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Abstract: L et V n (q) be the n 2dim ensional vecto r space over the fin ite field w ith q elem ents, K

a k 2dim ensional subspace and C [n, k ] the set of the subspaces S such that S ∩ K ≠= O . W e

show that C [n, k ] is Sperner and unimodal and po in t ou t all m axim um 2sized an t ichains in C [n,

k ] . Fo r the W h itney num berW m of C [n, k ] , w e show thatW m
22qW m 21W m + 1 has nonnegat ive co2

efficien ts as a po lynom ial in q and thatW 0 Φ W n Φ W 1 Φ W n21 Φ W 2 Φ ⋯.
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1. In troduction

　　L et C (n , k ) be the co llect ion of a ll sub sets of an n 2set X w h ich in tersect a fixed k 2sub set

Y of X . T hen C (n , k ) is a na tu ra l genera liza t ion fo r the sub set la t t ice. L ih [10 ] first ob served

th is and show ed tha t C (n , k ) is Sperner and un im odal. Griggs [7 ] fu rther show ed tha t C (n , k )

has severa l st ronger p ropert ies, includ ing the nested cha in decom po sit ion, the L YM inequality

and the log concavity of W h itney num bers. H e also determ ined all m ax im al2sized an t icha in s

in C (n , k ) . In th is paper w e con sider the ana logou s p rob lem fo r fin ite vecto r spaces.

L et V n (q) deno te the n 2dim en siona l vecto r space ( n 2space, fo r sho rt)over the fin ite field

w ith q elem en ts and L n (q) deno te the la t t ice of sub spaces of V n (q) . L et K be a fixed k 2sub2
space and C [n , k ] the set of the sub spaces S such tha t S ∩ K ≠O w here O deno te the nu ll

space. C [n , k ] is an ex ten sion fo r the sub space la t t ice. In part icu la r, C [n , n ] is isom o rph ic to

L n (q) w h ile C [n , 1 ] is isom o rph ic to L n21 (q) .

T he ob ject of th is paper is tw ofo ld. F irst,w e show tha t C [n , k ] is Sperner and un im odal.

T he m ethod of L ih u sed in [10 ] fo r C (n , k ) is st ill va lid fo r C [n , k ] . How ever,w e w ill p re2
sen t a sim p le app roach to show tha t C [n , k ] is bo th Sperner and un im odal. Secondly, w e in2
vest iga te the W h itney num bersW m of C [n , k ] ,w h ich can be regarded as an ex ten sion of the q
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2b inom ia l coefficien t. W e p resen t a few fo rm u las abou tW m to exp lo re fu rther p ropert ies of

C [n , k ] . Fo r exam p le, w e show tha tW m
22qW m 21W m + 1 has nonnegat ive coefficien ts as a po ly2

nom ia l in q fo r a ll m w h ich ex tends Bu tler’s co rresponding resu lt abou t q 2b inom ia l coeffi2
cien ts. A nd hence in part icu la r, W m (n , k ) is log concave fo rm . W e also show tha tW 0 Φ W n Φ
W 1 Φ W n21 Φ W 2 Φ ⋯ , w h ich is a necessary condit ion on the W h itney num bers such tha t

there ex ists a nested cha in decom po sit ion in C [n , k ] sim ila r to tha t in C (n , k ) ob ta ined by the

b racket ing con struct ion .

2. Term inology

　　 In th is paper w e w ill em p loy the term in logy and no ta t ion of Griggs[8 ] and Chen and Ro2
ta [5 ].

A fin ite po set (part ia lly o rdered set) P is ranked if there ex ists a funct ion r: P - → {0,

1, 2, ⋯} such tha t r (x ) = 0 fo r m in im al elem en ts x ∈P and r (y ) = r (z ) + 1 if y covers z ∈
P . r (x ) is the rank of x , and the rank r (P ) of P is the m ax im al rank of the elem en ts of P .

