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Abstract: 　By using the rank s of m atrices, necessary and sufficien t condit ions are p resen ted fo r

the tw o term reverse o rder law (A B )D = B DA D to ho ld.
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1. In troduction

　　 It is w ell2know n tha t the D razin inverse has been w idely app lied to the theo ry of fin ite

M arkov chain s and singu lar d ifferen t ia l and differenceequat ion s [2 ].

In a classic paper [3 ], Greville gave necessary and sufficien t condit ion s fo r the tw o term

reverse o rder law (A B ) + = B + A + to ho ld fo r tw o com p lex m atricesA andB . In genera l, the

reverse o rder law does no t ho ld fo r D razin inverse, tha t is, (A B )D ≠ B DA D . Greville [ 3 ]

p roved tha t (A B ) D = B DA D ho lds under the condit ion A B = B A .

In th is no te, w e w ish to derive a genera l necessary and sufficien t condit ion fo r the tw o

term reverse o rder law (A B )D = B DA D to ho ld. W e shall then exam ine som e of the specia l cas2
es tha t have been u sed in the litera tu re.

T h roughou t th is no te, a ll m atrices are com p lex w ith o rder n . W e shall u se R (3 ) ,

N (3 ) , and rank (3 ) to deno te the range, nu ll2space, and rank of (3 ). L et index (A ) be

the sm allest nonnegat ive in teger l such tha t N (A l) = N (A l+ 1). If index (A ) = k and if A D is

such tha t

A DA A D = A D , A A D = A DA and A k+ 1A D = A k , (1. 1)

then A D is ca lled the D razin inverse of A .

L emma 1. 1 (1) rank
A A Q

PA B
= rank (A ) + rank (B 2PA Q ) ;

(2) rank (P
D
A Q

D ) = rank (P
s
A Q

t) , sΕ index (P ) , tΕ index (Q ) ;

(3)
P 0

0 Q

D

=
P D 0

0 Q D
, and index

P 0

0 Q
= m ax{index (P ) , index (Q ) } .
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2. The two term reverse order law

Theorem 2. 1　L et index (A ) = k 1, index (B ) = k 2, index (A B ) = k 3. T hen (A B ) D = B
D
A

D
hold s

if and on ly if

rank

0 0 0 A k

0 2M k B k2 0

2M kA k+ 1 M 2k+ 1 0 M k

B k2A k 0 2B 2k2+ 1 0

= rank (A k1) + rank (B k2) + rank (M k3) , (2. 1)

w hereM = A B and k = m ax{k 1, k 3}.

Proof L et N ∈C 2n×2n and let

N =
B D B DA D

B D M D
.

F rom L emm a 1. 1 (1) , w e have rank (N ) = rank (B D ) + rank (M D 2B DA D ). T hen

rank (M D 2B DA D ) = rank (N ) 2rank (B D ) = rank (N ) 2rank (B k2). (2. 2)

Since N can be w rit ten as

N =
B D 0

0 I

B A D

I M D

B D 0

0 I
,

it fo llow s, from L emm a 1. 1 (2) , tha t

rank (N ) = rank (N 1) ,

w here

N 1 =
B 2k2+ 1 B k2A D

B k2 M D
.

T hen

N 1 =
B 2k2+ 1 0

0 0
+

B k2 0

0 I

A D 0

0 I

0 I

B k2 0
+

0

I
M D 0　I .

A lso , w e can rew rite N 1 as the fo rm

N 1 = G + PH DQ ,

w here

G =
B 2k2+ 1 0

0 0
∈C 2n×2n , P =

B k2 0 0

0 I I
∈C 2n×3n

and

Q =

0 I

B k2 0

0 I

∈C 3n×2n , H =

A 0 0

0 I 0

0 0 A B

∈C 3n×3n.
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　　U sing L emm a 1. 1 (1) , w e get

rank (G + PH DQ ) = rank
H D H D

PH D 2G
2rank (H D )

=
H D H DQ

PH D 2G
2rank (A k1) 2n2rank (M k3).

A pp lying L emm a 1. 1 and no t ing

H D H DQ

PH D 2G
=

H D 0

0 I

H Q

P 2G
H D 0

0 I
,

w e can easily derive

rank
H D H DQ

PH D 2G
= rank

H 2k+ 1 H kQ

PH k 2G

= n + rank

0 0 0 A k

0 2M k B k2 0

2M kA k+ 1 M 2k+ 1 0 M k

B k2A k 0 2B 2k2+ 1 0

w here k = m ax{k 1, k 3}. T hen

rank (M D 2B DA D ) = rank

0 0 0 A k

0 2M k B k2 0

2M kA k+ 1 M 2k+ 1 0 M k

B k2A k 0 2B 2k2+ 1 0

2

rank (A k1) 2rank (M k3) 2rank (B k2) , (2. 3)

th is im p liesM D = B DA D ho lds if and on ly if (2. 1) ho lds. T h is com p letes the p roof of th is the2
o rem.

Remark 1 It is in terest ing tha t the condit ion ( 2. 1) does no t requ ire the com pu ta t ion of

D razin inverses to check the va lid ity of the tw o term reverse o rder law.

Remark 2 F rom L emm a 1. 1 (2) , w e can see tha t (2. 1) is equ iva len t to

rank

0 0 0 A n

0 2M n B n 0

2M nA n+ 1 M 2n+ 1 0 M n

B nA n 0 2B 2n+ 1 0

= rank (B k2) + rank (A k1) + rank (M k3). (2. 4)

Remark 3 O ne can easily ex tend th is case to derive a sufficien t and necessary condit ion fo r

the trip le reverse o rder law (A B C ) D = CDB DA D to ho ld.
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Exam ple 1　L et

A =

0 1 0

0 0 0

0 0 0

, 　index (A ) = k 1 = 2,

B =

0 0 0

0 0 1

0 0 0

, 　index (B ) = k 2 = 2,

M = A B =

0 0 1

0 0 0

0 0 0

, 　 index (M ) = k 3 = 2.

F rom T heo rem 2. 1, w e have (A B ) D = B DA D even in th is case A B ≠B A .

Corollaray 2. 2[2 ]
If A B = B A , then (A B )D = B DA D.
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关于D raz in 逆逆序律的一个注记
田 红 炯

(上海师范大学数学系, 200234)

摘　要

　　本文利用矩阵间秩的关系给出D razin 逆逆序律成立的一个充分必要条件.
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