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Abstract: W eak Hopf algeb ra is defined. T he aim of th is w o rk is to study the relat ions betw een

the w eak an tipode of a w eak Hopf algelra and the mono id of group 2like elem en ts. A t first, the au2
tho r show s som e p ropert ies of w eak Hopf algeb ras. A nd, fo r som e w eak Hopf algeb ras, som e

p ropert ies of the w eak an tipodes are given if the mono ids of group 2like elem en ts are inverse o r o r2
thodox sem igroup s. A t end, the au tho r gets a w eak Hopf algeb ra w ho se mono id of group2like ele2
m ents is regu lar.
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1. In troduction

　 In w hat fo llow s, H a lw ays deno tes a b ia lgeb ra over a field K .

　 It is know n tha t fo r every b ia lgeb ra H the set of a ll g roup 2like elem en tsG (H ) = {g ∈H : Ε(g )

= 1 and ∃ (g ) = g ª g } fo rm s a m ono id w ith the m u lt ip lica t ion of H .

　Set R = Hom K (H , H ) . Fo r f , g ∈R , define f 3 g = m (f ×g ) ∃ . It is easy to see tha t R is an

a lgeb ra over K w ith the m u lt ip lica t ion 3 and uΕis the iden t ity of th is a lgeb ra R .

　A b ia lgeb ra H is ca lled H opf a lg ebra
[ 1 ] if there ex ists S ∈R such tha t S 3 Id = Id3 S = uΕ. S

is ca lled an an tip od e. Fo r a Hopf a lgeb ra H , the m ono id G (H ) is a group [ 1 ].

　A b ia lgeb ra H is ca lled a lef t ( resp. rig h t) H opf a lg ebra
[ 2 ] if there is S ∈ R = Hom K (H , H )

such tha t S 3 Id = uΕ ( resp. , Id3 S = uΕ) . S is ca lled a lef t ( resp. rig h t) an tip od e of H .

　N ow , a b ia lgeb ra H is defined as a w eak H opf a lg ebra if there is T ∈Hom K (H , H ) such tha t

Id3 T 3 Id = Id and T = T 3 Id3 T . T h is T is ca lled a w eak an tip od e.

　 It is obviou s tha t every left (resp. righ t) Hopf a lgeb ra w ith a left ( resp. righ t) an t ipode S is a

w eak Hopf a lgeb ra and S is a w eak an t ipode. H ence w e have the fo llow ing rela t ion s:
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B ia lgeb ra

　T he aim of th is w o rk is to study the rela t ion s betw een b ia lgeb ras and their m ono ids of group 2
like elem en ts. In part icu la r, w e w ill d iscu ss the w eak an t ipode and the m ono id of group 2like ele2
m en ts of a w eak Hopf a lgeb ra.

In th is paper, the no ta t ion s and concep ts abou t Hopf a lgeb ras and sem igroup s can be found

respect ively in [1 ] and [3 ].

2. On weak an tipodes

Fact 2. 1　A bia lg ebra H is a w eak H opf a lg ebra if and on ly if there is T ′∈Hom K (H , H ) such

tha t Id3 T ′3 Id = Id .

Proof　“on ly if”is obviou s.

　 “ if ”: L et T = T ′3 Id3 T ′. T hu s, Id3 T 3 Id = Id3 (T ′3 Id3 T ′) 3 Id =

( Id3 T ′3 Id) 3 T ′3 Id = Id3 T ′3 Id = Id; T 3 Id3 T = (T ′3 Id3 T ′) 3 Id3 (T ′3 Id3 T ′) =

T ′3 ( Id3 T ′3 Id) 3 T ′3 Id3 T ′= T ′3 ( Id3 T ′3 Id) 3 T ′= T ′3 Id3 T ′= T . T hen T is a w eak

an t ipode. 　□

　Every Hopf a lgeb ra po ssesses a un ique an t ipode. How ever, u sua lly, a w eak Hopf a lgeb ra m ay

have one o r m o re w eak an t ipodes; a left ( righ t, resp. ) Hopf a lgeb ra m ay also have one o r m o re

left ( righ t, resp. ) an t ipodes (see [2 ]).