L et P m deno te the m th rank set con sist ing of elem en ts of rank m in P . T he W h itney num ber

W m = ûP m û is ca lled the m th W h itney num ber (of the second k ind) of P . P is Spernerif

m axmW m = m ax{ûA û: A is an an t icha in in P }, the comm on value is ca lled the Sperner num ber

of P . P is un im odal if the sequence of W h itney num bers of P is un im odal, i. e. , W 0 Φ ⋯ Φ
W l21 Φ W l Ε W l+ 1 Ε ⋯ Ε W n fo r som e l ,w here r (p ) = n . Sim ila rly, P is log concave if the

sequence of W h itney num bers of P is log concave: W m
2 Ε W m 21W m + 1 fo r a llm . It is clear tha t

P is log concave im p lies tha t P is un im odal.

L et G = G (X , Y ; E ) be a fin ite b ipart ite graph w ith sets of vert ices X and Y and w ith a

set of edges E betw een X and Y . W e w ill deno te G fo r sho rt by X ∪ Y . A (com p lete) m atch2
ing of X in to Y in G is a sub set of E w h ich m eets every m em ber of X exact ly once and every

m em ber of Y a t m o st once. D eno te X Y , p rovided tha t there ex ists a m atch ing of X in to Y .

Suppo se tha t in a ranked po set P there ex ists a m atch ing betw een every con secu t ive pa ir

of rank sets from the sm aller to the la rger one, then P is sa id to have the m atch ing p roperty.

In part icu la r, if there ex ist m atch ings

P 0 P 1 ⋯　 P l P l+ 1⋯　 P n ,

then P is sa id to have the un im odal m atch ing p roperty.

T h roughou t th is paper w e let K be a fixed k 2sub space ofV n (q) andC [n , k ] the set of sub2
spaces S of V n (q) such tha t S ∩K ≠O. Fo r conven ience w e adjo in the nu ll spaceO to C [n , k ]

, thu s the ex tended set (st ill deno te by C [n , k ] ) tu rn s ou t to be a sub la t t ice of L n (q) and the

rank s agree w ith the d im en sion s of the spaces. L et [ n
m ] deno te the q 2b inom ia l coefficien t, i.

e. , the num ber of m 2sub spaces of V n (q) . It is w ell know n tha t

n

m
=

n

n - m
=

(qn - 1) (qn - q)⋯ (qn - qm - 1)
(qm - 1) (qm - q)⋯ (qm - qm - 1).
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3. Sperner and Un im oda l Properties

　　 In th is sect ion, w e show tha t C [n , k ] is Sperner and un im odal. W e w ill em p loy the fo l2
low ing lemm a (see, e. g. , Stan ley [13 ]) to ob ta in th is resu lt.

L emma 1 If P has the un im od a l m a tch ing p rop erty
P 0 P 1 ⋯　 P l P l+ 1⋯　 P n ,

then P is rank un im od a l and S p erner w ith the S p erner num berW l .
T hu s it suffices to show tha t there ex ists a m atch ing in every b ipart ite graph con sist ing

of the con secu t ive pa ir of rank sets. T he m o st popu lar characteriza t ion fo r the ex istence of a
m atch ing in a b ipart ite graph is H all’s m arriage theo rem , bu t the fo llow ing lemm a som etim es
m ay be m o re conven ien t (see, e. g. , Canfield [4 ]). A s u sua l, deg ( x ) deno tes the degree of a
vertex x in the graph.

L emma 2 F or a bip a rtite g rap h X ∪ Y , if deg (x )〉0 f or any x ∈ X and m inx∈X deg (x ) Ε
m axy∈Y deg (y ) , then X Y .

　　L et Cm be the m th rank set of C [n , k ] . Fo r S ∈Cm , let S 3 ( resp. S 3 ) deno te the co llec2
t ion of sub spaces in C [n , k ] w h ich cover ( resp. , a re covered by) S . N o te tha t ûS 3 û ( resp.
ûS 3 û ) is the degree of the vertex S in the b ipart ite graph Cm ∪Cm + 1 ( resp. Cm ∪Cm 21 ).

L emma 3 F or S ∈Cm , ûS 3 û = n2m
1 , and ûS 3 û = m

1 if dim (S ∩ K ) Ε 2 or ûS 3 û =

m 21
1 if dim ( S ∩ K ) = 1.

