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W eak Hopf Algebrasand Regular M onoids
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Abstract: W eak Hopf algebra is defined The am of thiswork is to study the relations betw een
thew eak antipode of aw eak Hopf algelra and themonoid of group-like elanents At first, the au-
thor show s some properties of weak Hopf algebras A nd, for ssmeweak Hopf algebras, some
propertiesof thew eak antipodes are given if themonoidsof group-like elanents are inverseor or-
thodox samnigroups At end, the author getsaw eak Hopf algebraw hosemonoid of group-like ele-
ments is regular.
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1 Introduction

Inw hat follow s, H alw ays denotes a bialgebra over a field K .

It isknow n that for every bialgebraH the set of all group-like elenentsG(H ) = {g H: €(g)
= landA(g) = g ® g} fomsamonoidw ith themultiplication of H .

SetR= Hom«(H ,H). Forf,g R, definef *g=m(f x g)A. Itiseasy to see thatR isan
algebra over K w ith themultiplication * and u€is the identity of this algebraR.

A bialgebraH iscalled H qof algebra!” if there existsS R such thatS* ld= Id*S = ue. S
is called an antipode For aHopf algebraH , themonoidG (H ) isa group '

A bialgebraH iscalled a lgt (rep. right) H opf algebra”if there isS R = Homk (H ,H)
such thatS * Id= u€e(reg. , Id*S = u€). Siscalled aldt (rep right) antipodeofH .

Now, abialgebraH isdefined asaw eak H opf algebra if thereisT  Homk (H ,H ) such that
[d*T*Id= IdandT = T * Id* T. ThisT iscalled aw eak antipode

It isobvious that every left (regp. right) Hopf algebraw ith a left (rep. right) antipodeS isa
w eak Hopf algebra and S isaw eak antipode Hencew e have the follow ing relations
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Hopf algebra

/ \\—
Left Hopf algebra Right Hopf algebra
\

Weak Hopf algebra
Bialgebra

The am of thiswork is to study the relations betw een bialgebras and their monoids of group-
like elanents In particular, wew ill discuss thew eak antipode and themonoid of group-like ele-
mentsof aw eak Hopf algebra

In this paper, the notations and concepts about Hopf algebras and samigroups can be found
regpectively in [1] and [3]

2 On weak antipodes

Fact 2 1 A bialgebraH isaweak H opf algebra if and only if thereisT' Hom«(H ,H ) such
that Id* T'* Id= Id.

Proof “ only if” isobvious

“if" Let T = T'*Ild*T'. Thus, Id*T*Id = IWd*(T'*I1d*T')*Id
(d*T'*1d)*T'*I1d= Id*T'*I1d= Id; T*Id*T = (T'*Kd*T")*Id* (T'*I1d*T') =
T'*(d*T'"*I1d)*T'"*1d*T'= T'* (d*T'*Id)*T'=T'*1d*T'= T. ThenT isaweak
antipode O

Every Hopf algebra possesses a unique antipode How ever, usually, aw eak Hopf algebramay
have one or morew eak antipodes a left (right, resp. ) Hopf algebramay also have one or more
left (right, resp. ) antipodes (see [2]).

LetT H®H - H OH be the wistmapping defined by Th® h') = h' ® hforallh,h’ H
and letm®:H ®H -H, A" H - H ®H bethemappingsdefined bym® = mT, A* = TA (the
oppositemultiplication and the opposite comultiplication). Then it is esay to see'® thatH o0 =
H;m,u Agd,Hau= H;m,u, A% €, Hw= H;m*,u A&, Hu= H;m* u, A", ¢ are
bialgebras aswell (of course, H w is the bialgebraw e started w ith).

For aHopf algebraH with an antipodeS , we know in [4] thatH 1 isaHopf algebraw ith the

antipodeS ; andH o (rep. H 1) isaHopf algebra if and only if S is invertible, in thiscaseS™ *is
the antipodeof H a (rep. H 10). Forweak Hopf algebras, we have the follow ing statements

Theoran 2 2 LetH = Hobeaweak H opf algebraw ith aw eak antipodeT. Then

(a) the bialgebraH 11 isaw eak H opf algebraw ith thew eak antipodeT ;