　L et Σ: H ª H →H ª H be the tw ist m app ing defined by Σ(h ª h′) = h′ª h fo r a ll h , h′∈H
and let m op: H ª H →H , ∃ op: H →H ª H be the m app ings defined by m op = m Σ, ∃op = Σ∃ ( the
oppo site m u lt ip lica t ion and the oppo site com u lt ip lica t ion). T hen it is esay to see [ 4 ] tha t H 00 =
(H ; m , u , ∃ , Ε) , H 01 = (H ; m , u , ∃op , Ε) , H 10 = (H ; m op , u , ∃ , Ε) , H 11 = (H ; m op; u , ∃op , Ε) a re
b ia lgeb ras as w ell (of cou rse, H 00 is the b ia lgeb ra w e sta rted w ith).
　Fo r a Hopf a lgeb ra H w ith an an t ipode S , w e know in [4 ] tha t H 11 is a Hopf a lgeb ra w ith the
an t ipode S ; and H 01 ( resp. H 10) is a Hopf a lgeb ra if and on ly if S is invert ib le, in th is case S - 1 is
the an t ipode of H 01 ( resp. H 10 ). Fo r w eak Hopf a lgeb ras, w e have the fo llow ing sta tem en ts:

Theorem 2. 2　L et H = H 00 be a w eak H opf a lg ebra w ith a w eak an tip od e T . T hen
　 (a) the bia lg ebra H 11 is a w eak H opf a lg ebra w ith the w eak an tip od e T ;
　 (b) the bia lg ebra H 01 ( resp. H 10) is a w eak H opf a lg ebra if and on ly if there ex ists P ∈
Hom K (H , H ) such tha t m 123 ( Id ª T ª Id) ∃ 2 = m 321 ( Id ª P ª Id) ∃2 w here ∃2 = (∃ ª Id) ∃ , m 123

= m (m ª Id) and m 321 = m Σ(m ª Id) (Σª Id) . In th is case, H 01 (resp. H 10 ) has the w eak an2
tip od e T q = P 3 Id3 P ;
　 (c) the bia lg ebra H 01 (resp. H 10 ) is a w eak H opf a lg ebra if one of the f ollow ing cond itions is
sa tisf ied :
　 ( i) L et E = {ej: j ∈ J } be a basis of H . If f or any i, j , k ∈ J , there is ak ∈ J such tha t ejakei

= ei (T ek ) ej ;
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　 ( ii) A s a sem ig roup abou t the m u ltip lica tion m , H is 32rew riteable f or the p erm u ta tion
1 2 3

3 2 1
;

　 ( iii) H is com m u ta tive or cocom m u ta tive.

Proof　 (a) fo llow s direct ly from the defin it ion of H 11 . Fo r (b) , let u s p rove the sta tem en t con2
cern ing H 10 . Sim ila rly fo r H 01 .

　“if”: Fo r H 10, Id3 P 3 Id = Id3 (m op (P ª Id) ∃) = m Σ( Id ª m Σ(P ª Id) ∃) ∃ = m Σ( Id ª
m Σ) ( Id ª P ª Id) ( Id ª ∃) ∃ = m Σ(m Σª Id) ( Id ª P ª Id) (∃ ª Id) ∃ = m 321 ( Id ª P ª Id) ∃2 =

m 123 ( Id ª T ª Id) ∃ 2 ; and fo r H 00, Id = Id3 T 3 Id = m ( Id ª m (T ª Id) ∃ ) ∃ = m ( Id ª m ) ( Id

ª T ª Id) ( Id ª ∃) ∃ = m 123 ( Id ª T ª Id) ∃2 . T hen fo r H 10, Id3 P 3 Id = Id . It m ean s tha t H 10

is a w eak Hopf a lgeb ra w ith a w eak an t ipode T q = P 3 Id3 P by Fact 2. 1 and its p roof.

　“on ly if”: L et P be a w eak an t ipode of H 10 . A s p rove above, fo r H 10, Id = Id3 P 3 Id =

m 321 ( Id ª P ª Id) ∃ 2 ; fo r H 00, Id = Id3 T 3 Id = m 123 ( Id ª T ª Id) ∃2 . H ence m 321 ( Id ª P ª
Id) ∃ 2 = m 123 ( Id ª T ª Id) ∃ ) ∃2 .