Proof Suppo se tha t T covers S ∈Cm in L n (q) . T hen T ∩ K ≠= O ,w h ich im p lies tha t T ∈

Cm + 1 , hence ûS 3 û = n2m
1 .

N ow suppo se tha t T is covered by S ∈Cm in L n (q) . If d im (S ∩K ) Ε 2 then T ∩ K ≠O ,

hence T ∈Cm 21 , so ûS 3 û =
m
1

; if d im (S ∩ K ) = 1 , then there are ju st
m 21

1
(m 21) 2sub2

spaces in S con ta in ing S ∩ K from the self dua lity of L n (q) , so ûS 3 û = m 21
1 . [ ]

Theorem 1 C [n , k ] has the un im od a l m a tch ing p rop erty and hence is both un im od a l and

S p erner,w ith the S p erner num berW N w here N is the least p ositive in teg er Ε 1
2

n .

Proof If m〈N then n2m Ε m + 1. H ence in the b ipart ite graph Cm ∪Cm + 1 ,

m in deg (S ) =
n2m

1
Ε

m + 1

1
Ε m ax deg (T )

fo r arb it ra ry S ∈Cm and T ∈Cm + 1 from L emm a 3. T hu s Cm Cm + 1 from L emm a 2. Sim ila rly,

if m 〉N then Cm Cm 21 . Con sequen t ly the theo rem fo llow s imm edia tely from L emm a 1. [ ]

　　T he m ethod of Griggs[ 7 ] fo r find ing a ll m ax im al2sized an t icha in s of C (n , k ) can carry
over a lm o st w ithou t change to C [n , k ] , hence w e on ly list the rela ted resu lts by om it t ing the
p roof.

Theorem 2 T he on ly m ax im um 2siz ed an ticha ins in C [n , k ] a re the la rg est rank set (s)
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　　 ( i) CN , and

( ii) CN 21 if n= 2N 21 and kΕ N + 1, and

( iii) CN + 1 if n= 2N and k = 1.

Remark Griggs’ m ethods u sed to show tha t C (n , k ) is nested,L YM and log concave are no t

adap ted to C [n , k ] . Fo r exam p le, he induced a nested cha in decom po sit ion of C (n , k ) from

the symm etric cha in decom po sit ion of the sub set la t t ice ob ta ined by b racket ing con struct ion,

bu t a sim ila r cha in decom po sit ion of the sub space la t t ice has no t been found so far.

4. W h itney Num bers

　　 In the p resen t sect ion,w e focu s ou r a t ten t ion on the W h itney num bersW m (n , k ) of C [n ,

k ] . W m (n , k ) can be regarded as an ex ten sion of the q 2b inom ia l coefficien ts and shares

m any of the p ropert ies of the q 2b inom ia l coefficien t. In part icu la r, W m (n , n) =
n

m
and

W m (n , 1) =
n21

m 21
.

In w hat fo llow s,w e alw ays set
n

m
= 0 andW m (n , k ) = 0 un less 0 Φ m Φ n .

To fo rm u la te the W h itney num bers,w e need the fo llow ing enum era t ion resu lt.

L emma 4 F or a rbitra ry 0Φ iΦ k , the num ber of m 2subsp aces S of V n (q) such tha t dim (S ∩K )

= i is q
(k2i) (m 2i) k

i

n2k

m 2i
.

Proof N o te tha t fo r each 0 Φ i Φ k , the num ber of o rdered bases ofm 2sub spaces S such tha t

d im (S ∩ K ) = i is (qn2qk ) (qn2qk+ 1)⋯ (qn2qk+ m 2i21) (see, e. g. , Go ldm an and Ro ta [ 6 ] ). Bu t

the num ber of o rdered bases of th is k ind of m 2sub space is (qm 2q i) (qm 2q i+ 1)⋯ (qm 2qm 21) . T he

quo t ien t of these tw o quan t it ies g ives the num ber of m 2sub spaces S of V n (q) such tha t d im (S

∩ K ) = i :