(b) the bialgebra H oo (resp. H 10) is a weak H opf algebra if and only if there exists P
Homk (H ,H ) such thatmuzs(Id® T @ Id)Az= mza(Id® P @ Id) Aew hereAz= (A® Id) A, mi2s
=mm® Id) andmsz= mTm @ Id) (T® Id). In thiscase, H u (rep. H 1) has thew eak an-
tipodeT%= P * Id* P

(c) the bialgebraH o (rep. H 10) isaweak H opf algebra if one o the follaw ing conditions is
satis ied:

(i) LetE= {g: ] J}beabasisd H. If foranyi,j,k J, thereisax J such thategae
= e(Te)s;
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123
(ii) Asa sanigroup about themultip licationm, H is 3-raw riteable f or the pemutation [3 ) J :

(iii) H is canmutative or cocanm utative

Proof (a) follow sdirectly from the definition of H 1. For (b), let usprove the statement con-
cerningH 1. Smilarly forH ox.

“if": ForHw, Id*P*Id= 1d* M®P O Id)A) = mT(Id O mT(P ® Id)A)A = mT(ld ®
MD(dOP O Id) (Id®A)A=mTMTO Id) (IO P @ Id) (A Id)A= mzz(IdO P ® Id)Az =
Ms(Id® T @ Id)Az; and forH o, Id= Id* T * Id= m(Id@m (T @ Id)A)A= m (Id®m) (Id
OTOId)(IdO A)A= mus(IdO T @ Id)A2. ThenforH 10, Id* P * Id= Id. ItmeansthatH 1o
isaw eak Hopf algebraw ith aw eak antipodeT?= P * Id* P by Fact 2 1 and its proof.

“only if": Let P be aweak antipode of H 0. A s prove above, forH o, lId= Id*P * Id =
Man(ld® P ® Id)Az2; forHow, Id= Id*T* ld= mis(ld® T ® Id)Az2. Hencemsn(ld® P ®
Id)Az= mzs(ld® T ® Id)A)As.

(c) (i) LetP Homk(H,H) such thatP (e) = acforanyk J. Theneg(Pe)e= e(Te)eg

It followsz(Py)x = x(Ty)zforanyx,y,z H. Thus ms(ld® T ® Id)Az(a) = msn(Id®
P® Id)A:(a) foranya H . By (b), Ha isaweak Hopf algebra

(i) By [5], a samigroupA is said to ben -rew riteable if for any sequence of elanentsxi, , Xn

A we havexiXxz Xn= XouXo@ Xom fOr ome nontrivial pemutation oof n symbols H is 3-

rew riteable for the pem utation 223 ., henceforanyi,j,k J,e(Te)e= e(Te)e. Then the

result follow s from ().

(iii) H is3-rewriteab|efor[i§j if it iscommutative Then the result follow sfrom (ii). IfH

is cocommutative, thenA= T andforanya H, mus (Id® T @ 1d) Az(a) = mus (IdO T @
Id) (TA®Id) TA(a) = Mz (IO T O 1d) (Lwap @ ap @ aw) = LwanT (aw)aw = ma (Id®
T ®ld) A2(a). Thus, mus (10O T OId) Ao = maa (Id® T @ Id) A.. Then the result follow s
from (b). O

It is interesting to compare thisproposition w ith the similar result on Hopf algebras .

A coording to [6], abialgebraH is called almost cocanmutative if there exists an invertible ele-
mentQ H OH such thatforalla H, T™A(a) = QA(a)Q *. Moreover, abialgebraH iscalled
a quasitriangular bialgebra if H is amost cooommutative for an invertible elenentQ HO®H

such that (A® 1d) Q) = Q™ Q%, (Id® A) Q) = Q*Q*whereQ = > a0b, QY= > a0
b® 1 Q%= 2 1®a®bandQ®= z a® 10 b (seealo [7]).