　 (c) ( i) L et P ∈Hom K (H , H ) such tha t P (ek ) = ak fo r any k ∈ J . T hen ej (P ek ) ei = ei (T ek ) ej

. It fo llow s z (P y ) x = x (T y ) z fo r any x , y , z ∈H . T hu s, m 123 ( Id ª T ª Id) ∃ 2 (a) = m 321 ( Id ª
P ª Id) ∃2 (a) fo r any a ∈H . By (b) , H 01 is a w eak Hopf a lgeb ra.

　 ( ii) By [5 ], a sem igroup A is sa id to be n 2rew riteab le if fo r any sequence of elem en ts x 1, ⋯, x n

∈A w e have x 1x 2⋯x n = x Ρ(1) x Ρ(2) ⋯x Ρ(n) fo r som e non trivia l perm u ta t ion Ρof n sym bo ls. H is 32

rew riteab le fo r the perm u ta t ion
1 2 3

3 2 1
, hence fo r any i, j , k ∈J , ej (T ek ) ei = ei (T ek ) ej . T hen the

resu lt fo llow s from (i).

　 ( iii) H is 32rew riteab le fo r
1 2 3

3 2 1
if it is comm u ta t ive. T hen the resu lt fo llow s from (ii). If H

is cocomm u ta t ive, then ∃ = Σ∃ and fo r any a ∈H , m 123 ( Idª T ª Id) ∃2 (a) = m 123 ( Idª T ª
Id) ( Σ∃ ª Id) Σ∃ (a) = m 123 ( Idª T ª Id) ( 2 (a) a (3) ª a (2) ª a (1) ) = 2 (a) a (3) T (a (2) ) a (1) = m 321 ( Idª
T ª Id) ∃2 (a) . T hu s, m 123 ( Idª T ª Id) ∃2 = m 321 ( Idª T ª Id) ∃2 . T hen the resu lt fo llow s

from (b). □

　 It is in terest ing to com pare th is p ropo sit ion w ith the sim ila r resu lt on Hopf a lgeb ras[ 4 ].
　A cco rd ing to [6 ], a b ia lgeb ra H is ca lled a lm ost cocom m u ta tive if there ex ists an invert ib le ele2
m en tQ ∈H ª H such tha t fo r a ll a ∈H , Σ∃ (a) = Q ∃ (a)Q - 1 . M o reover, a b ia lgeb ra H is ca lled
a quasitriang u la r bia lg ebra if H is a lm o st cocomm u ta t ive fo r an invert ib le elem en t Q ∈H ª H

such tha t (∃ ª Id) (Q ) = Q 13Q 23, ( Id ª ∃) (Q ) = Q 13Q 12 w here Q = ∑ia i ª bi, Q 12 = ∑ia i ª

bi ª 1, Q 23 = ∑i
1 ª a i ª bi and Q 13 = ∑i

a i ª 1 ª bi (see a lso [7 ]).

Proposit ion 2. 3　If (H ,Q ) is a quasitriang u la r w eak H opf a lg ebra w ith a w eak an tip od e T , then

the triang u la r rela tion Q 12Q 13Q 23 = Q 23Q 13Q 12
hold s, as w ell as the rela tions hold :

(m ( Id ª T ) ∃ ª Id) (Q ) = 1 ª 1, 　　　 (1)

(Εª Id) (Q ) = 1 = ( Id ª Ε) (Q ). (2)

W hen H 01 is a w eak H opf a lg ebra w ith w eak an tip od e T q , then the d ua l rela tion of (1) hold s: ( Id

ª m Σ(T q ª Id) ∃) (Q ) = 1 ª 1.
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Proof (2) is p roved in [7 ].