(qn2qk ) (qn2qk+ 1)⋯ (qn2qk+ m 2i21)
(qm 2q i) (qm 2q i+ 1)⋯ (qm 2qm 21) = q

(k2i) (m 2i) n2k

m 2i
. 　[ ]

　　T hu s w e ob ta in

　　　　　　　　W m (n , k ) =
n

m
2qkm n2k

m
(1)

= ∑
k

i= 1
q

(k2i) (m 2i) k

i

n2k

m 2i
. (2)

　　Chen and Ro ta [5 ] gave the fo rm u la

qkm
n2k

m
= ∑

k

i= 0

(21) iq
i
2

k

i

n2i

m 2i
,

hence

W m (n , k ) = ∑
k

i= 1

(21) i21q
i
2

k

i

n2i

m 2i
.
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　　Fom u las (1) , (2) and (3) are the ex ten sion of the co rresponding resu lts fo r the q 2b inom ia l

coefficien ts, respect ively. W e can also ex tend the q 2Pasca l t riang les abou t q 2b inom ia l coeffi2
cien ts

n + 1

m
=

n

m
+ qn2m + 1 n

m 21
(4)

and

n + 1

m
=

n

m 21
+ qm

n

m
(5)

as fo llow s.

L emma 5　 L et 1〈m〈n and 1Φ kΦ n. T hen

W m (n + 1, k ) = W m (n , k ) + qn2m + 1W m 21 (n , k ) (6)

and

W m (n + 1, k ) =
n

m 21
+ qmW m (n , k21). (7)

Proof F rom the recu rsion (4) it fo llow s tha t

　W m (n + 1, k ) =
n + 1

m
2qkm

n + 12ϑ
m

=
n

m
+ qn2m + 1 n

m 21
2qkm

n2k

m
+ qn2k2m + 1 n2k

m 21

=
n

m
2qkm

n2k

m
+ qn2m + 1 n

m 21
2qk (m 21) n2k

m 21
= W m (n , k ) + qn2m + 1W m 21 (n , k ).

　　Sim ila rly, it imm edia tely fo llow s from the recu rsion (5) tha t

W m (n + 1, k ) =
n + 1

m
2qkm

n + 12k

m

=
n

m 21
+ qm

n

m
2qkm

n + 12k

m

=
n

m 21
+ qm n

m
2q

(k21)m n + 12k

m

=
n

m 21
+ qmW m (n , k21).

　　T he p roof is then com p leted. [ ]

Bu t ler[3 ] show ed tha t fo r m Φ l

n

m

n

l
2q l2m + 1 n

m 21

n

l + 1

has nonnegat ive coefficien ts as a po lynom ia l in q . W e can genera lize th is by the recu rsion

(6).
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　　L emma 6 G iven k Ε 1. T hen f or a ll n Ε k and m Φ l ,

W m (n , k )W l (n , k ) 2q l2m + 1W m 21 (n , k )W l+ 1 (n , k )

has nonneg a tive coef f icien ts as a p oly nom ia l in q.

Proof T he lemm a is t rue fo r n = k from Bu tler’s resu lt described above since W m (n , n) =

n

m
. N ow w e p roceed by induct ion on n . A ssum e tha t the lemm a is t rue fo r n and con sider

the case n + 1. Fo r m Φ l , it fo llow s from the recu rsion (6) tha t

　　　　　W m (n + 1, k )W l (n + 1, k ) 2q l2m + 1W m 21 (n + 1, k )W l+ 1 (n + 1, k )

　　　　 = 　 W m (n , k ) + qn2m + 1W m 21 (n , k ) W l (n , k ) + qn2l+ 1W l21 (n , k )

　　　　　2q l2m + 1 W m 21 (n , k ) + qn2m + 2W m 22 (n , k ) W l+ 1 (n , k ) + qn2lW l (n , k )

　　　　 = 　 W m (n , k )W l (n , k ) 2q l2m + 1W m 21 (n , k )W l+ 1 (n , k )

　　　　　 + q2n2m 2l+ 2 W m 21 (n , k )W l21 (n , k ) 2q l2m + 1W m 22 (n , k )W l (n , k )

　　　　　 + qn2m + 1 W m 21 (n , k )W l (n , k ) 2q l2m + 2W m 22 (n , k )W l+ 1 (n , k )

　　　　　 + qn2l+ 1 W m (n , k )W l21 (n , k ) 2q l2mW m 21 (n , k )W l (n , k )

has nonnegat ive coefficien ts since each of the fou r term s in the sum has nonnegat ive coeffi2
cien ts by the induct ive hypo thesis ( the last term is zero if m = l ). T h is com p letes the p roof.