Proposition 2 3 If (H,Q) isa quasitriangular w eak H gpf algebraw ith aw eak antipodeT , then
the triangular reIatioanZQ 13Q23 = QBQ 13Q © holds, asw ell as the relations hold:
MO T)A® Id) Q) = 101, (D
(€@ 1) Q)= 1= (dO ¢ Q). (2)
W henH aisaw eak H opf algebraw ithw eak antipodeT®, then the dual relation & (1) holds (Id
OmT(T'® Id)A) Q) = 1O 1.
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Proof (2) isproved in [7]
Q = Zai®bi: z (Id) (a) ® bi = Z i(|d""T"‘ Id) (ai) ® bi

Z Miz(ldO® T O Id)A2(a) O b

Mk(Id@ T O Id) (A® Id) ® Id](A® Id) Q)
Me(ldO T O Id) (A Id) ® 1d] QQ%)

MO 1) (1WO T O 14O 1) (AO 1HO 1d) (Y @ 10 b) (J 10 a O b)

Z (M2 ® Id) (Z a1 ® Ta:2.® a ® bb) (letA(a) = Z ain ® ap)
)

=)
i

Z (ZI) ain(Ta)a ® bb) = Z (ZI) ai1(Taiz) ® b)O.
HenceQ = [Z '(Z (ai)ail(TaiZ) ® h) Q. Then 1®1= z '(z (ai)ail(Taiz) ® b). But
Z (Z,) ail(TaiZ) ® bi) = Z (m (ZI) ai; ® Taiz) ® bi)
= (m® Id) (Z (Z air® Taz) @ b)
v )

MO Id)(IdO T © Id) (Z (Z ain @ ai) O b)
. )

MOI)(IdATO Id)A® Id)Q)= M(IdB® T)A® Id) Q).
Hencem(Id® T)(A® Id]Q) = 1® 1.

It is easy to see that (H u, Q) is a quasitriangular w eak Hopf algebraw ith thew eak antipode
T, thenby (), M(Id® THYTA® Id)(RQ) = 1@ 1. Then(IdOmM(IdO THTA) Q) = 10
1. Itfollowsthat (IdOmT(T*® Id)A) Q) = 1® 1. O

Through the concept of a quasitrianglar w eak Hopf algebra and Proposition 2 3, we can find

some relations betw een w eak Hopf algebras and the theory of quantum groupsw hich is mportant

in mathem atical physics (see [7]).
3 On themonoid of group-like elenents

Now w e discuss the relations betw een thew eak antipode of aw eak Hopf algebra and the regu-
larity of themonoid of group-like elements

In a sanigroup S, foreverya S, denoteV (a) asthe set of all inversesof a; E (S) as the set
of all idempotentsof S; for everye E(S), denoteE (e) as the setV (e) (see [3]).

At first, suppose that T (G(H )) C G(H ). It is equivalent to AT |oe) = (T @ T)A |se).

Proposition 3 1 For aw eak H opf algebra H with aw eak antipode T,if T(G(H))CG(H ), then

G(H ) isa regular monoid.

Proof Foreveryg GH), g= Id(g)= (Id*T *1d)(g) = 9T (g)g.ButT(g) G(H). Then
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g isaregular element inG(H ). SOG(H ) isregular O

Proposition 3 2 For aw eak H opf algebraH w ith aw eak antipode T,if T(G(H))CG(H ) and G
(H) isan inverse sanigroup, then the f ollav ing statements hold:
(a) Forevery g G(H),T(g)= g’ theuniqueinversed g inG(H );
(b) For every other w eak antipode T1(if it exists), T1loe)= T |oe;
(c) T isasanigroup antimorphisn on G(H ), and is an algebra antimorphisn on KG(H );
(d) Ker(T |G(H))= {(@b) GH)XGMH): T(a)=T(b)} isa congruence on G (H ).

Proof (a) g= gT(g)gandT(g) = T(g)gT(g). ThenT(g) V (g).But IV (g)|= 1 (see
[3]). HenceT (g) = g'.

(b) Foranyg G(H), gT1(g)g= gandT1(g)gT:(g) = T:(g). SoTi(g) V(g). But
|V (9) |: 1. ThusTi(g) = T(g) = ¢g'.

(c) By (a), T(g) = g'foreveryg G(H).By [3,p. 131, Prop. 1 4], (g9:92)' = g'2g'1forgx,
gz G(H). SoT isasanigroup antimorphisn onG (H ) ,moreover, is an algebra antimorphisn
onKG(H).