　 Q = ∑
i

a i ª bi = ∑
i

( Id) (a i) ª bi = ∑i
( Id3 T 3 Id) (a i) ª bi

= ∑
i

m 123 ( Id ª T ª Id) ∃ 2 (a i) ª bi

= [m 123 ( Id ª T ª Id) (∃ ª Id) ª Id ] (∃ ª Id) (Q )

= [m 123 ( Id ª T ª Id) (∃ ª Id) ª Id ] (Q 13Q 23)

= (m 123 ª Id) ( Id ª T ª Id ª Id) (∃ ª Id ª Id) (∑
i

a1 ª 1 ª bi) (∑
i

1 ª a i ª bi)

= ∑
i, j

(m 123 ª Id) (∑
(a i

)
a i1 ª T a i2 ª a j ª bibj ) ( let∃ (a i) = ∑

(a i
)

a i1 ª a i2)

= ∑
i, j

(∑
(a i

)
a i1 (T a i2) a j ª bibj ) = ∑

i

(∑
(a i

)
a i1 (T a i2) ª bi)Q.

H ence Q = [∑i
(∑(a i

) a i1 (T a i2) ª bi) ]Q . T hen 1 ª 1 = ∑i
(∑(a i

) a i1 (T a i2) ª bi) . Bu t

∑
i

(∑
(a i

)
a i1 (T a i2) ª bi) = ∑

i

(m (∑
(a i

)
a i2 ª T a i2) ª bi)

= (m ª Id) (∑
i

(∑
(a i

)
a i1 ª T a i2) ª bi)

= (m ª Id) ( Id ª T ª Id) (∑
i

(∑
(a i

)
a i1 ª a i2) ª bi)

= (m ª Id) ( Id ª T ª Id) (∃ ª Id) (Q ) = (m ( Id ª T ) ∃ ª Id) (Q ).

H ence [m ( Id ª T ) (∃ ª Id ] (Q ) = 1 ª 1.

　 It is easy to see tha t (H 01, ΣQ ) is a quasit riangu lar w eak Hopf a lgeb ra w ith the w eak an t ipode

T q , then by (1) , (m ( Id ª T q) Σ∃ ª Id) (ΣQ ) = 1 ª 1. T hen ( Id ª m ( Id ª T q) Σ∃) (Q ) = 1 ª
1. It fo llow s tha t ( Id ª m Σ(T q ª Id) ∃) (Q ) = 1 ª 1. 　□

　T h rough the concep t of a quasit riang lar w eak Hopf a lgeb ra and P ropo sit ion 2. 3, w e can find

som e rela t ion s betw een w eak Hopf a lgeb ras and the theo ry of quan tum group s w h ich is im po rtan t

in m athem atica l physics (see [7 ]).

3. On the m ono id of group- l ike elem en ts

　N ow w e discu ss the rela t ion s betw een the w eak an t ipode of a w eak Hopf a lgeb ra and the regu2
la rity of the m ono id of group 2like elem en ts.

　 In a sem igroup S , fo r every a ∈S , deno teV (a) as the set of a ll inverses of a; E (S ) as the set

of a ll idem po ten ts of S ; fo r every e ∈ E (S ) , deno te E (e) as the set V (e) (see [3 ]).

　A t first, suppo se tha t T (G (H ) ) < G (H ) . It is equ iva len t to ∃T ûG (H ) = (T ª T ) ∃ûG (H ) .

Proposit ion 3. 1 F or a w eak H opf a lg ebra H w ith a w eak an tip od e T , if T (G (H ) ) < G (H ) , then

G (H ) is a reg u la r m onoid.

Proof Fo r every g ∈G (H ) , g = Id (g ) = ( Id3 T 3 Id) (g ) = g T (g ) g . Bu t T (g ) ∈G (H ) . T hen
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g is a regu lar elem en t in G (H ) . So G (H ) is regu lar. 　□

Proposit ion 3. 2 F or a w eak H opf a lg ebra H w ith a w eak an tip od e T , if T (G (H ) ) < G (H ) and G

(H ) is an inverse sem ig roup , then the f ollow ing sta tem en ts hold :

　 (a) F or every g∈G (H ) , T (g ) = g′the un ique inverse of g in G (H ) ;

　 (b) F or every other w eak an tip od e T 1 ( if it ex ists) , T 1ûG (H ) = T ûG (H ) ;

　 (c) T is a sem ig roup an ti2m orp h ism on G (H ) , and is an a lg ebra an ti2m orp h ism on K G (H ) ;

　 (d ) Ker (T ûG (H ) ) = { (a , b)∈G (H )×G (H ) : T (a) = T (b) } is a cong ruence on G (H ).