[ ]

A specia l case of the above lemm a gives one of the m ain resu lts of th is paper.

Theorem 3　W 2
m (n , k ) 2qW m 21 (n , k )W m + 1 (n , k ) has nonneg a tive coef f icien ts as a p oly nom ia l

in q .

In part icu la r, W m (n. k ) is log concave fo r m , hence w e have

Corollary　C [n , k ] is log concave.

To sta te the fina l resu lt in th is sect ion, w e need ano ther exp ression fo r the W h itney

num bers

W m (n , k ) =
n

m
2qkm

n2k

m

= ∑
k

i= 1
q

( i21)m
n2i + 1

m
- qm

n - i

m

= ∑
k

i= 1
q

( i- 1)m n2i

m 21
. (8)

　　W e also requ ire

L emma 7 F or sΦ r and tΦ 1
2 r,

f (r, s, t) =
r2s

t
2qs (r22t) r2s

r2t
Ε 0.
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Proof T he case r = 2t is t rivia l and hence let t〈 1
2

r .

If t〉r2s then r2t〉r2s , hence f (r, s, t) = 0 ; if t〈s then f (r, s, t) =
r2s

t
Ε 0 ; if s Φ t Φ r2s

, then by the fo rm u la
r2s

t

t

s
=

r2s

r2t

r2t

s
,w e have

f (r, s, t) =

r2s

r2t
t

s

r2t

s
2qs (r22t) t

s

=

r2s

r2t
t

s

W s (r2t, r22t) Ε 0. [ ]

　　U sing fo rm u las (1) and (8) and L emm a 7,w e can p resen t a necessary condit ion on the

W h itney num bers such tha t there ex ists a nested cha in decom po sit ion in C [n , k ] sim ila r to

tha t in C (n , k ) ob ta ined by the b racket ing con struct ion .

Theorem 4 W 0 Φ W n Φ W 1 Φ W n21 Φ ⋯ Φ W n2N + 1 Φ W N.

Proof It suffices to show tha t fo r m〈N ,W m Φ W n2m Φ W m + 1 .

Fo r m〈N , by fo rm u la (1) and L emm a 7 it fo llow s tha t

W n2m 2W m =
n

n2m
2qk (n2m ) n2k

n2m
2

n

m
2qkm

n2k

m

= qkm
n2k

m
2qk (n22m ) n2k

n2m
Ε 0

　　O n the o ther hand, from fo rm u la (8) and L emm a 7 it fo llow s tha t

W m + 12W n2m = ∑
k

i= 1
q

( i21) (m + 1) n2i

m
2∑

k

i= 1
q

( i21) (n2m ) n2i

n2m 21

= ∑
k

i= 1
q

( i21) (m + 1) n2i

m
2q

( i21) (n- 1- 2m ) n2i

n212m
Ε 0.

　　T he p roof is then com p leted. [ ]
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一类子空间格

王　毅
(大连理工大学应用数学系, 大连116024)

摘　要

　　令V n (q) 是具 q 个元素的有限域上的 n 维向量空间. C [n , k ] 是V n (q) 中与某 k 维子空间

相交不为零空间之子空间全体按包含关系所成偏序集, W m 为其W h itney 数 (0 Φ m Φ n) . 本

文证明了C [n , k ] 具 Sperner 性质和单峰性质. 进一步地, W m
22qW m 21W m + 1 作为 q 的多项式具

有非负系数, 并且W 0 Φ W n Φ W 1 Φ W n21 Φ W 2 Φ ⋯.
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