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1 Introduction

It iswell-know n that the D razin inverse has been w idely applied to the theory of finite
M arkov chains and singular differential and differenceequations [2].

In a classic paper [3], Greville gave necessary and sufficient conditionsfor the wo tem
reverse order lav (AB)" = B* A" to hold for wo complex matricesA andB . In general, the
reverse order lav does not hold for Drazin inverse, that is, (AB)° # B°A°. Greville"™
proved that (AB)° = B°A® holds under the conditionAB = BA.

In this note, wew ish to derive a general necessary and sufficient condition for the wo
temn reverseorder lav (AB)° = B°A°® to hold W e shall then exam ine ssmeof the Pecial cas
es that have been used in the literature

Throughout this note, all matrices are complex with order n. We shall ussR(*),
N (*), and rank (* ) to denote the range, null-space, and rank of (* ). Let index (A) be
the snallest nonnegative integer | such thatN (A") = N (A" ?"). If index(A)= kand ifA° is
such that

A°PAA® = A® AA® = APA andA“A° = A, (11
thenA® is called theD razin inverse of A .

Lenmal 1l (1) rank[:A ABQ] = rank (A ) + rank B -PAQ);

(2) rank (P°AQ")= rank (PAQ"), s> index (P), t= index (Q);

) [P S]D—[PD 0} 4 ind [P (;)]_ index (P) . index ()
0 =1L o° , an mex0 = max{index , index@Q)}.
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2 The two term rever s order law

Theorem 2 1 Let index(A)= ki, index®)= ke, index(AB)= ka Then (AB)°=BP°A° holds
if and only if

0 0 0 Ak
0 M K B *2 0
rank "Vl kA k+ 1 M 2k+ 1 O M k
B kop K 0 B+l
= rank (A1) + rankB%2) + rank (M "), (21

w hereM = AB and k = max{ku, ks}.

B® BP°A°
[ MD]

From Leanmal 1(1), we haverank(N ) = rank B°) + rank (M °"B°A°). Then
rank M " B°A°) = rank (N )-rank B°) = rank (N ) -rank (B *2). (2 2

SinceN can bew ritten as
I | o
N = D y
0 | I M 0 |

it follow s, from Lenma 1l 1(2), that

Proof LetN  C*™ ™ and let

rank(N ) = rank (N 1),

w here

|:B eyt 1 BszD]
Ni1= B % ERE

N ;= [Bzz” j+ [Bokz ?HAOD ?][Bokz IJ+ [ﬂMD[O 18

A 10, we can rewvriteN 1 as the fom

Then

N:= G+ PH"Q,

w here
G = -B wort j c~ 2n, p = [Bkz 0 (?| c @
L0 0 1 |
and
0 | A 0 O
Q=(B2 0 C™™ H=|01 0 cim o
L0 | 0 0 AB
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UsingLemmal 1(1), we get

D

H D
rank (G + PH°Q) rank[ -G} -rank (H °)

PH?®

[ ) 5 : Q] -rank (A ') -n-rank (M ).
PH® -G

ApplyingLenma 1 1 and noting
RPN EY b | [
pH® ¢l Lo dlp cllo ¥’
w e can easily derive

HD HDQ]

rank[ o
PH -G

0 0 0 AX
= n+ rank MkAk+1 M2k+1 O Mk
BkZAk 0 _BZk2+l O

wherek = max{kas, ks}. Then

0 0 0 AX
0 M K Bk 0
rank M °B°A®) = rank MAE N 0 " -
Bszk 0 _82k2+l O
rank (A *1) -rank (M *2) -rank (8 *2), (2 3

this impliesM ° = B°A® holds if and only if (2 1) holds Thiscompletes the proof of this the-

oram.
Remark 1 It is interesting that the condition (2 1) does not require the computation of
D razin inverses to check the validity of the two tem reverse order law.

Remark 2 From Leanmal 1(2), we can see that (2 1) is equivalent to

0 0 0 A"
0 M" B" 0
rank np nt 1 2n+ 1 n
M A M 0 M
B nA n 0 _B 2n+ 1 0
= rank B%2) + rank (A1) + rank (M *3). (2 4)

Remark 3 One can easily extend this case to derive a sufficient and necessary condition for
the triple reverse order lav (ABC)° = C°B°A° to hold
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Examplel Let

[0 1 0
A = 00 EJ index(A) = ki= 2,
L0 O
[0 0 0
B = |0 O :J indexB) = k2= 2,
L0 0
0 0 1
M = AB=|0 0 O, indexM ) = ks= 2
00

From Theoren 2 1, we have (AB)° = B°A® even in thiscaseAB # BA.

Corollaray 2 2! If AB = BA , then (AB)° = B°A°.
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