Proof (a) g = g T (g ) g and T (g ) = T (g ) g T (g ) . T hen T (g ) ∈V (g ) . Bu t ûV (g ) û = 1 ( see

[3 ]). H ence T (g ) = g′.
　 (b) Fo r any g ∈ G (H ) , g T 1 (g ) g = g and T 1 (g ) g T 1 (g ) = T 1 (g ) . So T 1 (g ) ∈V (g ) . Bu t

ûV (g ) û = 1. T hu s T 1 (g ) = T (g ) = g′.

　 (c) By (a) , T (g ) = g′fo r every g ∈G (H ) . By [3, p. 131, P rop. 1. 4 ], (g 1g 2)′= g′2g′1 fo r g 1,

g 2 ∈G (H ) . So T is a sem igroup an t i2m o rph ism on G (H ) ,m o reover, is an a lgeb ra an t i2m o rph ism

on K G (H ) .

　 (d) Fo r any a , b, c ∈G (H ) , if T (a) = T (b) , then T (ac) = T (c) T (a) = T (c) T (b) = T (bc).

Sim ila rly, T (ca) = T (cb) . By [3, p. 21 ], Ker (T ûG (H ) ) is a congruence. 　□

Theorem 3. 3　F or a w eak H opf a lg ebra H w ith a w eak an tip od e T , if T (G (H ) ) < G (H ) and
G (H ) is an orthod ox sem ig roup , then the f ollow ing sta tem en ts hold :
　 (a) F or any a , b ∈G (H ) , T (ab) D T (b) T (a) and D T (ab) = D T (b) T (a) = D ab ;
　 (b) F or every g ∈G (H ) , V (g ) = E (T (g ) g ) T (g ) E (g T (g ) ) ;
　 (c) F or a , b ∈G (H ) , if T (a) = T (b) , then V (a) = V (b) ;
　 (d )　If V (a) = V (b) im p lies T (a) = T (b) f or any a , b ∈G (H ) , then Ker (T ûG (H ) ) = { (a , b)
∈G (H ) ×G (H ) : T (a) = T (b) } is the sm a llest inverse sem ig roup cong ruence on G (H ) .

Proof (a) T (a) ∈V (a) , T (b) ∈V (b) , T (ab) ∈V (ab) . By [3, p. 187 ], T (b) T (a) ∈V (ab) .

A nd by [3, p. 46 ], T (ab) ∈D ab, T (b) T (a) ∈D ab . H ence T (ab) D T (b) T (a) andD T (ab) = D T (b) T (a)

= D ab .

　 (b) Since T (g ) ∈V (g ) , the resu lt fo llow s from [3, p. 189, P rop. 1. 9 ].

　 (c) Since T (a) ∈V (a) , T (b) ∈V (b) , then V (a) ∩V (b) ≠ )öw hen T (a) = T (b) . By [3, p.

189, T heo rem 1. 10 ], V (a) = V (b) .

　 (d) By (c) , w e know tha t in th is case fo r a , b ∈ G (H ) , T (a) = T (b) if and on ly if V (a) =

V (b). H ence Ker (T ûG (H ) ) = { (a , b) ∈ G (H ) × G (H ) : V (a) = V (b) }. By [ 3, p. 190, T heo rem

1. 12 ], it is the sm allest inverse sem igroup congruence on G (H ) . 　□

　U sually, T (G (H ) ) < G (H ) does no t ho ld. In th is case, w e w an t to know w hether G (H ) is a

regu lar m ono id.

　A bou t G (H ) of a left Hopf a lgeb ra H , the au tho rs[ 2 ] go t tha t fo r a left Hopf a lgeb ra H w h ich is

po in ted as a coa lgeb ra, G (H ) is a group. H ere a coa lgeb ra is ca lled p oin ted if it s a ll sim p le sub2
coa lgeb ras are 12dim en siona l.

