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Abstract: In th is paper w e show that from the Do lbeau lt operato r w e can get a tw isted A tiyah2Singer

operato r w ith the sam e leading sym bo ls. Inpart icu lar, the Do lbeau lt operato r on a symp lect ic m an ifo ld

is a tw isted A tiyan2Singer operato r.
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　　W e have show n in [ 1 ] tha t the de R ham and the Signa tu re opera to rs on a R iem ann ian

m an ifo lds are essen t ia lly the tw isted A tiyah2Singer opera to rs. In th is paper w e study the

Do lbeau lt opera to rs on a lm o st com p lex m an ifo lds. W e show tha t from the Do lbeau lt opera2
to r w e can get a tw isted A tiyah2Singer opera to r w ith the sam e lead ing sym bo ls. W e also

show tha t the Do lbeau lt opera to r on a sym p lect ic m an ifo ld is a tw isted A tiyah2Singer opera2
to r. T hen index theo rem and the L efschetz fixed po in t fo rm u las of the Do lbeau lt opera to rs

can be derived from the co rresponding theo rem s of tw isted A tiyah2Singer opera to rs.

1. A lgebra ic Prel im inar ies

　　L et V be a 2n2dim ersiona l rea l vecto r space w ith Euclidean inner p roduct〈, 〉and a com 2
p lex structu re J . A ssum e tha t the inner p roduct is p reserved by J . L et E 1, ⋯, E n , E 1, ⋯,

E nλ be an o rthono rm al basis ofV such tha t J E i = E iγ and Ξ1, ⋯, Ξn , Ξ1, ⋯, Ξnλ be their dua l basis,

J Ξi = - Ξiγ. D efine

Z i =
1

2
(E i - - 1E iγ) , Z iγ =

1

2
(E i + - 1E iγ) ,

8 iγ =
1

2
(Ξi - - 1Ξiγ) , 8 i =

1

2
(Ξi + - 1Ξiγ). 　
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T he sub spaces of ∧ (V 3 ) ª C genera ted by {8 i} and {8 iγ} are deno ted by ∧3 , 0 (V ) and

∧0, 3 (V ) respect ively. T he fram es {E a} and {Ξa} are ca lled the S2basis, {Z a} and {8 a} are

ca lled the U 2basis of V . In th is paper w e u se the fo llow ing no ta t ion s:

a , b, ⋯∈ {1, ⋯, n , 1, ⋯, nλ, i, j , ⋯ ∈ {1, ⋯, n},

aλ = iγ if a = i ; aλ = i if a = iγ.

D efine L a =
1

2
{ (Ξa + - 1J Ξa) - i (E a + - 1J E a) }. {L a} act on the left of

∧0, 3 (V ) . N o te tha t L i = 8 iγ - i (Z iγ) ,L iγ = - 1 (8 iγ + i (Z iγ) ).

L emma 1. 1 L aL b + L bL a = - 2∆ab. T hen {L a} g enera te a C lif f ord a lg ebra C l (2n).

L et g : V 3 →V 3 be an isom etry such tha t g。J = J。g . If g (8 iγ) = 2G ij 8 Jθ , then (G ij ) ∈

U (n) . Since the exponen t ia lm ap exp: u (n) →U (n) is an ep im o rph ism ,w e can set G = exp ( ,

( = ( 1 + - 1( 2 , w here ( 1 and ( 2 are rea l m atrices. T he m atrix ( 3 =
( 1 ( 2

- ( 2 ( 1
is the

rea liza t ion of ( , exp ( 3 ∈ SO (2n). T he m ap g induces a hom om o rph ism g 3 on ∧0, 3 (V ) ,

g 3 (8 iγ1 ∧⋯∧ 8 iγk ) = g (8 iγ1) ∧⋯∧ g (8 iγk ) .

L emma 1. 2 g 3 = exp ( 1
2

tr( ) exp ( 1
4 ∑ ( 3

abL aL b) .

Proof It is easy to see tha t the lemm a is t rue w hen ( is a d iagonal m atrix and the exp ression
of g 3 is independen t of the cho ice of U 2fram es. ù

T he L emm a 1. 2 g ives a rep resen ta t ion Θ: U (n) → Sp inc (2n).
L et C l2n be the C liffo rd a lgeb ra. L et e1, ⋯, en , e1, ⋯, enλ be an o rthono rm al basis of Eu2

clidean space R2n . D efine g i =
1
2

(ei - - 1eiγ) , gθ i =
1
2

(ei + - 1eiγ) . L et∃ be an irre2

ducib le m odu le over C l2n genera ted by gθ1⋯gθn , ∃ = C l2n⋯gθ1⋯gθn . D efine a hom om o rph ism Θ:
∧0, 3 (V ) → ∃ ª C by: Θ(8 iγ1 ∧⋯∧ 8 iγk ) = g i1⋯ g ik g

θ
1⋯gθn ª 1.