(d) Foranya,b,c G(H),ifT(a)= T(b),thenT(ac) = T(c)T(a) = T(c)T (b) = T (bc).
Smilarly, T (ca) = T (cb).By [3, p. 21],Ker (T |G(H)) isaocongruence O

Theoran 3 3 For aweak H opf algebraH with aw eak antipodeT , if T(G(H)) C G(H) and
G(H ) isan orthodox sanigroup, then the follav ing statements hold:
(a) Foranya,b GMH), T(ab)D T(b)T(a) andD v = D11 = D an;
(b) Foreveryg G(H),V(g)= E(T(9)g)T(9)E@T(9));
(c) Fora,b GMH),if T(@ = T(), thenV (a) =V (b);
(d) 1fV(a) =V (b) mpliesT(a) = T(b) foranya,b G(H) , thenKer(T |se)) = {(a,b)
GMH) x GH): T(a) = T(b)} isthe snallest inverse sanigroup congruence on G (H ).

Proof (@) T(a) V(a), T(b) V(b), T(ab) V (ab). By[3, p. 187], T(b)T (a) V (ab).
Andby [3, p. 46], T(ab) Da, T(0)T(a) Da. HenceT (ab) D T (b)T (a) andD 1@ = Dr1(
= Da.

(b) SinceT (g) V (g), the result follow sfrom [3, p. 189, Prop. 1 9]

(c) SinceT(a) V(a),T(b) V(b ,thenv(a) nV(b)#z AwvhenT (a) = T (b).By [3, p.
189, Theoren 1 10],V (a) = V (b).

(d) By (c),we know that in thiscase fora,b G(H ),T (a) = T (b) if and only ifV (a) =
V (b). HenceKer(T |s¢)) = {(a,b) GH) x GH):V (a) = V (b)}. By [3,p 190, Theorem
1 12], it is the snallest inverse sanigroup congruenceonG(H ). O

Usually, T(G(H)) C G(H ) does not hold In this case,wew ant to know whetherG(H ) isa
regular monoid

About G (H ) of aleft Hopf algebraH , the authors™ got that for a left Hopf algebraH w hich is
pointed as a coalgebra, G (H ) is a group. Here a coalgebra is called pointed if its all smple sub-
coalgebras are 1-dimensional

A bout G (H ) of aweak Hopf algebraH , we obtain the smilar result:

Theoran 3 4 L etH beaweak H opf algebraw hich is pointed as a coalgebra, thenG(H ) isa reg-
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ular monoid.

Proof The coradical™® of a coalgebra is the sum of all smple subooalgebra SinceH is pointed,
the coradical H oof H is the direct sum of all 1-dimensional suboalgebraskg(g G(H)). Let
{H .} be the coradical filtration'® of H. ThenHo C H:C CH withH = HiandAH.) C

z In Hi® Hni. By the litting theorem of [9], there is a coalgebraprojection Tof H ontoH o

such that is the identity onH o.
Now we prove that foreveryg G (H ), m(gH g) C gH og by inducation on the coradical filtra-
tionof H . SincegH og C H o, TTis the identity ongH og. Since

AH ., C ZOHi(DHn-iCHo@H + H ©OH. foreveryn= 1,
one has
A(gH ng) = A(g)AH )A(g) C gHog ® gHg+ gHg® gH n 10
Suppose TT(gH » 19) C gH og. Thus

Att(gH 1g) (mM® MA(gH ng) C (MO m) (gH og @ gH g + gH g ® gH « 19)
T (gH og) @ m(gH g) + m(gH g) ® m(gH n 19) C

gHog @Ho+ Ho® gH og

by induction LetH o= gH og ® X wheregH og has a basis{ghig} for smehi G(H ). Then

AT(gH ng) C gHog ® (gH og @ X) + (gH og ® X ) ® gH og
= gHog ®gHog+ gHog ® X + X ® gH og.

Ify 1(gH ~g) ,theny H oby the above W ritingy = z oghig + z Bixi. Then
Ay = z oghig @ ghig + z Bixi @ xi
Sincey  m(gH ng) , we have

Ay gHog®gHog+ gHog® X + X ® gH og
by the above But

Xi®x; /gHog @ gHog+ gHog @ X + X ® gH og for any xj,
therefore Bi= Oforanyj. Thus
y = Zo&ghig gH og.

It meansT(gH »g) C gH og for any n. Hencem(gH g) C gH og. g= Tr(g) sinceTTis the identity on
gHog. Andg= gT(g)g. Then

g= mgT(g)g) m(gH g) C gH og.
Sowecanwriteg = z Y¥ghig for me ¥ K. Henceg = ghig for oamei, since the elenents

of G(H ) is linear indegpendent over K by [1]. It saysthatanyg G(H ) isregular O
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