　A bou t G (H ) of a w eak Hopf a lgeb ra H , w e ob ta in the sim ila r resu lt:

Theorem 3. 4　L et H be a w eak H opf a lg ebra w h ich is p oin ted as a coa lg ebra , then G (H ) is a reg 2
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u la r m onoid.

Proof T he corad ica l
[ 8 ] of a coa lgeb ra is the sum of a ll sim p le subcoalgeb ra. Since H is po in ted,

the co rad ica l H 0 of H is the d irect sum of a ll 12dim en siona l subcoalgeb ras K g (g ∈G (H ) ) . L et
{H n} be the co rad ica l f ilt ra t ion [ 8 ] of H . T hen H 0 < H 1 < ⋯ < H w ith H = ∪iH i and ∃ (H n) <

∑
n

i= 0H i ª H n2i . By the sp lit t ing theo rem of [9 ], there is a coa lgeb ra p ro ject ion Πof H on to H 0

such tha t Πis the iden t ity on H 0 .
　N ow w e p rove tha t fo r every g ∈G (H ) , Π(gH g ) < gH 0g by induca t ion on the co rad ica l f ilt ra2
t ion of H . Since gH 0g < H 0, Πis the iden t ity on gH 0g . Since

∃H n < ∑
n

i= 0

H i ª H n2i < H 0 ª H + H ª H n- 1 fo r every n Ε 1,

one has

∃ (gH ng ) = ∃ (g ) ∃ (H n) ∃ (g ) < gH 0g ª gH g + gH g ª gH n- 1g.

Suppo se Π(gH n- 1g ) < gH 0g . T hu s

　　　∃Π(gH ng ) = (Πª Π) ∃ (gH ng ) < (Πª Π) (gH 0g ª gH g + gH g ª gH n- 1g )

= Π (gH 0g ) ª Π(gH g ) + Π(gH g ) ª Π(gH n- 1g ) <
gH 0g ª H 0 + H 0 ª gH 0g

by induct ion. L et H 0 = gH 0g © X w here gH 0g has a basis {g h ig } fo r som e h i ∈G (H ) . T hen

　　　　　∃Π(gH ng ) < gH 0g ª (gH 0g © X ) + (gH 0g © X ) ª gH 0g

= gH 0g ª gH 0g + gH 0g ª X + X ª gH 0g.

If y ∈ Π(gH ng ) , then y ∈H 0 by the above. W rit ing y = ∑Αig h ig + ∑Βix i . T hen

∃y = ∑Αig h ig ª g h ig + ∑Βjx j ª x j.

Since y ∈ Π(gH ng ) , w e have

∃y ∈ gH 0g ª gH 0g + gH 0g ª X + X ª gH 0g

by the above. Bu t

x j ª x j ∈ögH 0g ª gH 0g + gH 0g ª X + X ª gH 0g fo r any x j ,

therefo re Βi = 0 fo r any j . T hu s

y = ∑Αig h ig ∈ gH 0g.

It m ean s Π(gH ng ) < gH 0g fo r any n . H ence Π(gH g ) < gH 0g. g = Π(g ) since Πis the iden t ity on

gH 0g . A nd g = g T (g ) g . T hen

g = Π(g T (g ) g ) ∈ Π(gH g ) < gH 0g.

So w e can w rite g = ∑Χig h ig fo r som e Χi ∈ K . H ence g = g h ig fo r som e i , since the elem en ts

of G (H ) is linear independen t over K by [1 ]. It says tha t any g ∈G (H ) is regu lar. 　□
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弱 Hopf 代数与正则幺半群

李　方
(杭州大学数学系, 310028)

摘　要

　　本文定义了弱Hopf 代数并研究了弱Hopf 代数的弱对极与类群元幺半群的关系. 首先, 本文

给出弱 Hopf 代数的一些基本性质; 然后, 对类群元幺半群是逆半群或纯正半群的某些弱 Hopf 代

数, 描述了其弱对极的一些性质; 最后, 给出一类其类群元幺半群为正则半群的弱Hopf 代数.
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