L emma 1. 3 F or any Ν∈∧0, 3 (V ) , w e have Θ(g
3 Ν) = Θ(g

3 ) Θ(Ν) , w here hom om orp h ism Θ
(g

3 ) : ∃ª C→∃ª C is d ef ined by Θ(L a) = ea.

Proof W e need on ly to verify the fo llow ing tw o cases (com pare w ith [2 ], p. 262) :

Θ(L 1⋯8 iγ1 ∧⋯∧ 8 iγk ) = e1Θ(8 iγ1 ∧⋯∧ 8 iγk ) =
- g i2⋯g ik 3 gθ1⋯gθn , i1 = 1;

g 1g i1⋯g ik g
θ1⋯gθn , i1〉1,

Θ(L 1⋯8 iγ1 ∧⋯∧ 8 iγk ) = e1Θ(8 iγ1 ∧⋯∧ 8 iγk ) =
- 1g i2⋯g ik g

θ
1⋯gθn , i1 = 1;

- 1g 1g i1⋯g ik g
θ1⋯gθn , i1〉1,

w here i1〈⋯〈ik. ù

2. The 5 -opera tors

　　L et M be a com pact a lm o st com p lex m an ifo ld of d im en sion2n and〈, 〉be a H erm it ian

m etric on M , J the com p lex structu re. L et ¨ be the L evi2C ivita connect ion onM , ¨ be an
alm o st com p lex connect ion defined by

¨ X Y =
1
2

(¨ X Y - J (¨ X (J Y ) ) ) , X , Y ∈ # (TM ª C).
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D eno te A e (M ) = # (∧o, even (M ) ) , A o (M ) = # (∧0, odd (M ) ) .

L et 5 be the rest rict ion of the ex terio r d ifferen t ia l opera to r d on the sub space A 0, 3 (M )

and ∆λ be its ad jo in t. T hen w e have a Do lbeau lt opera to r: D = 5 + ∆λ: A e (M ) →A o (M ).

Sim ila r to §1, let E 1, ⋯, E n, E 1, ⋯, E nλ be loca l S 2fram e fields on M and Ξ1, ⋯, Ξn , Ξ1,

⋯, Ξnλ be their dua l, {8 a} and {Z a} be the rela ted U 2fram es.

L emma 2. 1 A s op era tors on A
0, 3 (M ) ,

5= ∑
j

8 Jθ¨ ZJθ , ∆λ = - ∑
j i

(Z ( jλ) ¨ Z j
+ ∑

k , j

〈¨ Z kλZ k , Z j〉i (Z jλ).

Proof See fo r exam p le Yu [ 3 ]. 　 ù

A s in §1, define opera to rsL a on ∧0, 3 (M ) by

L j = 8 jλ - i (Z jλ) , L jλ = - 1 (8 jλ + i (Z jλ) ).

Proposit ion 2. 2 T he op era tor D can be exp ressed by

D =
1

2
∑

a

L a{E
ε

a +
1
4 ∑b, c

〈¨ E a
E b, E c〉L bL c -

- 1
2 ∑

j

〈¨ E a
E jλ, E j〉+

1
8 ∑b, c

〈(¨ E a
J ) E b, J E c〉L bL c +

1
4 ∑b

〈(¨ E b
J ) E b, J E a + - 1E a〉}.

Proof F rom L emm a 2. 1, w e have

　　　D = 5+ ∆λ = ∑ 8 iγ ∧ {Z
ε

iγ - ∑〈¨ Z i
Z jλ, Z k〉8 jλi (Z kλ) } -

∑i (Z iγ) {Z
ε

i - ∑〈¨ Z i
Z jλ, Z k〉8 jλi (Z kλ) } + ∑〈¨ Z k

Z k , Z j〉i (Z jλ)

=
1

2
∑L a{E

ε
a - ∑〈¨ Ea

Z jλ, Z k〉8 jλi (Z kλ) } + ∑〈¨ Z k
Z k , Z j〉i (Z jλ).

Sim ila r to Yu [3 ], w e have

∑〈¨ E a
Z jλ, Z k〉8 jλi (Z kλ) = -

1
4 ∑〈¨ E a

E b, E c〉L bL c +
- 1
2

〈¨ E a
E jλ, E j〉,

and

∑〈¨ Z k
Z k , Z j〉i (Z jλ) = -

1

4 2
∑〈(¨ Eb

(E b - - 1J E b) , E a - - 1J E a〉L a

=
1

4 2
∑〈(¨ E b

J ) E b, J E a + - 1E a〉L a.

