

Α
H 2

Α≡ 0 , w h ich is equ iva len t

to
(h 5

11) 2 + (h 6
11) 2 = (h 5

12) 2 + (h6
12) 2, h 5

11h
5
12 = - h 6

11h
6
12. (4. 7)

　Su itab ly choo se the fram e {e1, e2} , w e can assum e tha t h 6
12 = 0 , thu s by (2. 10) and (4. 7) ,

h 5
ij = h 6

ij = 0, (4. 8)
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w h ich is independen t of the cho ice of {e1, e2}. (4. 8) together w ith (2. 6) and (2. 7) , show s tha t

Ξ35 = - Ξ2, Ξ45 = Ξ1, Ξ36 = Ξ46 = 0. (4. 9)

　N ex t, w e are to determ ine ha
ij ’s. By Gau ssian equat ion and the fla tness,

∑
i, j , a

(ha
ij ) 2 = 2. (4. 10)

D ue to (2. 9) , (4. 10) becom es

(h 3
11) 2 + (h 3

12) 2 =
1
2

.

T hu s there is a funct ion t , such tha t

h 3
11 =

1

2
co s t, h 3

12 =
1

2
sin t, h 4

11 =
1

2
sin t, h 4

12 = -
1

2
co s t. (4. 11)

T herefo re,

Ξ13 =
1

2
(Ξ1 co s t + Ξ2 sin t) , Ξ23 =

1

2
(Ξ1 sin t - Ξ2 co s t). (4. 12)

　T ake ex terna l d ifferen t ia t ion s of (4. 12) u sing (4. 6) and (4. 8) , w e get

d t ∧ Ξ1 = d t ∧ Ξ2 = 0,

T hese are equ iva len t to d t = 0 , tha t is, t = con st. In part icu la r, ha
ij are a ll con stan t on R2 .

　To find the va lue of t , w e no te first tha t, if the fram e {e1, e2} is changed to {eυ1, eυ2} by

eυ1 = e1 co s Á + e2 sin Á , eυ2 = - e1 sin Á + e2 co s Á , (4. 13)

T hen {e3, e4} m u st change in to

eυ3 = e3 co s Á + e4 sin Á , eυ4 = - e3 sin Á + e4 co s Á . (4. 14)

U sing (4. 13) and (4. 14) , w e derive tha t

hζ3
11 = h 3

11 co s 3Á + h 3
12 sin 3Á , hζ3

12 = - h 3
11 sin 3Á + h 3

12 co s 3Á .

　 If h 3
12 ≠ 0 , w e can choo se Á su itab ly, such tha t hζ3

12 = 0. W ithou t lo ss of genera lity, w e assum e

h 3
12 = 0 and co s t = 1. So tha t (4. 11) becom es

h 3
11 = - h 4

12 =
1

2
, and h 3

12 = h 4
11 = 0. (4. 15)

　Com b ine fo rm u las ob ta ined, one sees tha t, w ith a ro ta t ion on R2 if necessary, the connect ion

m atrix of R7 a long x can be w rit ten as fo llow s:

0 - du - dv 0 0 0 0

du 0 0 -
1

2
du

1

2
dv 0 0

dv 0 0
1

2
dv

1

2
du 0 0

0
1

2
du -

1

2
dv 0 0 dv 0

0 -
1

2
dv -

1

2
du 0 0 - du 0

0 0 0 - dv du 0 0

0 0 0 0 0 0 0

, (4116)
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w h ich is un iquely determ ined. 　□
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S 6 中具有常数 Kaβh ler 角和常数曲率的极小曲面

李　兴　校
(河南师范大学数学系, 河南新乡453002)

摘　要

　　本文给出了近 Kaβh ler 球面 S 6 中具有常数 Kaβh ler 角和常数曲率的极小曲面的例子, 同时证明

了两个唯一性定理.
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