T he p ropo sit ion fo llow s from

〈¨ E a
E b, E c〉= 〈¨ E a

E b, E c〉+
1
2
〈(¨ E a

J ) E b, J E c〉
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and

∑
j

〈¨ Ea
E jλ, E j〉= ∑

j

〈¨ Ea
E jλ, E j. 〉 ù

Corollary 2. 3　If M is a sym p lectic m an if old , tha t is, the kaeh ler f orm of M is closed. T hen

D =
1

2
∑

a

L a{E
ε

a +
1
4 ∑b, c

〈¨ Ea
E b, E c〉L bL c -

- 1
2 ∑

j

〈¨ E a
E jλ, E j〉}.

Proof By assum p tion the kaeh ler fo rm 5 = - - 1∑ 8 i ∧ 8 iγ is clo sed. A s is w ell know n,

J ¨ J X J = ¨ X J ,

and

〈(¨ X J ) Y , Z〉+ 〈(¨ YJ ) Z , X 〉+ 〈(¨ ZJ )X , Y 〉= 0

ho ld fo r any X , Y , Z ∈ # (TM ).

F rom d 5 = 0 , w e have〈¨ Z i
Z j , Z k〉= 0 (see [3 ]). By P ropo sit ion 2. 2, w e need on ly to

show ∑〈(¨ E a
J ) E b, J E c〉L aL bL c = 0. T h is can be p roved as fo llow s. A s rem arked above,

w e have

　　0 = ∑{〈(¨ E a
J ) E b, J E c〉+ 〈(¨ E b

J ) E c, J E a〉+ 〈(¨ E c
J ) E a , J E b〉}L aL bL c

= 3∑〈(¨ E a
J ) E b, J E c〉L aL bL c + ∑〈(¨ E b

J ) E c, J E a〉(- 2∆abL c + 2∆acL b) +

　　　　　　∑〈(¨ E c
J ) E a , J E b〉(- 2∆bcL a + 2∆acL b)

= 3∑〈(¨ E a
J ) E b, J E c〉L aL bL c + 6∑〈(¨ Ea

J ) E a , J E b〉L b,

and

　　　　∑
a

〈(¨ E a
J ) E a , J E b〉= ∑

i

(〈(¨ E i
J ) E i, J E b〉+ 〈(¨ J E i

J )J E i, J E b〉)

= ∑
i

(〈(¨ E i
J ) E i, J E b〉- 〈J (¨ J E i

J ) E i, J E b〉) = 0. ù

　　D eno te

Q =
1

8 2
∑
a, b, c

〈(¨ E a
J ) E b, J E c〉L aL bL c +

1

4 2
∑

a, b

〈(¨ E b
J ) E b, J E a + - 1E a〉L a.

L emma 2. 4 Q is a self ad j oin t op era tor on A 0, 3 (M ) .

T he p roof is a d irect com pu ta t ion, so w e om it it. T hen D = 2 (D - Q ) : A e (M ) →

A o (M ) defines a selfad jo in t opera to r.

L et P U (n) (M ) be the p rincipa l bundle fo rm ed by all U - fram es {8 iγ}. T hen w e have a

tw isted sp ino r bundle

∃ (M ) ª L = P U (n) (M ) ×Θ(∃ ª C) ,

w here the rep resen ta t ion Θ: U (n) →Sp inc (2n) is defined in §1. In genera l, ∃ (M ) and the line
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bundle L are no t defined globa lly, exp ( 1
2

tr( ) is determ ined up to ± 1. Bu t L ª L

µ ∧0, n (M ) is w ell defined. T hen there is a connect ion on L ª L defined natu ra lly. F rom L em 2
m a 1. 2 and 1. 3, w e have

Proposit ion 2. 5 T he bund les ∧0, 3 (M ) and ∃ (M ) ªL a re isom orp h ic.

T he isom o rph ism Θ: ∧0, 3 (M ) → ∃ (M ) ª L is defined by

Θ(8 iγ1 ∧⋯∧ 8 iγk ) = g i1⋯g ik g
θ1⋯gθn ª 1.

Theorem 2. 6 F or any Ν∈A
e (M ) , w e have

Θ(D�Ν) = D L Θ(Ν) ,

w here D L : # (∃+ (M ) ª L ) → # (∃ - (M ) ª L ) is a tw isted A tiy ah2S ing er op era tor. Inp a rticu2
la r, the D olbeau lt op era tor on a sym p lectic m an if old is a tw isted A tiy ah2S ing er op era tor.

Proof　By L emm a 1. 3, w e have

Θ(D�) = ∑ea{E
ε

a +
1
4 ∑〈¨ E a

E b, E c〉ebec -
- 1
2 ∑〈¨ Ea

E jλ, E j〉}.

Since L ª L µ ∧0, n (M ) , hence
1
2 ∑〈¨ E a

8 iγ, 8 i〉= -
- 1
2 ∑〈¨ E a

E iγ, E i〉defines a con2

nect ion on L . T hen D L = Θ(D�) is a tw isted A tiyah- Singer opera to r. 　 ù
If E is a ho lom o rph ic vecto r bundle on a com pact com p lex m an ifo ldM , w e have a tw ist2

ed Do lbeau lt opera to r: D E: # (∧o, even (M ) ª E ) → # (∧o, odd0 (M ) ª E ) . O bviou sly the P ropo2
sit ion 2. 5 and T heo rem 2. 6 can be genera lized to such opera to rs.

Since the lead ing sym bo lsD and 2 D are the sam e, the index theo rem of the Do lbeau lt

opera to r on a lm o st com p lex m an ifo ld is an easy con sequence of tha t of the tw isted A tiyah2
Singer opera to rs. IfM is kaeh ler o r sym p lect ic, D

� = 2 D is a tw isted A tiyah2Singer opera2
to r (see a lso [4 ]). T hen the loca l index theo rem of these opera to rs can be ob ta ined from tha t

of the tw isted A tiyah2Singer opera to rs.

3. The L ef schetz f ixed po in t form ula s

　　L et f be an isom etry onM w h ich p reserves the com p lex structu re J . T hen f 3 m ap sU 2
fram es to itself and comm u tes w ith the Do lbeau lt opera to rD . L et {8 a} and {Z a} be loca lU 2
fram e fields on neighbo rhoods of x and f (x ) respect ively, w e have

f 3 (Z 1, ⋯, Z n) t = B (Z 1, ⋯, Z n) t, B ∈U (n).

L emma 3. 1 R estricting f
3

on ∧0, 3 (M ) , w e have

f 3 = exp (-
1
2

tr( ) exp (-
1
4

( 3
abL aL b) ,

w here ( and L a a re d ef ined as in §1.

L emma 3. 2 T he co tangen t m ap f 3 comm u tes w ith the opera to rQ . T hen f 3 comm u tes w ith
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the opera to r D� .

　　L et N = ∪iN i be the set of fixed po in ts of f , each N i be a connected to ta lly geodesic sub2
m an ifo ld on M . T he tangen t bundle TN i and the no rm al bundle Τ(N i) a lso have com p lex

structu res induced from tha t ofM . W e also decom po se

TN i ª C = T 1, 0N i © T 0, 1N i, Τ(N i) ª C = Τ1, 0 (N i) © Τ0, 1 (N i) ,

in to the ± - 1 eigen spaces of J .

Theorem 3. 3　T he L ef schetz num ber of f is g iven by

L D (f ) = ∑
i ∫N i

T d (T 1, 0N i)

det [ I - exp (7 +
8 ⊥

2Π - 1
) ]

,

w here exp 7 and 8 ⊥ a re the m a trices of f 3 û Τ1, 0 (N i
) and the cu rva tu re on Τ1, 0 (N i) resp ectively.

Proof　A s f 3 。Q = Q。f 3 , the L efschetz num ber of f w ith respect to the opera to rsD and D
�

are the sam e (L aw son and M ichelsohn [ 5 ], p. 213, P ropo sit ion 9. 4). U nder the isom o r2
ph ism Θ: A 0, 3 (M ) → # (∃ (M ) ª L ) , f 3 becom es

Θ(f 3 ) = exp (-
1
2

tr( ) exp (-
1
4 ∑( 3

abeaeb).

T he L efschetz fixed po in t fo rm u la of f can be ob ta ined from the co rresponding theo rem fo r

the tw isted A tiyah2Singer opera to rs (see Zhou [1 ], T heo rem 3. 1). 　 ù
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扭化的A tiyah-Singer 算子 ( II)
周　建　伟

(苏州大学数学系, 215006)

摘　要

　　本文证明了从Do lbeau lt 算子可以得出一个扭化的A tiyah2Singer 算子, 它与原来的算子

具有相同的主象征. 特别地, 辛流形上的Do lbeau lt 算子是一个扭化的A tiyah2Singer 算子.
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